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Preface

Algebraic statistics is a rapidly developing field, where ideas from statistics and
algebra meet and stimulate new research directions. Statistics has been relying on
classical asymptotic theory as a basis for statistical inferences. This classical basis
is still very useful. However, when the validity of asymptotic theory is in doubt, for
example, when the sample size is small, statisticians rely more and more on various
computational methods. Similarly, algebra has long been considered as the purest
field of mathematics, far apart from practical computations. However, due mainly
to the development of Grobner basis technology, algebra is now becoming a field
where computations for practical applications are feasible. It is an interesting trend,
because historically algebra was invented to speed up various calculations.

These two trends meet in the field of algebraic statistics. Algebraic algorithms
are now very useful and essential for some practical statistical computations such as
Markov chain Monte Carlo tests for discrete exponential families, which is the main
topic of this book. On the other hand algebraic structures and computational needs of
statistical models provide new challenging problems to algebraists. Some algebraic
structures are naturally motivated from statistical modeling, but not necessarily from
pure mathematical considerations.

Algebraic statistics has two origins. One origin is the work by Pistone and Wynn
in 1996 on the use of Grobner bases for studying confounding relations in factorial
designs of experiments. Another origin is the work by Diaconis and Sturmfels in
1998 on the use of Grobner bases for constructing a connected Markov chain for
performing conditional tests of a discrete exponential family. These two works
opened up the whole new field of algebraic statistics. In this book we take up the
second topic. We give a detailed treatment of results following the seminal work of
Diaconis and Sturmfels. We also briefly consider the first topic in Chap. 15 of this
book.

As a general reference to the first origin of algebraic statistics we mention
Pistone et al. [118]. For the second origin we mention Drton et al. [55], Pachter and
Sturmfels [116], and our review paper [15]. For Japanese people the following two
books are very useful: Hibi [86], and JST CREST Hibi team [93]. The Markov bases
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database (http://markov-bases.de/) provides very useful online material
for studying Markov bases.

Algebraic statistics gave us some exciting opportunities for research and col-
laboration. In particular we enjoyed working with Takayuki Hibi and Hidefumi
Ohsugi, who are the leading researchers on Grobner bases in Japan. Since 2008
Takayuki Hibi has a project, “Harmony of Grobner Bases and the Modern Industrial
Society,” in the mathematics program of the Japan Science and Technology Agency.
Algebraic statistics offers a rare ground where algebraists and statisticians can talk
about the same problems, albeit often with different terminologies. This book is
intended for statisticians with minimal backgrounds in algebra. As we ourselves
learned algebraic notions through working on statistical problems, we hope that
this book with many practical statistical problems is useful for statisticians to start
working on algebraic statistics.

In preparing this book we very much benefited from comments of Takayuki Hibi,
Hidehiko Kamiya, Kei Kobayashi, Satoshi Kuriki, Mitsunori Ogawa, Hidefumi
Ohsugi, Toshio Sakata, Tomonari Sei, Kentaro Tanaka, and Ruriko Yoshida.

Finally we acknowledge great editorial help from John Kimmel.

Kagoshima, Japan Satoshi Aoki
Niigata, Japan Hisayuki Hara
Tokyo, Japan Akimichi Takemura
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Part I
Introduction and Some Relevant
Preliminary Material

In Part I of this book we give introductory material on performing exact tests using
Markov basis and a short survey on Grobner basis.

In Chap. 1, using the example of Fisher’s exact test for the independence model in
two-way contingency tables, we give an introduction to exact tests. We also discuss
conditional independence model for three-way contingency tables.

In Chap.2 we discuss basic notions of Markov chain and Markov bases. In
particular we explain the Metropolis-Hastings procedure for adjusting transition
probabilities to achieve a desired stationary distribution.

Chapter 3 is a brief summary of results in the theory of Grobner basis. In this
chapter we collect relevant facts on ideals in polynomial rings and their Grobner
bases, which are often needed for discussion of Markov bases.

In this book, R,Q,Z,N = {0, 1,...} stand for the set of reals, rationals, integers
and nonnegative integers, respectively. For a positive integer n, we denote the set of
n-dimensional vectors of elements from R, Q, Z, N, by R, Q", Z" ,N", respectively.



Chapter 1
Exact Tests for Contingency Tables and Discrete
Exponential Families

1.1 Independence Model of 2 x 2 Two-Way
Contingency Tables

The theory of exact tests for discrete exponential families is best explained by
Fisher’s exact test of homogeneity of two binomial populations and the indepen-
dence model of 2 x 2 contingency tables. We begin with the test of homogeneity of
two binomial populations. An excellent introduction to contingency tables is given
in [59]. We also refer to Agresti [3] as a survey paper of the exact methods.

Fisher’s exact test can be applied to three different sampling schemes: (i) test of
homogeneity of two binomial populations, (ii) test of independence in multinomial
sampling for 2 x 2 tables, (iii) the main effect model for logarithms of mean
parameters of independent Poisson random variables in 2 x 2 tables. We discuss
these three sampling schemes in this order. With this example we confirm that the
same Markov basis can be used for different sampling schemes.

Let X be distributed according to a binomial distribution Bin(n1, p; ), where n; is
the number of trials and p; is the success probability. Let Y be distributed according
to the binomial distribution Bin(n;, py). Suppose that X and Y are independent.
We can display X and Y in the following 2 X 2 contingency table:

an—X ni
Y nz—Y ny
t n—t n

where t = X +Y and n = n + ny. The hypothesis of homogeneity of two binomial
populations is specified as

H:py=ps.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 3
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_1,
© Springer Science+Business Media New York 2012



4 1 Exact Tests for Contingency Tables and Discrete Exponential Families

The joint probability function of X and Y is written as

px.y) = (,;1>P)f(1 —p)" (nyz)l’é(l —p2)"

Note that here we are using the conventional notational distinction between random
variables X,Y in capital letters and their values x,y in lower-case letters. However,
for the rest of this book for notational simplicity we do not necessarily stick to this
convention.

Under the null hypothesis H, the joint probability is written as

plx,y) = (’“) (nz) P = py)n R, (1.1)

x y

This joint probability depends on (x,y) through ¢+ = x 4+ y. Therefore from the
factorization theorem for sufficient statistics (see Sect. 2.6 of Lehmann and Romano
[98]), T = X +7Y is a sufficient statistic under the null hypothesis H. Given T =1,
the conditional distribution of X does not depend on the value of p; = p»>. Hence
by using X as the test statistic, we obtain a testing procedure, whose level does not
depend on the value of p; = p»; that is, we obtain a similar test (Sect. 4.3 of [98]).

Under H the distribution of 7 = X 4 Y is the binomial distribution Bin(#n, p).
Therefore the conditional distribution of X given T =1 is calculated as

(A ()
(") P (L= Py (7)
ny!mplt!(n—1)!

Tl (m — ) =) — 1 +x)! (1.2)

PX=x|T=1)=

This is a hypergeometric distribution. Indeed the conditional distribution does not
depend on the value of p; = p».

The null hypothesis H is rejected if the value of X is too large or too small.
Because the distribution of X is not symmetric when n; # ny, the rejection region
is usually determined by unbiasedness consideration. For optimality of similar
unbiased test see Sect. 4.4 of [98]. This testing procedure is called Fisher’s exact test.
Itis an exact test because the significance level is computed from the hypergeometric
distribution. It is also called a conditional test because we use the conditional null
distribution given T = ¢. In contrast, the usual large-sample test is based on the
large-sample normal approximation to the following “z-statistic™:

PP 13125 ﬁzzl
\/ﬁ1(1*ﬁ1)+ﬁ2(1*ﬁ2)’ 1 ny’

ny n

=
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Table 1.1
Cross-classification of belief
in afterlife by gender

Belief in Afterlife
Gender Yes  No or Undecided

Females 509 116
Males 398 104

The test based on z is an unconditional test. However, when the sample size is small,
it is desirable to use the exact test (Haberman [68]).

In the case of homogeneity of two binomial populations, we saw that X 4+ Y (total
number of successes) is a sufficient statistic. We could also take n — X — Y (total
number of failures) or even the pair (X +Y,n—X —Y) as a sufficient statistic. Note
that the pair contains redundancy, but it is still a sufficient statistic, because fixing
(x+y,n—x—y) is equivalent to fixing x + y. Furthermore we could also include
n1 and ny into the sufficient statistic, although these values are fixed in the case of
homogeneity of two binomial populations. Indeed T = (X +Y,n— X —Y,ny,n)
is a sufficient statistic, because given the value of the vector 7' the conditional
distribution of X is the hypergeometric distribution in (1.2) and it does not depend
on py = p2.

Next we discuss the multinomial sampling scheme. Let x;;, i = 1,2, j = 1,2, be
frequencies of four cells of a 2 x 2 contingency table. The row sums and the column
sums (i.e., the marginal frequencies) are denoted as x;;,x4 j, i, j = 1,2. The total
sample size is n = x11 + x12 + x21 + x22. The data are displayed as follows.

X11 [ X12 | X1+
X21 | X22 | X2+ (1.3)
Xi1 X422 N

At this point we mention some customary terminology of contingency tables.
We look at the frequencies in (1.3) as the frequencies of a two-dimensional random
variable Y = (¥1,Y>), such that both ¥; and ¥, take the values 1 or 2. For example, in
Table 1.1 taken from Chap. 2 of [5], ¥; is the gender and Y; is the belief in afterlife.
The values taken by a variable are often called /evels of the variable. For example,
in Table 1.1 two levels of the variable “gender” are “female” and “male”. In this
terminology x;; is the joint frequency such that Y; takes the level i and Y, takes the
level j. The row and the column of the contingency table are sometimes called axes
of the table. Then Y; is the random variable for the first axis and Y» is the random
variable for the second axis.

Let

2
PijZO, i:1727 j:1727 Zpljzl
i,j=1

be the probabilities of the cells. In a single multinomial trial, we observe one
of the four cells according to the probabilities. With n independent and identical
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multinomial trials, the joint probability function of X = (X;1,X12,X21,X22) is
given as

— n K11 %12 X1 X022
p(x) = <X117X127x217)€22)p11 P13 Pa1 Pay - (1.4)
As in this example, we use the boldface letter x for the vector of frequencies and call
x the frequency vector. When necessary, we make the notational distinction between
column vector and row vector. For example, x is meant as a column vector when we
write x = (x11,X12,X21,%2)". We use ’ for denoting the transpose of a vector or a
matrix in this book.

Let pi+ = pi1 + pin, i = 1,2, denote the marginal probability of the first variable
of the contingency table and similarly let p,; = p1;+ p2j, j = 1,2, denote the
marginal probability of the second variable. The hypothesis of independence H in
the multinomial sampling scheme is specified as follows:

H: pij=pit+p+j, =12, j=12. (1.5)

On the other hand, if there is no restriction on the probability vector p =
(p11,P12, P21, P22), €xcept that the elements of p are nonnegative and sum to one,
we call the model saturated.

Write 7; = p;1 and ¢; = p ;. Then p;; = r;c; under H. Note that in (1.5),

2 2
1= pis = Y P+
i=1 =1

However, when we write r; = p;; and ¢; = p ;, we can remove the restriction 1 =
ry +ry = c¢1 +c2 and only assume that r; and ¢; are nonnegative such that the total
probability is 1:

2
1= 2 ricj = (}’1 —|—}’2)(Cl +C2).
ij=1
Furthermore we can incorporate the total probability into the normalizing constant
and write the probability as

1

—riCj, i,j=1,2, (1.6)
(ri+nr)(ci+ec) /

pij =

where we only assume that 7; and ¢; are nonnegative without any further restrictions.
In this example of 2 x 2 tables, the normalizing constant is obvious and the above
discussion may be pedantic. However, for more general models of contingency
tables, it is best to consider the joint probability in the form of (1.6).

Under H, with the normalization 1 = (r; + r2)(c; + ¢2), the joint probability
function p(x) is written as
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n X X X X
p(x) = ricy) 1 (ricp) 2 (rpcy )2 (racp)™?
() (xu,xlz,le,xn)( JH (riea) ™ rae))™ (r2e2)

_ n Xt X224 X1 X2
—( >V1 Iy ¢ 6
X11,X12,X21,X22

n X4 oy Xi] Xy
= PiaPri Py Pio- (1.7)
<x11,x12,x21,xzz> FrE T

Hence the sufficient statistic under H is given as

T = (X14,X04,X41,X42).

Given T, in the case of the 2 x 2 table, there is only one degree of freedom in
x. Namely, if xj; is given, then the other values x2,x31,X2; are automatically
determined as

X12 = X14 — X11, X21 = X41 — X11, X2 =N —X14+ —X41 +X11.

As mentioned above, let us consider (i, ) as the pair of levels of two random
variables Y; and Y,. Under the null hypothesis H of independence in (1.5), ¥;
and Y, are independent. Suppose that we observe n independent realizations
vd), .., (1,94) of (Y1,Y2). Then x;; is the number of times that ¥ takes the
value i. Hence x| ; is distributed according to the binomial distribution Bin(n, p; ).
Similarly x,; is distributed according to the binomial distribution Bin(n,p;1).
Furthermore they are independent. Therefore the joint distribution of x;; and x4 is
written as

n n
pX14,x41) = ( )ﬂfiﬁ?( >pi*fpﬁf- (1.8)
X1+ Xt1

From (1.7) and (1.8) it follows that the conditional distribution of Xj; given the
sufficient statistic is computed as follows.

n e )

(xll,xlz,le,xzz)pl+ p2+ p+l p+2
n X1+ X2+ ( n A1 X2
(xH) 1+ P2y (x+1)p+1 Py

P(Xll |X1+,x2+=x+1,x+2) =

( ! ) X1 x g xyn!
— X1/ At 24 X1 A42-

(x;l) (xil) — ol ta !

(1.9

This is again a hypergeometric distribution. Equation (1.9) is clearly the same as
(1.2) if we write the row sums and the column sums as n; = x4, np = x4, = X471,
n —t = x4,. Therefore Fisher’s exact test is the same in this multinomial sampling
scheme as in the case of testing the homogeneity of two binomial populations.

Note that in this scheme 7 is fixed and x,+ =n —x4+ and x4 =n— x| can be
omitted from the sufficient statistic T = (x4, %24 ,%11,X42). However, as in the first
scheme we can allow the redundancy in the sufficient statistic.
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Finally we consider the sampling scheme of Poisson random variables. Let X;;,
i,j = 1,2, be independently distributed according to the Poisson distribution with
mean A;;. The joint probability of X is written as

2 )M

Consider the null hypothesis H that A;; can be factored as
H:)L,‘jzr,‘cj', i,j=1,2,

where r;,c; are nonnegative. Again by writing down the joint probability under the
null hypothesis H, we can easily check that a sufficient statistic under H is given by
T = (x14,%+,X%4+1,X+2), Where now the redundancy is only in x1p = xj4 + x4 —
x41. Instead of writing out the joint probability, we use the following property of
independent Poisson random variables for verifying that 7 is a sufficient statistic
under H. Let n = X|; + X2 + X21 + X»;. Then n is distributed as the Poisson random
variable with mean y = 21’%;‘:1 Aij. Under H, u = (r; +r2)(c1 + ¢2). Given n, the
conditional distribution of (Xj1,X12,X21,X22) is the multinomial distribution with
cell probabilities p;; = A;j/ . Under H, the cell probability is written as

1

T~ . rlicj, ia .:1727
(ri+r)(ci+e) ™’ /

Pij =
which is the same as (1.6). From this fact we see that 7 = (x|4,xp+,%41,X42) is a
sufficient statistic under H. Given T, the conditional distribution of x is the same as
the multinomial case; that is, X follows the hypergeometric distribution in (1.9).
We now note the relation between the cell frequencies and the sufficient statistic.
The column vector of cell frequencies x = (x11,x12,%21,%22)" and the column vector
of the sufficient statistic (x14,x24,%+1,%42) are related as follows:

X1+ 1100 X11
X2+ 0011 X12

= 1.10
X+1 1010 X21 ( )
X+42 0101 X22

We write this as t = Ax and call the matrix A the configuration for the above three
models.

1.2 2 x 2 Contingency Table Models as Discrete
Exponential Family

In the previous section we explained three sampling schemes for 2 x 2 contingency
tables and pointed out that they share the same sufficient statistic when redundancies
are allowed. In this section we present the standard formulation of the sampling
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schemes as discrete exponential family models. We confirm that the sufficient
statistics under the null hypothesis correspond to nuisance parameters. Hence fixing
the sufficient statistic has the effect of eliminating the nuisance parameters and the
resulting conditional test is a similar test. Here we only consider the multinomial
scheme of the previous section, because the other cases can be treated in a similar
manner.

A family of joint probability functions p(x) = p(x;0), 8 € O, is said to form an
exponential family (see Sect. 2.7 of [98]) if p(x, 0) is written in the following form.

p(x;0) = exp(ZT w(ﬂ)). (1.11)

By the factorization theorem (Sect. 2.6 of [98]), T = (Ti (x), ..., Tx(x)) is a sufficient
statistic of this family. Note that p(x; 0) and y(0) depend on 0 only through ¢ =
(¢1,-..,¢) and we can write y(¢) instead of y(8). In Chap. 4 we simply denote
9;(0) itself as 6;.

Let p;j, i, j = 1,2, denote the cell probabilities in the multinomial sampling of a
2 x 2 contingency table. Now consider the following transformation:

¢ _1og& o _1og@ A =log Z1P2 (1.12)
D22 P12p21
In the region where the elements of the probability vector p = (p11, p12, P21, P22)
are positive, the transformation is one-to-one and the inverse transformation is
written as

oO1H02+A
pi= 1+ e% + b2 + eh1+92+A°
e
p1z = 14 e% 4 ef2 4 eh1+p+A”7
e”
Pz = 1+ e% + b2 + eh1+92+A°
pn = 1 (1.13)

1+ e% 4+ ef2 4+ eh1+e+A"
Substituting this into (1.4) we can write the joint probability function of x as
n
p(x) = < >3XP((X11+X12)¢1+(x11+X21)¢2 +x114
X11,X12,X21,X22

—nlog(1+ef +e® 4 N2 (1.14)

This is written in the form (1.11) and hence the family of p(x) forms an exponential
family. By putting r; = e?,r, = 1,¢; = ¢%,c, = 1 we see that the null hypothesis
of the independence (1.5) is equivalently written as

H:1=0.
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Note that A is the parameter of interest for the null hypothesis and ¢, ¢, are the
nuisance parameters under the null hypothesis. Under the null hypothesis, A =0 is
no longer a parameter of the family of distributions and the distributions under the
null hypothesis are parametrized by the nuisance parameters @1, ¢,. In (1.14) the
sufficient statistic corresponding to (¢;,¢,) is

X1+ =X11+X12, Xy =X11+x21.

In (1.11) and (1.14) we considered the joint probability of the frequency vector.
In fact, when we consider a single observation n = 1, then the cell probabilities are
already in the exponential family form. Write

logP = (logp“,10gp12,10gp217]0gp22)’
V(01,¢2) =log(1 4 e +e? 4 1192,

Taking the logarithms of p;; in (1.13) with 4 = 0, in a matrix form we can write

1100
0011
1010
0101

logp = (¢1,0,0,,0) —y(¢1,0) x (1,1,1,1). (1.15)

Note that the matrix on the right-hand side is the configuration A appearing in the
right-hand side of (1.10).

1.3 Independence Model of General Two-Way
Contingency Tables

Generalizing the discussion of the previous section we now consider the indepen-
dence model of general / x J two-way contingency tables. The discussion on three
sampling schemes is entirely the same as in the case of 2 x 2 tables. Therefore we
only discuss the multinomial sampling.

Let p;j, i=1,...,1, j=1,...,J, denote the cell probabilities of an I x J
contingency table. Let p;;y and p.; denote the marginal probabilities. The null
hypothesis of independence is written as

H:pij:Pi+P+ja i:17"'717 ]:lua‘]

We can also write p;; = ric; without requiring that r;s and c;s correspond to
probabilities. Let x;; denote the frequency of the cell (i, /). A sufficient statistic
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T under the null hypothesis H is the set of the row sums x;y, i = 1,...,/ and the
column sums x, j, j = 1,...,J. Let n denote the total sample size.
Under the null hypothesis the joint probability of x = {x;;} is written as

plx)= (x " ) I ]i[(pf+p+j)x"’

ISERERRRIN) i=1j=1

n L it ! T+
~\x [1r I1P-

11s---5X1J i=1 j=1

Also, under the null hypothesis, as in the case of 2 x 2 tables, the vector of row sums
{xi;+} and the vector of column sums {x ;} are independently distributed according
to multinomial distributions:

n X1 4 X4
p({xis}) = PP
=, " et

p({X+j})=< " )pﬁ‘---pﬁ]-

Xeplyee oy Xpg

From this fact, the conditional distribution of x = {x;;} given the sufficient statistic
t is written as

p({xi;}) (Xu,-’?-,xlj)

plx|T=1)= -

B p({xit Hp({x4,}) (xH,n,xH) (xﬂ,n xH)

Ty xiy ! T !
- . (1.16)
n!I1; jxij!

This distribution is often called the multivariate hypergeometric distribution.
However in this book we show many variations of distributions of this type and
we often refer to them simply as hypergeometric distributions.

Given the row sums and the column sums, the degrees of freedom in the
frequency vector x is (I — 1) x (J — 1) because the elements of the last row and
the last column are determined uniquely from the other elements. This degrees of
freedom is also the dimension of the parameter of interest when the joint probability
distribution is written in the exponential family form. More precisely let

Piy

(plj:loglz, izl,...,l—l,
q)zj:logllj—llj, =101,
Aij=log ZHPY iy 1=, =1, 01, (1.17)

PijPij ’
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Then the null hypothesis is written as
H:j=0, i=1,...,1—1, j=1,...,J—1.

One consequence of the multidimensionality of the parameter of interest is that
there is no unique best choice for a test statistic, even under the requirement of
similarity and unbiasedness.

Let

N XXy

Mij = Nnpij = — =
denote the “expected frequency” of the cell (i,j), where p;; is the maximum
likelihood estimate (MLE) of p;;. For testing the null hypothesis of independence,

popular test statistics are Pearson’s chi-square test

)2
2% (x) ZZZM > co = reject H
ij

and the (twice log) likelihood ratio test

G*(x) = 222x,~jlogg > co = reject H,
i L

where ¢, is the critical value for the respective test statistic. G>(x) is actually twice
the logarithm of the likelihood ratio. In the usual asymptotic theory, ¢y is approx-
imated by the upper o-quantile of the chi-square distribution with (I—1)(J—1)
degrees of freedom. In this book we denote the chi-square distribution with m
degrees of freedom by y2.

These two statistics are “omnibus test statistics” in the sense that all possible
alternative hypotheses are roughly equally treated. When some specific deviations
from the null hypothesis are expected, then a more suitable test statistic, which is
sensitive against the deviation, can be used. For performing a test of H, once a
test statistic is chosen, it only remains to evaluate its null distribution. As in the
previous section, in this book we consider exact tests; that is, we are interested in
the distribution of a test statistic under the hypergeometric distribution (1.16).

At this point we investigate the conditional sample space; that is, the set of
contingency tables given the sufficient statistic for I x J case. As in the 2 x 2 case,
the relation between the sufficient statistic and the frequency vector is written in a
matrix form. Let t = (xy4,...,X74,X¢1,.-.,%+s)" denote the (column) vector of the
sufficient statistic and let x = (xy1,X12,...,X17,%21,---,X;7)" denote the frequency
vector. Then

t = Ax, (1.18)

where the configuration A is an (I +J) x IJ matrix consisting of Os and 1s as in
(1.10).
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An explicit form of A can be given using the Kronecker product notation. For
two matrices, C = {c;;} : m; X ny and D : my X n, their Kronecker product C ® D is
an mymy X niny matrix of the following block form

C11D ClnlD
CeD=| o (1.19)

Cm1D ... ey D

Let 1, = (1,...,1) denote the n-dimensional vector consisting of 1s and let E,,
denote an m x m identity matrix. Then A in (1.18) is written as

!
1QE;
Alternatively let e;, = (0,...,0,1,0,...,0)" € R" denote the jth standard basis

vector of R”. When the dimension 7 is clear from the context, we simply write
the standard basis vector as e; instead of e; ,. Then the columns of A are of the form

("’"”), i=1,...,0,  j=1,..J. (1.20)
e

We sometimes denote the stacked vector in (1.20) as

eidej = <ei”>. (1.21)

€j.J
It is easily checked that the rank of A is
rankA =1+J—1.
Hence the dimension of the kernel of A is given as
dimkerA=1J—(I+J—-1)=(I-1)J-1).

As mentioned above, this dimension corresponds to the fact that, if we ignore the
requirement of nonnegativity, we can choose the elements of the first / — 1 rows and
the first / — 1 columns freely. With the additional requirement of nonnegativity, the
conditional sample space given the sufficient statistic is defined as

F={xcZV |x>0,t = Ax}, (1.22)

where x > 0 means that the elements of x are nonnegative. We call .%; the fiber of t
(or also call it the 7-fiber). The hypergeometric distribution in (1.16) is a probability
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distribution over the fiber .%;. When a test statistic ¢ (x) is given, we want to evaluate
the distribution of ¢(x), where x is distributed according to the hypergeometric
distribution over .%;.

Suppose that ¢ is chosen such that a larger value of ¢ indicates more deviation
from the null hypothesis, as in Pearson’s chi-square statistic or the likelihood ratio
statistic. Then testing can be conveniently performed via p-value. Let x° denote the
observed contingency table. The p-value of x° is defined as

p=Po(x)>9¢(x°)|H) = D p(x|t=Ax° H), (1.23)
XEF1,0(x)>0(x?)

which is the probability under the hypergeometric distribution of observing the
value ¢(x) which is larger than or equal to ¢ (x°). Given the level of significance
o, wereject H if p < o.

There are three methods to evaluate the p-value in (1.23).

1. By enumerating .%;, t = Ax°, and performing the sum in (1.23) for all x € .%;
such that ¢ (x) > ¢ (x?).

2. Directly sampling x from the hypergeometric distribution and approximating
(1.23) by Monte Carlo simulation.

3. By sampling x by a Markov chain whose stationary distribution is the hypergeo-
metric distribution, that is, by a Markov chain Monte Carlo method.

Clearly the enumeration is the best if it is feasible. However, when the row
sums and the column sums become large, the size of the fiber .%; becomes large
and the enumeration becomes infeasible. In the case of the independence model
of this section, direct sampling of a frequency vector from the hypergeometric
distribution is easy to carry out. In more complicated models treated later in the
book, though, direct sampling is not easy. On the other hand, there exists a general
theory of constructing a Markov chain having the hypergeometric distribution as the
stationary distribution. Hence the subject of this book is the Markov chain sampling
from the fiber .%;.

In the next chapter, again employing the independence model of / x J contin-
gency tables, we discuss how to perform Markov chain sampling from the fiber .%;.

1.4 Conditional Independence Model of Three-Way
Contingency Tables

In this section we discuss the conditional independence model for three-way
contingency tables. It is a relatively simple model in the sense that for each level of
the conditioning variable, the problem reduces to the case of an independence model
of two-way contingency tables for the other variables. However, it is a convenient
model for introducing a notation for general m-way contingency tables in the next
section.
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Consider an I; x I x I3 three-way contingency table x. We denote each cell of
the table by a multi-index i = (i1, i2,i3). For a positive integer J write

U] =1{1,....J}.

The set of the cells is the following direct product
I = {iZ (il,iz,i3) | i1 € [11],i2 S [12],i3 S [13]} = [11] X [12] X [13].

With this notation the three-way contingency table, or the frequency vector, is
denoted as

x={x(i)|ie 7}

Note that this notation is somewhat heavy and in fact for three-way tables we prefer
to use subscripts i, j, k. The merit of this notation is that it can be used for general
m-way tables.

For a subset D C {1,2,3} of the variables, let ip denote the set of indices in D.
For example,

if10y = (i1, i2).

Note that ip corresponds to the D-marginal cell of the contingency table. The set of
D-marginal cells is denoted by

Ip =[] (1.24)

keD

For example .7 5, = {(i1,i2) | i1 € [I1],i2 € [I]}. The D-marginal frequencies of x
are written as
xD(iD) = z x(iD,iDc), (1.25)

iDC GJDC

where D¢ denotes the complement of D. Note that in x(ip,ipc), for notational
simplicity, the indices in .#p are collected to the left. Also we are writing x(ip,ipc)
instead of x((ip,ipc)). In the two-way case

Xit+ Z)C{l}(i) = inj.
7

For a probability distribution {p(i),i € .#}, we denote the D-marginal probability
as pp(ip). Note that in xp(ip) and pp(ip), the subset D is indicated twice. If there
is no notational confusion we alternatively write

x(iD),xD(i),p(iD) or pD(i) (126)

for simplicity.
We call a D-marginal probability distribution saturated if there is no restriction
on the probability vector {pp(ip),ip € p}.
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Let Y1,Y>,Y3 be random variables corresponding to the three axes of the contin-
gency table. We consider the model that ¥; and Y3 are conditionally independent
given the level i, of Y. The relevant conditional probabilities are written as

p(i)
pi2y(i2)

p{1, 2}(11,12)

pP{2, 3}(12713)
P{z}(lz) '

P{z}(lz)

, pli| )= pliz | i2) =

plin,iz | i2) =

In the following we omit subscripts to p and write, for example, p(ij,i,) instead of
P12y (i, i2). Similarly we write x(i1, i2) instead of x{| 2} (i1, 2). The null hypothesis
of conditional independence is written as

Cp(i)  plinia) _ plia,i3) .
H'p(iz) = ) X () Vie 7, (1.27)

or equivalently as

1

Here we are assuming p(i;) > 0. In the case p(ip) = 0 for a particular level i, we
have p(i) = p(i1,i2) = p(i2,i3) = O for indices containing this level i of ¥>. Hence
in this case we understand (1.28) as 0 = 0 x 0/0. Let

a(il,iﬁ—”fjg—;j), Blineis) = plinsis).

Then the conditional independence model is written as
H : p(i) = iy, i2) B(iz, i3). (1.29)

Note that there is some indeterminacy in specifying o and 3. For example we can
include the factor 1/p(i) into B(i2,i3) instead of into o(iy,i2).

We can show that (1.27), (1.28), and (1.29) are in fact equivalent. Suppose that
p(i) = p(iy,iz,i3) can be written as p(i) = a(iy,i2)B (i2,i3). Then

=Y plir,iz,iz) = Y, at(ir,iz) B (in,i3) = <205(i1,i2)> <Zl3(i2,i3)> ,

i1,03 i1,i3 i

plir,iz) 21’ i,ip,i3) = a(i, ia ZB i2,13),

pliz,i3) ZP i1,12,13) (206 i1, ) (i2,13).
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Therefore
p(il,iz)p(iz,i3) . a(ilviz)ﬁ(i27i3)(zi/l a(i/lviZ))(zigB(i27i/3))
o) (S 0. 12)) (S, Blias 1))
= a(ir,i2)B(iz,i3)
= p(i)

and hence (1.28) holds. This shows that the null hypothesis of conditional indepen-
dence can be written in any one of (1.27), (1.28), and (1.29).

Now suppose that we observe a contingency table x of sample size n from the
conditional independence model. The joint probability function is written as

! I (aclin, i) Blia, i)y

- Hieﬂx(i)! ics

—' [ [ . .
= I ::x(l) H Ot(il,iz)xm,zz) H ﬁ(iz,i3)x(’2”3), (1.30)
ic.

|
i€y i3)€723)

p(x)

Hence a sufficient statistic T is the set of {1,2}-marginals and {2,3}-marginals of x:

T =({x(iy12) 2y € oy s {xlisy) lipsy € Z231})-

In this case the marginal distribution of 7" is not immediately clear and hence
the conditional probability of x given T =t is also not immediately clear. However,
without worrying about the marginal distribution of 7" at this point, we can proceed
as follows. Let A be the configuration relating the frequency vector to the sufficient
statistic: t = Ax. Define .%; = {x > 0|t = Ax} as in (1.22). The terms containing the
parameters o, 3 on the right-hand side of (1.30) are fixed by the sufficient statistic,
therefore these terms do not appear in the conditional distribution of x given ¢. It
follows that the conditional distribution of x given ¢ is written as

-1
1 1
PN =X “L&mgwﬁ - 09

As in the previous examples, an exact test of the null hypothesis H of conditional
independence can be performed if either we can enumerate the elements of %
or if we can sample from this distribution. Note that we often call (1.31) the
hypergeometric distribution over .%;.

In general, the normalizing constant ¢ cannot be written explicitly. The Markov
chain sampling discussed in the next chapter can be performed without knowing the
explicit form of the normalizing constant. This is one of the major advantages of
Markov chain Monte Carlo methods.
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It turns out that for the conditional independence model the marginal distribution
of the sufficient statistic 7 and the normalizing constant ¢ can be written down
explicitly. This is a special case of the result of Sundberg [140] for decomposable
models, which is studied in Chap.8. In the following section, we explain the
marginal distribution of 7. The following section can be skipped, because the
normalizing constant ¢ is not needed for performing Markov chain Monte Carlo
methods.

1.4.1 Normalizing Constant of Hypergeometric Distribution
Jor the Conditional Independence Model

For illustration let us explicitly write out the configuration for relating the frequency
vector to the sufficient statistic for the case of 2 x 2 x 2 tables. We order the elements
of T according to the level of ¥,. Then t = Ax is written as

xp12y(1,1) 1100 x(1,1,1)

X{l,z}(z,l) 0011 O x(1,1,2)

xpay(1,1) 1010 x(2,1,1)

X{2,3}(1,2) _ 0101 X(2,1,2) (1 32)
X{l,z}(l,Z) 1100 x(l,2,l) ’ '
x(12)(2,2) 0011 | |x(1,2,2)

X{2’3}(2, 1) 1010 X(2,2, 1)

xp31(2,2) 0101/ \x(2,2,2)

where the big 0 is the 4 x 4 zero matrix. Note that the 8 x 8 matrix on the right-hand
side is a block diagonal with identical blocks. Furthermore, the diagonal block is
the same as on the right-hand side of (1.10). Partition x on the right-hand side of
(1.32) into two 4-dimensional subvectors x1,x,. We call each x;,, i = 1,2, the slice
of the contingency table x by fixing the level i, of the second variable. Similarly we
partition ¢ on the left-hand side of (1.32) into two 4-dimensional subvectors #1,1,.
Then clearly

xe & x €% and x € Fy,, (1.33)

where .%;, and %;, are fibers in (1.22) for the independence model of 2 x 2
contingency tables.

We have thus far looked at the 2 x 2 x 2 case. However, it is clear that a
similar result holds for the general I} x I, x I3 case. Namely, when we sort the cells
according to the levels of Y», then the configuration is in a block diagonal form with
identical blocks, which correspond to the configuration of the independence model
for I x I3 contingency tables.
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Also from (1.16) it follows that for / x J contingency tables we have

1 n!

L 1 J
xez, HijXijt Tlicy i Ty x4 !

Combining this with (1.33) and by summing for each slice separately, we have the
following expression of ¢~ ! in (1.31) for the conditional independence model.

) x(iz)!
T . 7 .
i=1 [Ty x (i, i) Ty x (2, 83)!
. Hizej{z} x(lz)'

H(i17i2)€f{1,2} x(in,i2)! H(i2,i3)€j{2,3} x(iz, i3)!

17
- =

If we apply this sum to (1.30), we see that the joint probability distribution of T is
given as

n! Hizeﬂ{z} x(iZ) !
H(ilyiz)ej{l,z}x(il ’ iz)!H(i2,i3)€j{2,3}x(i2’i3)!

< JI  elini) @2 T Bli,iz) 5.

in2)€ 1) i23)€523)

p(T) =

Then the conditional probability in (1.31) is explicitly written as

H(il,iz)eﬂ{l,z} x(il 9 12) ' H(iz,i:‘,)eeﬂ{zﬁ} x(i25 13)'

1.34
Hiz@/{z} x(ZZ)'HIGfx(i)' ( )

plx[1)=

1.5 Notation of Hierarchical Models for m-Way
Contingency Tables

In this section we introduce notation for general m-way contingency tables and hi-
erarchical models for these tables. The notation introduced here is used extensively
later in this book, such as Chaps. 8 and 9. Readers may skip this section and check
the notation when it is needed later in the book.

In the previous section we considered three-way contingency tables. We general-
ize the notation to m-way tables. The set of the cells for an m-way table is the direct
product

I ={i= (i1, rim) | i1 €[], esim € ]} =[] X -+ X [L].
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An m-way contingency table, or the frequency vector, is denoted by x = {x(i) | i €
#}. We denote the set of m variables as A = [m| = {1,...,m}. The notation for
marginal cells, marginal frequencies, and marginal probabilities was already given
in (1.24), (1.25), and (1.26).

Consider the logarithm of the probability function of the conditional indepen-
dence model in (1.29):

logp(i) =logo(iy,iz) +1og B (iz,i3). (1.35)

Here log p(i) is written as a sum of two functions, one of which depends only on
(i1,i2) and the other depends only on (i3,i3).

Generalizing this formulation we now define a hierarchical model for m-way
contingency tables. Let Dy,...,D, be subsets of A, such that there is no inclusion
relation between D; and D, 1 <i# j <m.Denote ¥ ={Dy,...,D,}. A hierarchical
model with the generating class & is defined as follows.

logp(i) = . pn(ip), (1.36)
De9

where up is a function depending only on the marginal cell ip. For a general
hierarchical model let

H =K (2)={D|D C D;forsome D; € P}
denote the set of subsets of Dy, ...,D,. Note that .# has the following property,
Ae ¥, BCA = Be .x.

A family of subsets of A satisfying this property is called a simplicial complex
([96]). Note that Dy,...,D, are maximal elements of J# with respect to set
inclusion. Maximal elements of a simplicial complex %" are called facets of JZ .
From a statistical viewpoint, the facets correspond to maximal interaction terms in
the hierarchical model. In a hierarchical model, when an interaction term is present
in the model, then all smaller interaction terms and the main effects included in the
interaction term are also present in the model. This is a natural assumption, because,
for example, a two-variable interaction is usually interpreted only in the presence of
main effects of the variables.

A sufficient statistic for a hierarchical model is given by the set of marginal
frequencies for Dy,...,D,:

T = {XD(iD) | ip € fD,D S @}
Finally we discuss indeterminacy of ups in (1.36). As an example consider again

the conditional independence model in (1.35). There is some indeterminacy on the
right-hand side of (1.35). One way of resolving this indeterminacy is to use the
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standard ANOVA (analysis of variance) decomposition (e.g., Scheffé [132]). In
(1.35) we can write

log p(i) = po + 1 (i1) + t2(i2) + p3(is) + ti2 (v, i2) + oz (iz,i3), (1.37)

where we require

I; I I
0= .uj(lj)a ]: 172737 0= z [le(i],iz) — 2 ulZ(ilaiZ)a Vi17i27

i=1 =1 =1

I I
0= wslin,iz) = Y, 3 (in,is), Vin,i3.

=1 =1

Under these requirements the right-hand side of (1.37) is unique. Similarly, for a
general hierarchical model we can uniquely express log p(i) as

logp(i) =Y, up(ip), (1.38)
Dex’

where for every D = {1,...,ji} € J we require

1,
2 [,LD(ijl,...,ijl)ZO, h=1,...,l.
)

Another popular method for avoiding the indeterminacy is to treat a particular

level, for example, the last level /;, j = 1,...,m, as the “base level” and require for
every D € 2, D # 0, that
up(ij,....i;) =0, ifi; =1I; forsomeh=1,...,1. (1.39)

In the case of a complete independence model of two-way tables, this corresponds
to the lattice basis in (2.5).



Chapter 2
Markov Chain Monte Carlo Methods

over Discrete Sample Space

2.1 Constructing a Connected Markov Chain over
a Conditional Sample Space: Markov Basis

In the previous chapter we discussed exact tests for some simple models of
contingency tables. As we discussed at the end of Sect. 1.3, the Markov chain Monte
Carlo method is general and useful when the cardinality of conditional sample space
(fiber) is large. We first consider connectivity of a Markov chain, without fully
specifying the transition probabilities.

Consider the independence model of general two-way contingency tables in
Sect. 1.3. The fiber is the set of / x J contingency tables with fixed row sums and
column sums:

Ft={x>0|xip,i €[], xyj,j € [J] are fixed according to ¢ }. (2.1)

Let A be the configuration in (1.18). The kernel of A is denoted by kerA. The set of
integer vectors in kerA is called the integer kernel of A and is denoted by

kerzA ={z|Az=0,z€Z"}, n=1J.

An element of kerz A is called a move for the configuration A. If x and y belong to
the same fiber .%;, then y — x is a move, because

Aly—x)=Ay—Ax=t—1t=0. (2.2)

Now consider the following integer matrix z = z(iy,i2; j1, j2) = {zij}

+1, (ivj) = (ilajl)a(i27j2)a
Zij = -1, (ivj):(ilij)a(i27jl)a (2.3)
0, otherwise.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 23
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_2,
© Springer Science+Business Media New York 2012
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The nonzero elements of z(iy,12; ji, j2) are depicted as

J1 J2
i1 —1]. (2.4)
ip|—1 +1

Adding z(i,i; ji1, j2) to a contingency table x does not alter the row sums and the
column sums. Hence z(iy,12; ji, j2) is a move for A in (1.18); that is, z(iy,i2; j1, j2) €
kerz A. We call a move of the form (2.4) a basic move for the independence model
of two-way contingency tables. Because of the elements —1 in z(iy,i2; j1,j2), X+ 2
contains a negative element if x;,; = 0 or x;,;, = 0. If both of these elements are
positive, then x+ z is in .7 if x € .%;. We have “moved” from x to x+ z in .%;. This
is why we call z(iy,i2; j1, j2) a move. The following is an example of adding a move
forthecaseof I=J=3,i1=j1=1,ip = j, =2.

2[1]1]4 |1 [-1lo] [3|o[1]|4
2lo2]4  [—1] 1 ]o] [1|1]2]4
112[0[3 "0 [0 o] ~[i2lol3"
533 533

Suppose that we always use the last row / and the last column J in the move and
leti; =1 and j, =J. Then

{z(in,Lj, D) [ 1<ip <I-1,1<j; <J—1}

forms a basis of kery A. More precisely the set forms a lattice basis of kerzA in
the sense that every z € kerz A is uniquely written as an integer combination of
z(i1,1; j1,J)s. In fact the elements of the last row and the last column of z = {z;;} €
kerz A are uniquely determined from the other elements. Hence z € kerz A can be
uniquely written as

-1 J-1

= 2 Z iy XZ(il,I;jl,J), (25)

i1=1j1=1

because both sides have the same elements in the first / — 1 rows and the first J — 1
columns. This is related to use of the last level as the base level discussed at the end
of Chap. 1.

Note that the lattice basis is very simple for the independence model of 7 x J
tables. However, for the fiber in (2.1) we are requiring nonnegativeness of the
frequency vectors. As an example consider the following two elements of the fiber
for/=J=3withl =x14 =x4 =xy] =x42,0=x34 =x33.

10{0|1 0[1]0{1
0[1]0{1 1]0{0|1
0/0[0[0’ 0/0/0[0°
1102 1102
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We see that we cannot add or subtract any of z(i1,3;j1,3) to/from these tables
without making some cell frequency negative. However, obviously these two tables
are connected by the following move:

1|-1/0
—1] 1 {0].
0]01|0

This example suggests that we can move around a fiber if we can use all moves of
the form (2.3).

Let & C kerzA be a finite set of moves for a configuration A. & is called a
Markov basis if for all fibers .%; and for all elements x,y € %, x # y, there exist
K>0,z1,...,2k € Band g,...,e¢ € {—1,1}, such that

K L
y=x+ Y &z, x+ Y auedhH, L=1,... K- (2.6)
k=1 k=1

The first condition says that by adding or subtracting elements of %, we can move
from x to y. The second condition says that on the way from x to y we never
encounter a negative frequency. Therefore if a Markov basis % is given, then we can
move all over any fiber by adding or subtracting moves from %. Thus connectivity
of every fiber is guaranteed by a Markov basis. We define Markov basis again in
Chap. 4 for a general configuration A. In this introductory explanation, we give a
proof that a Markov basis for the / x J independence model of two-way contingency
tables is given by the set of moves z(iy,i2; j1,j2). We state this as a theorem.

Theorem 2.1. Let
B ={z(i,i2sj1,j2) | 1 <i1 <ia <L,1 < ji < o < J}.
B forms a Markov basis for the I x J independence model of two-way contingency

tables.

The following proof is a typical “distance reducing argument,” that is frequently
used in later chapters of this book.

Proof. We argue by contradiction. Suppose that % is not a Markov basis. Then there
exists a fiber .%; and two elements x,y € .%; of the fiber, such that we cannot move
from x to y by the moves of % as in (2.6). Let

Ny ={y € % | we cannot move from x to y by moves of Z}.

Then .44 is not empty by assumption. For z = {z;;} € kerz A, let |z] = ¥/_; ¥/_ |zij]
denote its 1-norm. In Sect. 4.3 we define degz as |z|/2.
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Define

y* =argmin|x—y|. 2.7
YeNx

¥* is one of the closest elements of .%; that cannot be reached from x by %:

x—y"| = min |x—yl.
X

Now let w = x —y* and consider the signs of elements of w. Because w contains
a positive element, let w;, ;, > 0. Then because w is a move, there exist jo # jj
with w;, j, <0 and i> # iy with w;,;, < 0. Hence for y* = {y;;} we have y; ; >0,
Vij; > 0. Then

Y +z2(i1,i2; )1, )2) € F4.

¥* cannot be reached from x by 4, therefore y* + z(i1,i2; j1, j2) cannot be reached
from x by Z either and y* + z(iy,2; ji1, j2) € A% Now we check the value of |x —

" +z(ir,i2: j1,.2)|-

o Ifwij, >0, then |x — (y* +2(i1,i2; j1,/2))| = [x —
If wiyj, <0, then |x — (y* +2z(i1,i2: j1,2))| = |

Therefore for both cases, |x — (y* + z(i1,i2;j1,/2))| < |x — y*|. However, this
contradicts the minimality in (2.7) of y*. a

By this theorem, we can construct a connected Markov chain over any fiber. We
choose iy,i; € [I] and jy, j» € [J] randomly. We add or subtract z(iy,i2; ji, j2) to/from
the current state x and move to y = x+z(i,i2; j1, j2) as long as there is no negative
frequency in y. In the case where y contains a negative element, we choose another
set of indices ij,iy € [I] and ji, j» € [J] and continue. Then connectivity of every
fiber is guaranteed by Theorem 2.1.

Note that in the above explanation we are not precisely specifying the probability
distribution of choosing an element z(ij,i2; ji,j2). Also, when we say “add or
subtract,” we are not exactly saying which to choose. In fact, we should choose the
sign of a move z(iy,i; ji, j2) (i-e., whether we add it or subtract it) with probability
1/2. This is related to the Markov chain symmetry for the Metropolis—Hastings
algorithm in the next section. Other than the choice of the sign of a move, the
distribution for choosing a move can be arbitrary.

In this section we considered the independence model of two-way contingency
tables. We now briefly mention the conditional independence model of three-way
contingency tables. As we saw in the previous section, the conditional independence
model of three-way contingency tables can be treated as the two-way independence
model given each level of the conditioning variable. Therefore a Markov basis for
the conditional independence model of three-way contingency tables is given as a
union of Markov bases for two-way cases in each slice of the contingency table
given the level of the conditioning variable. The two-way independence model and
the conditional independence model of three-way contingency tables are actually
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simple examples. Markov bases for more complicated models of contingency tables
are in fact difficult and each model needs separate consideration. One notable
exception is the decomposable model studied in Chap. 8.

On the other hand, there exists a general algorithm to compute a Markov basis in
the form of the Grobner basis for any configuration. So is the problem of obtaining
a Markov basis already solved by a general algorithm? The answer is yes and no,
depending on the viewpoint. The existence of a general algorithm means that the
answer is yes from a certain theoretical viewpoint. On the other hand, for practical
purposes, the computation of the Grobner basis for a complicated model is often
infeasible in a practical amount of time and in this sense the answer is no. Therefore,
both theoretical investigations of Markov bases for specific models and the further
general improvements in the algorithms for Grobner basis computation are very
much needed at present.

2.2 Adjusting Transition Probabilities
by Metropolis—Hastings Algorithm

In this section we explain how to construct a Markov chain that has a specified
distribution as the stationary distribution. A good reference on important facts on
Markov chains is Higgstrom [69].

Consider a Markov chain over a finite sample space .%. Suppose that the elements
of # are given as

F={x1,..., X} (2.8)

Let {Z, t =0,1,2,...}, Z € #, be a Markov chain over .# with the transition
probability Q = (g;;):

ql-j:P(Z,H:xj|Z,:xi), 1§i,j§s.

A Markov chain is called symmetric if Q is a symmetric matrix (g;; = gji).
Let

= (7'61,...,7&)

denote the initial probability distribution of Zj (by standard notation, we consider 7
as arow vector). 7 is called a stationary distribution if

T =nQ.

7 is the eigenvector from the left of Q with the eigenvalue 1.

It is known that the stationary distribution exists uniquely under the assumption
that the Markov chain is irreducible and aperiodic. We only consider Markov
chains satisfying these conditions. Under these conditions, starting from an ar-
bitrary state Zy = x;, the distribution of Z, for large ¢ is close to the stationary
distribution 7. Therefore if we can construct a Markov chain with the “target”
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stationary distribution 7, then by running a Markov chain and discarding a large
number ¢ of initial steps (called burn-in steps), we can consider Z;11,Z;12,... as
observations from the stationary distribution 7.

For our problem, the target distribution 7 is already given as the hypergeometric
distribution over the fiber in (1.31). We want to construct a Markov chain over
Zy just for the purpose of sampling from the hypergeometric distribution. For this
purpose the Metropolis—Hastings algorithm is very useful. By the algorithm, once
we can construct an arbitrary irreducible (i.e., connected) chain over .%;, we can
easily modify the stationary distribution to the given target distribution 7.

Theorem 2.2 (Metropolis—Hastings algorithm). Let & be a probability distribu-
tion on F. Let R = (1) be the transition probability matrix of an irreducible,
aperiodic, and symmetric Markov chain over .F. Define Q = (q,;) by

7T.
qyzwmm@,i>, i# 7,
T
qi = 1= qij. 2.9)
J#i

Then Q satisfies & = Q.

This result is a special case of Hastings [82] and the symmetry assumption on R
can be removed relatively easily. In this book we only consider symmetric R and the
simple statement of the above theorem is sufficient for our purposes.

Proof (Theorem 2.2). It suffices to show that the above Q is “reversible” in the
following sense.

Tiqij = Tiqji. (2.10)

In fact, under the reversibility
N N
T =T 2 qij = 2 TTjqji
j=1 j=1
and we have T = Q. Now (2.10) clearly holds for i = j. Also fori # j

TT; .
#) = V,‘jmln(ﬂ:,', ﬂ'j);

i

qu = 7'E,'V,‘j min (1,

hence (2.10) holds if r;; = rj;. 0

Equation (2.10) is often called the detailed balance or detailed balance equation.

An important advantage of the Markov chain Monte Carlo method is that it
does not need the explicit evaluation of the normalizing constant of the stationary
distribution 7. We only need to know 7 up to a multiplicative constant. In fact in
(2.9) the stationary distribution only appears in the form of ratios of its elements
m;/m; and the normalizing constant is canceled.

Another important point in (2.9) is how the transition probability r;; is modified.
It is modified by min(1,7;/7;), which does not depend on how r;; is specified.
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In fact (2.9) can be understood as follows. r;; is the proposal transition probability.
Suppose that we are at state i and we propose to move to j with the conditional prob-
ability 7;; by some random mechanism. Then after the proposal, we actually move to
J with probability min(1, 7r;/7;) (or stay at i with probability 1 —min(1,7;/m;)). We
can do this even without knowing the value of r;;, as long as it is symmetric. This
fact is relevant in the application of the Markov basis, because when a Markov basis
element is chosen “randomly,” the probability distribution of choosing an element
can be arbitrary, as long as there is a positive probability of choosing every element.
Irrespective of the distribution, the Metropolis—Hastings algorithm yields a Markov
chain whose stationary distribution is 7.

By Theorem 2.2 we only need to construct one Markov chain, which is
irreducible, aperiodic, and symmetric. By the Metropolis—Hastings algorithm,
we can then modify the transition probability to achieve the desired stationary
distribution &.

In the previous section we obtained a Markov basis for two-way tables. Once
a Markov basis is obtained for some model, it is easy to construct an irreducible
and symmetric Markov chain over .% 4,0, where x° is the observed frequency vector
and 4,0 is the fiber containing x°. For example, at each step of the Markov chain,
randomly choose an element z € # of the Markov basis and the sign € € {—1,+1}.
If x+ ez € % then we move to x+ €z. If x+ ez & . we stay at x. Then the
resulting Markov chain is irreducible and symmetric. It is important to note that this
holds irrespective of the distribution of choosing an element from %, as long as each
element of A is chosen with positive probability. On the other hand, the sign of €
should be chosen with probability 1/2.

We can then apply the Metropolis—Hastings algorithm of Theorem 2.2 to this
Markov chain. The resulting algorithm is given as follows.

Algorithm 2.1

Input: Observed frequency vector x°, Markov basis %, number of steps N,
configuration A, the null distribution f(+), test statistic 7(-), t = Ax°.

Output:  Estimate of the p-value.

Variables: obs, count, sig, X, Xex-

Stepl: obs=T(x°),x=x° count =0, sig=0.

Step2:  Choose z € & randomly. Choose € € {—1,+1} with probability %

Step3: Ifx+ez¢ % then X, = x and go to Step 5. If x + £z € .%; then let u
be a uniform random number between 0 and 1.

Step 4 : Ifu< % then let X,y = x+ €z and go to Step 5. If u >
then let X,,0r = X and go to Step 5.

Step5:  If T(Xyex) > obs then let sig =sig+1.

Step 6: X =Xpen, count = count+1.

Step 7:  If count < N then go to Step 2.

Step 8:  The estimate of p-value is sig/N .

f(x+ez)
f(x)

We should mention one important point concerning the counting of steps. There
are two cases where we stay at the same state x,.; = x. One case is that we reject
a move z because x + £z ¢ .%; in Step 3. Another case is that the proposed state is
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Fig. 2.1 The fiber .%; 0o *z tz
— =
X
[ N J @
-Z -z

Fig. 2.2 Transition 0 1 0.5 5

probabilities ignoring PS T T ®

rejections in Step 3 w TN _ 90
0.5 1

rejected because of u > f(x+ €z)/f(x) in Step 4. In both cases, we evaluate the
value of the test statistic T (X,ex) = T (x) and the counter count is increased. For
unbiased estimation of the p-value, we need to include both cases in evaluation of
T and the counting of the steps.

In Step 3, if x is close to the boundary of .%;, then it may be the case that x+ £z &
% with high probability. In this case we might be tempted to choose z depending
on x such that the probability of x + £z € .%; is higher. This is an interesting topic
for investigation, although it is not trivial to guarantee the symmetry r;; = rj; if we
choose a move depending on the state.

The above point can be illustrated by the following very simple example.
Consider a configuration A = (1,1), which is a 1 x 2 matrix. Let t = Ax, x = (x1,x;)’
and consider the fiber with = 2:

Fa = {(x1,%2) | x1 +x2 = 2,x1,x2 € N}, N={0,1,2,...}.

Then z = (1,—1)’ is a move, which obviously connects .%,. The fiber is depicted as
in Fig. 2.1, where the states are labeled by the values of x;.

Note that z cannot be subtracted from (0,2) and z cannot be added to (2,0),
because these operations produce — 1. Therefore if we are at (0,2) we can only add
z. Similarly if we are at (2,0) we can only subtract z. Now suppose that we want to
sample from the uniform distribution over .%,. Then in the Metropolis—Hastings
algorithm, min(1,7;/m;) = 1. Therefore we stay at the same state only because
of Step 3 of Algorithm 1. If we ignore the rejections in Step 3 for this example,
the transition probabilities of the chain are depicted in Fig. 2.2. The stationary
distribution of this chain is given by

®(0.2.7(1.1),72.0) = (357 )

which is not uniform.

On the other hand if we count the rejections in Step 3, then the Markov chain
has self-loops and the transition probabilities of the chain are depicted in Fig. 2.3.
For this chain the stationary distribution is the uniform distribution, which was our
target.
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Algorithm 2.1 is a very simple algorithm and various improvements are possible.
For example, grouping several steps of Algorithm 2.1 in one step makes the
convergence to the stationary distribution faster. This can be achieved as follows.

Algorithm 2.2 Modify Steps 2, 3, 4 in Algorithm 2.1 as follows.

Step2:  Choose z € & randomly.
Step3: LetlI={n|x+nze %}
Step 4:  Choose Xnext from {x+nz | n € I'} according to the probability

_ f(x+nz)
Pn Y fx+nz)

nel

Note that both in Algorithms 2.1 and 2.2, the target distribution f(-) appears in
the form of the ratio. Hence we do not need to compute the normalizing constant for
f(+). Often the computation of the normalizing constant is difficult, therefore this is
an important advantage of the Markov chain Monte Carlo method.



Chapter 3
Toric Ideals and Their Grobner Bases

Readers can skip this chapter and come back to individual results when they are
referenced in later chapters. There are many good textbooks on computational
algebra and Grobner basis. This chapter is based on a great deal Chapter 1 of [93] by
Takayuki Hibi, although for individual results we cite Cox et al. [42] as a reference.
Sturmfels [139] gives more specific results relevant for algebraic statistics and toric
ideals.

In presenting results on polynomial rings, the difference of standard notation for
statistics and algebra is annoying. For example, in statistics n usually denotes the
sample size, whereas in the notation for polynomial rings n usually stands for the
number of indeterminates, which corresponds to the total number of cells |.#|. In
this book x(i) stands for the frequency of the cell i, whereas in the polynomial ring,
X1,...,Xx, usually denote indeterminates.

In this chapter we use a mixture of these different notations to make the
correspondences easier to understand.

3.1 Polynomial Ring

Let Q,RR,C denote the fields of rational numbers, real numbers and complex num-
bers, respectively. Let k stand for any of these fields. We denote the indeterminates
by wui,...,up, where 1 = |.#| is the total number of the cells. A monomial in
ui,...,uy is a product of powers of us (with the coefficient 1 € k). For k = QQ and
n=3,

u%uzug (3.1

is an example of a monomial in u,uy,us3. We write this as #* where x = (2,1,3)
and u = (uy,us,us). Note that the elements of x are used as powers, rather than
as indeterminates. This notation is used because frequencies in a contingency table
correspond to the powers of a monomial. Each indeterminate u; stands for a cell

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 33
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_3,
© Springer Science+Business Media New York 2012
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i in a contingency table. Hence the monomial u%uzug in (3.1) corresponds to the
following 1 x 3 contingency table,

.

A monomial is called square-free if the power for each u; is at most one.
A polynomial is a finite sum of monomials multiplied by coefficients in k. Again
for k = Q and n = 3, an example of a polynomial is

3, 5.1 5,

—UjuQ U3 + U U US.

o Uit2l3 T F U1 URUS

A polynomial with more than two terms does not correspond to a contingency table.
In Chap. 1 we denoted the vector of frequencies as x = (x(1),...,x(n)) € N".

Accordingly we also often denote u; as u(i). Below we use these two indexing

notations interchangeably. Then a monomial is written as

w* = [T uiy®.

ics

A polynomial f is written as

f:zcxuxa

xeNn

where the sum is finite; that is cx € k is zero except for a finite number of x.
The set of polynomials in # with coefficients from k is written as

k{u] = kfuy, ... uy].

k[u] is called the polynomial ring in uy,...,uy over k. It is called a ring because
the operations of addition f + g and multiplication fg of polynomials are defined
for k[u].

Let 9t denote the set of monomials in k[u]. Let v = #* and w = w’ be two
monomials in 1. Then w divides vif y < x:

x(i) <y(i) forall ie 7.

We write w|v if w divides v. Let M C 91 be a subset of monomials. v € M is called
a minimal element of M if w € M, w|v implies v = w. We present Dickson’s lemma
(Sect. 2.4 of [42]) in the following form.

Lemma 3.1 (Dickson’s Lemma). Let M C 20 be a nonempty set of monomials.
The set of minimal elements of M is finite.
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Another important notion on the polynomial ring is the notion of an ideal.
A subset I C k[u] is called an ideal of k[u] if

e fgel = f+gel.
o fel,geklul= fgel

Let {f; | A € A} C k[u] be a nonempty set of polynomials. Let / denote the set
of polynomials of the form

Y gfrs 8a k], VA €A,
AEA

where the sum is finite, that is, g; = 0 except for a finite number of A. Clearly this
I'is an ideal. This [ is called the ideal generated by {f; | A € A} and is denoted by

I={f A eAy).

{fa | A € A} is called a set or a system of generators of I. In particular if {f | A €
A} ={fi1,....fs} is a finite set, then I = ({f) | A € A}) is simply denoted as

I={fi,-. . [s)-

An ideal [ is called a monomial ideal if it is generated by a subset M C 91 of
monomials. By Dickson’s lemma, a monomial ideal / = (M) is generated by the
(finite) set of minimal monomials vy,...,vy € M:

I={(vi,...,v5). (3.2)

Note that the set of minimal monomials of M is unique.

3.2 Term Order and Grobner Basis

Term order (term ordering, monomial ordering) is a total order < on the set 27 of
monomials, such that

e 1<vforl#v.
e v < wimplies vt < wt for every t € 9.

An example of a term order is pure lexicographic term order <jex, where v =
u* is ordered by the lexicographic order of the exponents x = (xi,...,xy). In the
lexicographic order we order the indeterminates as

Uy > up > -+ > Up.
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Another example is the graded lexicographic term order <giex, Where monomials
v = u* are first compared by the total degree |x|; = Y;c ~x(i) and then (in the case
of the same degree) by the lexicographic order of x. The third example is the graded
reverse lexicographic term order <greviex, Where monomials are first compared by
the total degree and then (in the case of the same degree) u* > greviex #” if the last
nonzero element of x — y is negative.

Let f = cyvi +--- +csvs € k[u] be a nonzero polynomial, where 0 # ¢; € k, v; €
M, j=1,...,s. Given a term order <, we can take v such that vy > v;, j=2,...,s.
vy is called the initial monomial (leading monomial, leading term) of f and written
as in< (f). For example, with the pure lexicographic term order, the initial monomial
of £ = (3/2)uuru3 + (1/3)uyu3u3 is given by

. .3 1
ing(f) = 1n<(§u%u2u% + gulu%ug) = uupus.

For an ideal I # {0}, its initial ideal in« (I) is defined as

in< (1) = ({in<(f) |0 # f €1}),

which is the monomial ideal generated by initial monomials of f € I, f # 0. By
(3.2) there exist fi,...,fs € I such that in<(I) = (inx(f1),...,in<(f;)). Based on
this fact a Grobner basis is defined as follows.

Definition 3.1. Fix a term order <. A finite subset G = {fi,...,fs} of nonzero
elements of an ideal / is a Grobner basis of I with respect to the term order if

ino(1) = (in<(f1),...,in<(f;)).

More informally, {fi,...,fs} is a Grobner basis of [ if the initial monomial of
any f € [ is divisible by the initial monomial of some f;, j = 1,...,s.

From this definition it is not immediately clear that G is indeed a set of generators
of 1. However, again based on Dickson’s lemma, it can be shown that G is indeed a
set of generators of I (Sect. 2.5 of [42]).

Proposition 3.1. [ is generated by any Grobner basis G of 1.

The following “Hilbert basis theorem” (Theorem 4 in Sect. 2.5 of [42]) is an
immediate consequence of this proposition.

Corollary 3.1 (Hilbert basis theorem). Every ideal I of the polynomial ring k[u]
has a finite set of generators.

If in<(f1),...,in<(fs) are minimal monomials of {in<(f) | 0 # f €I}, then G =
{f1,-..,fs} is aminimal Grobner basis, in the sense that any proper subset of G is no
longer a Grobner basis. Given a minimal Grobner basis G = {in<(f1),...,in<(f5)},
no initial monomial in< (f;) is divisible by any one of the other initial monomials
in<(f;), j # i. However, other (noninitial) monomials appearing in f; may be
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divisible by some in~(f;), j # i. By replacing noninitial monomials appearing in
Jfi with the remainders by f;, j # i, we arrive at the reduced Grobner basis. More
formally, the reduced Grobner basis is defined as follows.

Definition 3.2. A Grobner basis G is reduced if (i) for each f € G, the coefficient of
in<(f) is one, and (ii) for each f € G, no monomial appearing in f lies in ({in<(g) |

geG,g#[}).

It is known that the reduced Grobner basis is unigue for any given term order <.

Given a term order < and an ideal /, a monomial v is called a standard monomial
if v € inx(1). Every polynomial f € k[u] is a unique finite linear combination of
monomials with coefficients from k, thus k[u] is an infinite-dimensional vector space
over k, where the monomials are the basis vectors. Similarly / can be regarded
as a vector space over k. Regarding them as vector spaces means that we only
consider addition of polynomials and ignore multiplication of polynomials. Then
we can regard the “quotient ring” k[u] /I as a complementary linear subspace of I in
k[u]. Concerning this quotient vector space k[u] /I, the following theorem holds (cf.
Sect. 5.3 of [42], Chapter 1 of [139]).

Theorem 3.1. The set of standard monomials forms a basis of the vector space
k[u] /I over k.

An ideal I is zero-dimensional if the vector space k[u|/I over k is finite-
dimensional (Appendix D of [42]). By Theorem 3.1, I is zero-dimensional if and
only if the number of standard monomials is finite. Theorem 3.1 for the case of a
zero-dimensional ideal is fundamental for a Grobner basis approach to design of
experiments in Chap. 15.

We now consider dividing a polynomial by a set of polynomials. For univariate
polynomials f(u) and g(u), the division of f by g can be performed by repeatedly
eliminating the leading term (i.e., the initial monomial) of f(u) by the leading term
of g. The resulting expression is

f(u) = q(u)g(u) + r(u),

where ¢(u) is the quotient and r(u) is the remainder with degr < degg. A
generalization of this division to more than one indeterminate is given as follows.
Fix a term order <. Let f # O be the dividend and let g1, ..., gs 7 O be the divisors.
Then f can be written as follows.

f=qgi++ag+r  qi,....qs €klu], (3.3)

where (i) if r # 0, then every monomial appearing in r is divisible by none of
inc(g1),...,in<(gs), and (i) in< (f) = in<(g;g;) fori =1,...,s. r is the remainder
of this division. Actually there is an algorithm called the division algorithm (Chapter
1 of [42]) that yields (3.3). In general, a remainder r is not unique and the
output of the division algorithm depends on the order of gi,...,g,. However,
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if G=1{g1,...,8s} is a Grobner basis for an ideal /, then the remainder r is uniquely
determined. Also in this case we have
r=0<&fel 3.4)

3.3 Buchberger’s Algorithm

The importance of the theory of Grobner basis lies in the fact that there is an
algorithm to compute the Grobner basis. For two monomials v = u*, w = u?, the
least common multiple of them is defined as lem(v,w) = u™**¥), where max
denotes the elementwise maximum. For nonzero polynomials f, g € k[u], let ¢; and
¢y denote coefficients of their initial monomials. The S-polynomial of f and g is
defined as

S(f.8) = lcm(icn; Eﬁ (1;; (&)

B lcm(in<(f),in<(g))g
Cg'in<(g) .

f (3.5)
The right-hand side looks somewhat complicated, but the purpose of the operation
on the right-hand side is to cancel the initial monomials of f and g. For example,
with the pure lexicographic term order,

1 uiuu3 1
S —u1u2—2u3u4,u1u3 —Uurus | = I —u1u2—2u3u4
2 71,{11,{2 2

upuru3

- (u1u3 — u2u5)

= —4u§u4 + u%u5. 3.6)

Fix a term order <. The following theorem is called Buchberger’s criterion
(Theorem 6, Sect. 2.5 of [42]).

Theorem 3.2 (Buchberger’s Criterion). Let G ={g,...,gs} be a set of genera-
tors of an ideal I # {0}. G is a Grobner basis of I if and only if for all pairs i # j,
the remainder on division of S(gi,&;) by G (listed in some order) is zero.

Based on this criterion, the following simple idea can be implemented as an
algorithm, called Buchberger’s algorithm to compute a Grobner basis of [ =

<g17"'7gs>:

As long as G = {g1,...,gs} is not a Grobner basis of I, keep adding to G a
remainder of some S(g;,g;) by G.

Note that Buchberger’s algorithm can be used when a finite set of generators of
I is known. In contrast, toric ideals, which are important for algebraic statistics, are
defined implicitly and the problem is to obtain a set of generators for the ideals.
In this case Buchberger’s algorithm cannot be used directly. However, it is also
fundamental to toric ideals via the elimination theory described in the next section.
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3.4 Elimination Theory

In the polynomial ring k[u], u = (ui,...,uy), consider the set of polynomials
involving only u¢_ 1, ...,un, where 1 < ¢ <. Letk[ugy,...,un] denote the set of
these polynomials. For an ideal 7 of k[u], it is easy to check that I N k[ug . y,...,uy]
is an ideal of k[ugy,...,un]. I N kfugy,...,un] is called an elimination ideal
because the indeterminates uy, ..., u¢ are eliminated.

The main use of the elimination ideal is for solving a set of polynomial equations.
For a Markov basis, its use is to give a general algorithm for computing a Grobner
basis of a toric ideal (see Proposition 3.2 below).

When a Grobner basis G of I with respect to the lexicographic order uy > - - - > up
is given, it is straightforward to obtain a Grobner basis of the elimination ideal
(Sect. 3.1 of [42)).

Theorem 3.3 (The Elimination Theorem). Let G be a Grobner basis of I with
respect to the lexicographic order uy > --- = uy. Then

G N klugyq,---,up]

is a Grobner basis of the elimination ideal I N klug 1, ... un].

3.5 Toric Ideals

So far we summarized relevant facts on a Grobner basis of a general ideal / of
k[u]. For the theory of Markov basis we only need to consider a special kind of
ideal, called a toric ideal. In this section we give more detailed explanations than in
previous sections, because toric ideals are not covered in [42].

For defining a toric ideal we start with a v x 1 integer matrix A. We call A a
configuration. In this book we assume that the row vector (1,1,...,1) is in the real
vector space spanned by the rows of A; that is, there exists a v-dimensional real
vector 0 such that

0'A=(1,1,...,1). (3.7)
This assumption is called homogeneity of the toric ideal (Lemma 4.14 of [139]).
Under the assumption of homogeneity, for z € kerz A

0=04z=(1,1,....1)z= Y z(i). (3.8)
icy
In algebraic statistics, the rows of A are indexed by sufficient statistics and the
columns of A are indexed by the cells i of the sample space .#. Hence let us denote
the elements of A as a;(i), j=1,...,v,i=1,....n. Leta(i) = (a1(i),...,av(i))
denote the i th column of A. We often consider A also as a set of its column vectors
{a(i), i=1,...,n}. Note that under the homogeneity, each column a(i) is a nonzero
vector, because otherwise 6’A has 0 in the ith position.
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A difference of two monomials (with coefficient 1 and —1)

f=w—v, v=u", w=uw

is called a binomial. For a monomial v = u* or the frequency vector x, the support
is defined as the set of (indices of) indeterminates with positive powers:

supp(u*) = supp(x) = {i | x(i) > 0}. (3.9)

A binomial w — v is called square-free if both w and v are square-free monomials.
Consider two nonnegative integer vectors x,y € N such that

Ax = Ay.

Then z =y — x belongs to kerz A. Now we give the first definition of toric ideal
Iy C k[u]

Definition 3.3. The toric ideal Iy = ({#’ — u* | Ax = Ay, x,y € N"}) is the ideal
generated by binomials #” — u* such that y —x € kerz A.

For example, for the configuration A in (1.18) for the independence model of
I x J two-way contingency tables, I4 is the ideal generated by u* — w”, where x,y
share the common row sums and column sums.

So far we allowed negative elements in A. We now argue that without loss
of generality we can assume that the elements of A are nonnegative under the
assumption of homogeneity. Let @ € NV be a column vector whose elements are
large enough. We add @ (1,1,...,1)to A. Let A=A +a(1,1,...,1) be the resulting
matrix whose elements are nonnegative. Note that 6A is written as

A= (1,1,....,1)+0'a(l,1,....1) = (1+0'a)(1,1,...,1).

By appropriately choosing a we can make 0 # (14 6’a). Hence A also satisfies the
assumption of homogeneity. Now by (3.8) we have kerzA = kerzA and Iy =1 5
Therefore we can assume that the elements of A are nonnegative.

We are now going to present another definition of a toric ideal. Introduce
indeterminates ¢, .. .,qy corresponding to the rows of A. Let ¢ = {q1,...,qy} and
let k[q] denote the polynomial ring in g over k. Consider a map 74 from k[u] to k[q]
such that each indeterminate u(#) is mapped to a monomial in k[g] as

Ty I/l(l) N qa(i) — qfillmqu(i) ) ”qf‘l/v(i)’
where a(i) is the ith column of A. For a polynomial f € k[u], s (f) is obtained by
substituting g%*) into the indeterminate u(i), i € .#. Then, for a monomial u* =

[Tic.r ”(i)x(i) >
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() = ma (T u(y @) = T ma(uli)*® = TT g

icd ics ics

\4

- H Ziesx(Wajld) _ oax (3.10)

and for a polynomial f =Y cxu* € k[u]
=Y cxma(’) = exqg™* € K[q]
X P

We see that 74 is a homomorphism from k[u] to k[q].

Let us illustrate my for the case of the independence model of two-way tables
under the multinomial sampling scheme. Let (i, j) denote the cell of a two-way
table and consider the probability p;; of the cell as an indeterminate (instead of u(i)).
Under the independence model p;; = r;c;. We can understand this as “substituting
ricj into p;;” and consider

TTA : pij = TiCj.

For I = J =2, consider the following contingency table:

x=1. @3.11)
1o

The probability, without the hypothesis of independence, of this contingency table
X is written as
4 X 2
= = 12 .
p(x) (1,2,1,0)P P11P12P21
Furthermore under the hypothesis H of independence, by substituting ¢;r; into p;;,
the probability of x is given by

T (12p11piapar) = 12704 (p11) 7 (pTa) Ta(p21) = 12(ric1) (ric2)* (ract)
= 12rf rzc%c%
By (3.10) the exponents of 7; and ¢; on the right-hand side correspond to the
marginal frequencies of x. Indeed, for example, rf on the right-hand side shows
that the first row sum of x is x4y = 3.
Now the second definition of 14 is given as the kernel of this 7.

Definition 3.4.
Iy ={f € k[u] [ ma(f) = 0}. (3.12)

It can be shown that Definitions 3.3 and 3.4 are equivalent. See Lemma 4.1 of
[139]. By (3.10) it is easily seen that

Ay=Ax & mW —u*)=0. (3.13)
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Hence the ideal in Definition 3.3 is clearly a subset of the ideal in Definition 3.4.
We need some extra argument to show that they are the same.
Again consider an example of 2 x 2 table. Let x be as in (3.11) and let

_J2[y
y_a

which has the same marginal frequencies as x. Then
A (W —u*) = my (W) — ma (")

= (ric1)*(r1e2)(r2c2) — (ric1)(r1c2)*(r2c1)

= indd—rindd ~o.

Hence u¥ — u* € I4.

A Grdbner basis of I4 can be obtained by the elimination theory of the previous
section and Definition 3.4. Let k[q,u] = k[g1,...,qv,u1,...uy| be the polynomial
ringin qi,...,qy,ut,...uy over k. Consider an ideal

Ja={u(i) —¢"Pie 7})

of k[q,u]. Then I, is characterized as an elimination ideal of J4. Combining this fact
with Buchberger’s algorithm and the elimination theory, a Grobner basis of I4 can
be computed as follows (Algorithm 4.5 of [139]).

Proposition 3.2. The toric ideal 1, is written as
Iy=Js N k[u}

Let < be the pure lexicographic term order such that qy = --- = qy = uy = --- > uy.
By Buchberger’s algorithm compute a Grébner basis G of Jy. Then G N k[u] is a
Grobner basis of Iy.

In this algorithm, as long as g; = u; forall 1 < j <v, 1 <i <, the orders within
q and u can be different from the lexicographic term order.

As mentioned above, in Definitions 3.3 and 3.4 no finite set of generators of I, is
given and Proposition 3.2 gives a general algorithm for obtaining a set of generators
of 14 in the form of a Grobner basis.

However, it is also of interest to consider Buchberger’s algorithm for a toric ideal,
when a finite set of generators is known. Consider the operation of forming an S-
polynomial in (3.5) and (3.6). In (3.6), for illustrative purpose, we had coefficients
% and 2. Suppose we compute the S-polynomial of two binomials. For example,

ujuu3
S(uruy — uzug,ujuz — ugus) = ———— (uyup — uzug) —
ujup ujus

= —u3uy + usus. (3.14)

Uirus

(ul“3 - u2“5)
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We note that the right-hand side is a binomial. It is clear that this holds for two
arbitrary binomials and the following lemma holds.

Lemma 3.2. The S-polynomial of two binomials is a binomial.

This lemma is important for proving the fundamental theorem of Markov basis
in Sect.4.4. Furthermore, from this lemma the following result can be shown
(Corollary 4.4 of [139]).

Proposition 3.3. For any term order, the reduced Grobner basis of a toric ideal Iy
consists of binomials.

This is consistent with Proposition 3.2 and Definition 3.3, because the reduced
Grobner basis G of J4 consists of binomials and hence G N k[u] consists of
binomials as well. Also by Definition 3.2 it is obvious that G N k[u] is reduced
if G is reduced.



Part 11
Properties of Markov Bases

In Part IT of this book, we define Markov bases more precisely and develop a general
theory of Markov bases.

In Chap.4 we define Markov bases for discrete exponential family models and
discuss other relevant bases, such as lattice bases and the Graver basis.

In Chap. 5 we consider minimality of Markov bases and establish basic structures
of minimal Markov bases. We define the notion of indispensable moves and
establish a condition for the existence of the unique minimal Markov basis.

In Chap.6 we give a formal presentation of the distance reduction argument,
which is often very useful for proving that a given set of moves forms a Markov
basis.

Finally in Chap.7 we define the notion of invariance of Markov bases using the
notion of action of groups on the set of cells.



Chapter 4
Definition of Markov Bases and Other Bases

4.1 Discrete Exponential Family

As in Chap. 1 let .# denote a finite sample space. Because of many applications to
contingency table models, we call an element i € .% a cell. We consider a family
{p(i;0)}, 8 = (6y,...,6,) of distributions over .# of the form

logp(i;0) = 0ja;(i) — w(0), (4.1)
j=1

where exp(—y/(0)) is the normalizing constant of the exponential family. Note that
0; was denoted as ¢;(0) in (1.11). Equation (4.1) corresponds to the multinomial
sampling scheme of Chap. 1. This model is often called a log affine model of
probability distributions over .#. Let n = |.#| and let

A={a;())}, j=1,..v,ies

denote a v x 1 matrix with the (/,i) element a;(i). A is the configuration introduced
in the previous chapter. In many regression settings, A corresponds to the design
matrix of regressors. Then it is natural to call A a design matrix. Actually the
transpose A’ of A is called the design matrix in regression settings. In our setting
a configuration A has more columns than rows. In a regression setting the design
matrix usually has more rows than columns.

It is also useful to look at the rows a; = (a(i),i € .#) of the configuration A.
Except for the (negative logarithm of the) normalizing constant y, (4.1) implies
that the logarithm of the probability vector {p(i;0),i € .#} lies in the linear space
spanned by the rows of A. In this sense we call the linear space spanned by the
rows of A the model space and denote it by rowspan(A). In this book, we assume
homogeneity (3.7); that is, the constant row vector (1,1,...,1) is in rowspan(A).

In many contingency table models we often allow linear dependence among the
rows of A for symmetry of describing the model. For example, in the two-way
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independence model we usually take v = I 4-J for the independence model of 7 x J
two-way tables, although the degrees of the model (the dimension of the model) is
I+ J — 1. Therefore v is not necessarily the dimension of rowspan(A).

Letg; = e, j=1,...,v. Taking the exponential, (4.1) is written in the monomial
form

pli:0) = e V@ x [T g7/ = e7(@)ge. (42)
Jj=1
The exponential family notation in (4.1) is more traditional in statistics. The
monomial form (4.2) is often called a “toric model” in algebraic statistics. In the
exponential form it is assumed that p(i; @) > 0 for all i. Howeverin (4.2) p(i;0) =0
is allowed.
Suppose that we obtain n observations from the distribution (4.1) under the
multinomial sampling and let x(i), i € .# denote the frequencies of the cells. Then
the joint probability function of the frequency vector x = {x(i)};c s is written as

p(x) = Heﬂx( Hp i;0)"

i=1 ies

H:eﬂ [lic.» x(i)! exp{z 0 2, aill —nw(O)} (4.3)

Then a sufficient statistic of the model is given by t; = X s a;(i)x(i), j=1,...,v.
We write this relation as

t = Ax, (4.4)
where t = (,...,ty)" is the v-dimensional column vector of 7;s and x is the

n-dimensional column vector of frequencies. Then (4.3) is written as

n!

p(x) =
We denote the set of frequency vectors as 2~ = N and the set of frequency
vectors with the common value of the sufficient statistic by
={xec 2 |Ax=t}
and call it a ¢-fiber. We denote the set of possible values of the sufficient statistic as
T = ={t|t=Ax, xe N1} (4.6)

T4 is often referred to as a semigroup generated by A. In the notation of Sect. 3.5,
let g = {qi,...,qv} be indeterminates corresponding to the rows of A and let k[q]
denote the polynomial ring in g. The image 7, (k[u]), which is a subring of k[q], is
called the semigroup ring associated with the configuration A.
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Under the assumption of homogeneity, let 8’ be a row vector such that 8’A =
(1,1,...,1). Then for two frequency vectors x, % in the same fiber we have

0=Ax—Ax = 0=0'A%—60'Ax= Y x(i)— Y x(i).
i i

Therefore the sample size n of frequency vectors in the same fiber is common. We
call this sample size n the degree of x as well as the degree of t = Ax:

n=degx = Zx(i) and degt =degx (forany x such thatt = Ax).
i

In this book we sometimes write |x| = degx and || = degt, although degt is not the
1-norm of the vector ¢. Also note that each fiber is finite, because

Fr C{xeN"|degx = degt}

and the right-hand side is a finite set.

Given the values of the sufficient statistic ¢, the conditional distribution of x does
not depend on the parameters 8 = (6y,...,0,). Note that the marginal probability
function of t is written as

pt) = Z n—!.'exp{iOjtj—nw(el,...,ev)}.

X7 [Tic . x(i)! =1
Therefore the conditional distribution of x given ¢ is written as

1 a;
p(x|t):CXm, X € Fy, (47)

where c is the normalizing constant. We call (4.7) the hypergeometric distribution
over the fiber .%;.

If we can sample from the hypergeometric distribution, we can perform the
conditional tests of the fit of the model (4.3). The Markov basis allows us to
construct a Markov chain over the fiber % for this purpose. The normalizing
constant

-1
1
T Lezyi, [lic.s x(i)!]

cannot be expressed in a closed form except for special cases, such as the decompos-
able models for contingency tables. In this respect, the Markov chain Monte Carlo
method is especially useful, because a Markov chain can be constructed without
knowing the normalizing constant.
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4.2 Definition of Markov Basis

A Markov basis is a set of “moves” for constructing a Markov chain over any fiber.
Let z € Z" denote an n-dimensional column vector of integers. z is called a move if
Az = 0; that is, z belongs to the integer kernel

kerz A =kerA N Z"
of A. If Ax =t and z is a move, then
Alx+2z)=Ax=t.

Therefore by adding z to x we remain in the same fiber as long as x + z does not
contain a negative element. If x + z contains a negative element, then we have to
choose another move z to add to x. Suppose that we have a set of moves %, then
by adding moves from Z to the current frequency vector we can “move around” a
fiber. Our purpose is to find a finite set of moves Z = {z;,...,z.}, such that we can
move all over the fiber. For the Markov basis we also require that zy,...,z;, allow
us to move all over every fiber t, namely, for every possible value of the sufficient
statistic £.

Note that —z is a move if z is a move. When x + z contains a negative element,
we might try x — z instead. So we can also subtract a move from x. For convenience
we often ignore the sign of z and think of -z as a move.

Suppose that we are given a finite set of moves % = {zy,...,z.}. We consider an
undirected graph & = %; » whose vertices are the elements of a fiber .%;. We draw
an (undirected) edge between x and y if there exists z € % such that y = x4z or
y = x— 2. Being able to move all over .%; corresponds to the connectedness of 4; .
Therefore we are led to the following definition of a Markov basis.

Definition 4.1. A finite set Z = {zy,...,2.} of moves is called a Markov basis if
%, » is connected for every t € 7.

In this definition we require the finiteness of . This causes no difficulty because
the existence of a Markov basis is guaranteed by Hilbert’s basis theorem (see
Corollary 3.1 of Chap. 3). Note that the definition of a Markov basis in Definition 4.1
is equivalent to the earlier definition given in (2.6).

How about uniqueness in the definition of a Markov basis? Except for some
special cases, Markov bases are not unique. First, if % is a Markov basis, then
P U{z} is a Markov basis for every move z. Therefore when we ask the question
of uniqueness, we naturally should consider Markov bases that are minimal in the
sense of set inclusion. Even with the requirement of minimality, Markov bases are
not unique in general. This fact leads to various notions and classes of Markov bases.

Another point in the definition of a Markov basis is that it is common for every
fiber Z;, Vt € 7. Given a particular data set x € .F4,, the set of moves connecting
Zax alone may be smaller and need not be a Markov basis. However, at present there
is no general methodology for obtaining a set of moves connecting a particular fiber.
Therefore we use Definition 4.1, except for Chap. 13.
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At this point we discuss the basic relation between the model space rowspan(A)
and the kernel of A. It is a standard fact in linear algebra that

rowspan(A)® = kerA, rowspan(A) = (kerA)*, (4.8)

where | denotes the orthogonal complement. The first equality can be seen as
follows. For w € R",

wekerA s Aw=0
& 0'Aw =0, V0 € R"
& w € rowspan(A)*. (4.9)

The second equality holds because (L*)* = L for any subspace L of R". It is useful
to remember that the model space of A and the kernel of A are equivalent in the sense
of (4.8). In studying a statistical model, we can use either rowspan(A) or kerA.

4.3 Properties of Moves and the Lattice Basis

In this section we summarize basic properties of moves. For a move z € kerg A, we
distinguish its positive elements and negative elements. Collect the positive elements
of z into its positive part z € N" as

7 (i) = max(0,z(i)), ie /.

Similarly define the negative part z= of z by z~ (i) = —min(0,z(i)), i € .#. Then z
is written as the difference of its positive part and negative part

z2=7"—7".

Note that Az = 0 means that Az" = Az™; that is, the positive part and the negative
part of a move belong to the same fiber. In view of this fact we sometimes say that
z is a move belonging to the fiber .%;, where t = Az". We define the degree of z
(degz) by the degree of z* (or z7). Note that

2| = 2degz,

where |z is the 1-norm of z.
For z € Z", the support of z is defined to be the set of cells where z is nonzero:

supp(z) = {i | z(i) # 0}. (4.10)

Note that supports of z and z~ are disjoint:

supp(z*) N supp(z”~) = 0.
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Now let x and y be two frequency vectors of the same fiber with disjoint supports

(supp(x) Nsupp(y) = 0). Then
Z=y—x

is a move with z = y and z= = x. Therefore a move is in a one-to-one relation to
an ordered pair of two frequency vectors in the same fiber with disjoint supports.

Note that z =y —x for x,y € .%; is always a move. However, if supports of x and
y have a nonempty intersection, then x is larger than z~ in some cell i. Similarly y
is larger than z* in some cell i. In fact we can write

z" =y-—min(x,y), z =x—min(x,y), (4.11)

where min(x,y) is the elementwise minimum of x and y.
In the definition of Markov basis, we are concerned whether adding a move z to
a frequency vector x produces a negative cell. Write

xtz=(x—-z)+z".

Here we are subtracting the frequencies z~ from x and then adding the frequencies
z" in different cells. Therefore x + z contains a negative cell if and only if x —z~
contains a negative cell. In other words, x 4- z does not contain a negative cell if and
only if

x> z, (412)

where the inequality is elementwise. When (4.12) holds, we say that z can be added
to x. When z can be added to x or can be subtracted from x, we say that z is
applicable to x.

By (4.11), in the notation of monomials and binomials of the previous chapter,
x+éez=y, € ==l,if and only if

W = 4 ™) (7 7). (4.13)

A move z is called square-free if W —ut isa square-free binomial; that is, if the
elements of z are —1,0, or 1.

Markov bases are difficult exactly because we are worried about producing
negative elements. Suppose that we just ignore the nonnegativeness of elements of
frequency vector. Then the notion of a basis is simple. Note that kerz A as a subset
of Z" is closed under integer multiplication and addition:

21,22 € kerzA = azy +bzp € kergA, Va,b € Z.

A subset of Z" with this property is called an integer lattice. Let d = dimkerz A =
n —rankA denote the dimension of linear space spanned by the elements of kerz A
in R7. It is a standard fact [134] that an integer lattice contains a lattice basis
{z1,...,24}, such that every z € kerz A is a unique integer combination of zy, ..., 2.
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Given A, it is fairly easy to obtain a lattice basis of kerz A using the Hermite normal
form of A. In statistical applications, the configuration A often has redundant rows
as in the case of two-way contingency tables in Sect. 1.3. However, kerA and hence
kerz A are defined by linearly independent rows of A. Therefore consider A : v x n
with linearly independent rows; rank A = v. Then there exists an integer matrix U
with detU = =+1 (called a unimodular matrix) such that

AU = (B.0),

where B is a v x v upper triangular matrix with positive elements. Then the columns
v+1,...,n of U give a lattice basis of kerz A. See Sect. 4.1 of [134].
In the case of the independence model of I X J two-way contingency tables, as
elements of the lattice basis we can take the moves
+1 —1
—1+1
where the lower-right +1 is in the (1,J) cell. However, as we saw in Sect. 2.1, these
moves do not form a Markov basis.
On the other hand, it is easy to see that a Markov basis Z always contains a
lattice basis. Given any z # 0 € kerz A, we can move from z~ to z* by a sequence
of moves from %, namely we can write

T =z +ez +- ez, g=+1, z,€B,  j=1,...K

Then z =z — z~ is written as an integer combination of elements of .
So far we have considered the integer lattice kerz A. We now look at the integer
lattice L generated by the columns of A:

L=7ZA={Az|z€Z"}.

Also let
cone(A) =Rx0A ={ Y, cia(i)|c; >0, ic .7}
ics
denote the cone generated by the column of A. Then the semigroup 74 in (4.6) is
clearly a subset of L N cone(A):

4 C L Ncone(A). (4.14)

We introduce some terminology concerning the semigroup Z4. If the equality
holds in (4.14) then the semigroup J; is called normal. LNcone(A) is called the
saturation of 7, (Definition 7.24 of [105]). When .7 is not normal, the elements
of L N cone(A) \ J, are called holes of the saturation of J, [85, 145, 146]. If
LNcone(A)\ Z, is a finite set, then the semigroup is called very ample [113].

Although in this book we do not go into details on normality of semigroups, the
notion of normality is important for Proposition 5.4 and in discussing non-square-
free indispensable moves in Sect. 9.5.
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4.4 The Fundamental Theorem of Markov Basis

In this section we explain relations between moves and binomials of a toric ideal.
Then we prove the fundamental theorem of Markov bases, which states that a
Markov basis is a set of generators of a toric ideal. For readability we repeat some
material from Chap. 3.

Consider the monomial form of the model (4.2):

T aji)
p(i)=[14q;/"
j=1

Let us regard p(i), i € .7, as “symbols” or indeterminates rather than probabilities.
Also let us regard ¢;, j = 1,...,v, as indeterminates. Then the above model

assigns to each indeterminate p(i) a monomial []}_; qjj @ in gjs. We formalize this
consideration as follows. Let k be a field, such as the field R of real numbers. Let
k[p] = k[p(i),i € .#] be the polynomial ring in p = {p(i),i € .#}. Similarly define
k[q] = k[q1,--.,qv] to be the polynomial ring in g1, ...,qy. As in Sect. 3.5, define a
homomorphism 74 : k[p] — k[q] by

mmm—ﬁ#W
L

ms for a general polynomial of k[p] is defined by a homomorphism, that is, by
substituting [T}_, qjj @ into each p(i). The toric ideal I is defined as the kernel
of my:

Iy =kermy = {f € k[p] | ma(f) = 0}.

These notions have already been illustrated in Chap. 1 and Sect. 3.5 with the
example of two-way tables.
Let x be a frequency vector. As in Chap. 3, x is identified with the monomial

p*= T p(iy®,

ics

which corresponds to the joint probability of x except for the multinomial coeffi-
cient. A move z =z —z~ corresponds to a binomial v = pz+ —pt. pz+ —p* isin
I, if and only if z = z" —z~ is a move (see (3.13)). Now the fundamental theorem
of Markov bases established by [50] states that a Markov basis corresponds to a
system of generators of /4.

Theorem 4.1 ([50]). A finite set of moves 2 is a Markov basis for A if and only if
the set of binomials {p* — p* |z € B} generates the toric ideal .

The “only if” (necessity) part is easy to prove. However, the proof of the “if”
part (sufficiency) is somewhat hard. Because this theorem is of basic importance for
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the whole theory of Markov bases, we give a careful proof. For a finite set of moves
B ={z1,...,z.} for a configuration A, we write the set of corresponding binomials

as Fy = {p% —p4 ,i=1,...,L}.

Proof. We first show the necessity: if Z is a Markov basis for A then F generates
I4. Binomials generate (cf. Definition 3.3) the toric ideal 4, therefore we only
need to show that any binomial f = p¥ — p*, Ax = Ay, belongs to the ideal (F).
Inasmuch as 44 is a Markov basis, x and y(& .#,x) are mutually accessible by .
Hence
S s
y=x+Y &z, X+ £z;€Fp, 1<s5<8,
~ =

J Jj=1

for some S >0, gj € {—1,1}, zi; €%, j=1,...,5. Write x; :x+2§:1£jzij, 0<
s < S, with xg = x and xg = y. Then by (4.13), with the notation for indeterminates
p instead of u, it follows that

s . z,+ Z.
pxs :px+ Z gjpmm(xjfl’xf)(l) Ly -p lf), s = 1,...,S.
j=1
Hence

+ —

S . -
py_px — Z 8jpmln(xj—l;xj)(lej _pzlj) c <F@>. (4'15)
j=1

This proves the necessity part.

Next we prove the “if” part (sufficiency). We want to show that if I, is generated
by Fiz, then every x,y(+# x) € F#4 is mutually accessible by Z. By the assumption
P’ — p* can be written as a finite sum

L N B
P -p = fi(p)(p% —p¥), (4.16)
i=1

where f;(p) €k[p],i=1,...,L, are polynomials in p. Expand f;(p) into monomials.
Then allowing repetitions, we can write p¥ — p* as a finite sum

L
P —p =Y ap"(p® —pY), ack 4.17)
1

In Lemma 4.1 below we show that we can choose g; as integers. Given this fact,
+ - + -

instead of a;p" (p“i — p*i), we can write |a;| times the binomial ph (pi — p‘ir)

and use & = *1. Then by allowing further repetitions, we can write p¥ — p* as

Y= et (pt - po =1 4.18
pP-p=Yep"(pi-pl), g==L (4.18)
=1

Note that (4.18) is already similar to (4.15). The difference between them is that
in (4.15) the order of the terms from x to y on the right-hand is already given. On the
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other hand the sum on the right-hand side of (4.18) is not ordered for moving from x
to y. We need to find a suitable path from x to y on the right-hand side of (4.18). The
path can be found as follows. Expand (4.18) into 25 terms. Then at least one term has

v
to be equal to p*. Namely for some j we have p* = ¢; phi pzif or p* = —8 P hj p i,

Then by (4.13) we can move from x to x; such that p*' = p* — 8jp /p i or p*l =

+
oz . .
P +e p"ipi. In either case we can now write

x] — zglp ll _ )
I#]

where the sum on the right-hand side is a sum of § — 1 terms. Now we can employ
induction on § and find the steps x3,...,xs to move from x to y = xs. This proves
the sufficiency. a

In the above proof of sufficiency, the proof of the integerness of coefficients a; in
(4.17) is left to the following lemma.

Lemma 4.1. If Fy generates Iy, then each binomial p® — p* € 14 can be written as
a finite sum
& .

P -p —Zalp (p°t — p°ir), (4.19)

where the a;s are integers.

We give two different proofs of this lemma. The first proof is based on a Grobner
basis. The second proof is longer, but only uses linear algebra.

Proof. Denote a Grobner basis of I by {g1,...,g.}, which is obtained by Buch-
berger’s algorithm from the set of generators Fy of I4. Because p¥ — p* € Iy =
(g1,---,8L), the binomial p¥ — p* is written as

L
—p* =) figi,  fi€klp].
i=1

By expanding f; into monomials, p¥ — p* is further written as
P’ —p" =Y ap"ig,
1

where a; € k. Note that the sum on the right-hand side corresponds to a division
by a Grobner basis and each step of the division is an operation of eliminating the
leading term by a monomial with coefficient +-1. Hence, if we allow repetitions, we
can indeed assume a; = £1. On the other hand, because g1,...,8, €Iy = (F) each
element of the Grobner basis is written as

ZdéPw‘ o pfi).
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The right-hand side corresponds to obtaining g; by the Buchberger algorithm from
the set of generators. In Lemma 3.2 we saw that the S-polynomial of two binomials
is again a binomial. This implies that we can also assume d; = +-1. Therefore, the
binomial p¥ — p* can be written as (4.17) where q; are integers. This completes our
first proof.

We now give an alternative proof. By the assumption, (4.19) holds with a; € k.
At this point @;s are not necessarily integers and we want to show that we can
always replace a; by integers. Note that there are only a finite number of monomials
appearing in (4.19). Choose a sufficiently large D such that the degrees of all
monomials in (4.19) are less than or equal to D. Let p denote the set of monomials
of degrees less than or equal to D. Let M = |91 | denote the cardinality of 91p. Then
Mp is a basis of the M-dimensional vector space Vp of polynomials of degree less
than or equal to D.

With respect to this basis, each binomial is represented as a column vector with
two nonzero elements which are 1 and —1 and other elements are zeros. Let N = Np
denote the number of binomials whose degrees are less than or equal to D. Let C
be an M x N matrix whose columns correspond to binomials of degree less than or
equal to D. Then the right-hand side of (4.19) is written as

b =_Ca,

where b corresponds to p¥ — p*. Now by Lemma 4.2 below, there exists an M x M
permutation matrix P and an N x N unimodular matrix U such that C = PCU is of
the form (4.20) below. Then b = Ca can be equivalently written as

Pb=Ca, a=Ua.

From the form of C, it is clear that & can be chosen to be an integer vector. Then
a = Ua is an integer vector. This finishes our second proof. a

Lemma 4.2. Let C be an M x N matrix, such that each column ¢ of C has two
nonzero elements which are 1 and —1; namely, ¢ is written as ¢ = e; — e, i # j,
where e; is the ith standard basis vector with 1 in the ith position. Then by the
following three elementary operations (i) sign change of columns, (ii) addition (or
subtraction) of a column to (or from) another column, and (iii) permutation of rows,
C can be transformed to the following block diagonal form.

By O 00 1 0..0
0 Bgy... 00 0 1..0
oot where By=| i 1. 1 |idx(d—1). (420)
0 0 ---BdKO 0O 0 ... 1
0 0 00 —1-1...-1
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Proof. We give a proof based on the induction on the number of columns. Let M be
fixed. If N = 1, the result is trivial. Suppose that the result holds up to N and consider
adding a new column ¢. We can assume that the first N columns have already been
transformed to the form in (4.20). Let the new column be denoted as ¢ = e; — e;.
There are four cases to consider.

Case 1. Ifneither of i, j belongs to (the rows of the) blocks By, , . .. , By, then ¢ = By
forms a new block.

Case 2. If both of 7, j belong to a block, say By, then ¢ can be transformed to 0.
This is obvious if ¢ is equal to some column of By, . Otherwise ¢ is the difference of
the ith and jth columns of B, .

Case 3. Suppose that i belongs to, say, By, and j does not belong to any block. Let
j =dj + 1 without loss of generality. Subtracting the ith column from ¢, we obtain

(0,...,0,1,—1)".
——

di—1

Adding this to other columns of B;, we obtain a new block of the form By, 1.

Case 4. Suppose that i and j belong to different blocks, say By, and By,. If i = d;
and j = d», then adding ¢ to the columns of B, we obtain a new block of the form
By, 14, Otherwise, if i < dy, subtract the ith column from ¢. Similarly if j < d>, then
subtract the jth column from ¢. Then ¢ is transformed to e, — €4, and this reduces
to the former case. a

This lemma shows that the diagonal block of the Smith normal form of C is the
identity matrix and every elementary divisor of C is 1 (cf. Sect. 4.4 of [134]).

Remark 4.1. We can consider columns of C in Lemma 4.2 as edges of a graph.
Consider a graph ¢ with M vertices. For ¢ = e; — e, draw an edge between i
and j. Then it can be easily seen that the blocks in (4.20) correspond to connected
components of ¥.

Remark 4.2. Two proofs of Lemma 4.2 look different but they are essentially the
same. The second proof is based on the relations among vectors with two nonzero
elements which are 1 and —1, such as

where the second element is canceled. This in fact corresponds to forming an
S-polynomial of two binomials.
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4.5 Grobner Basis from the Viewpoint of Markov Basis

In the previous section we discussed the Grobner basis from an algebraic viewpoint.
Here we discuss it from the viewpoint of the Markov basis. In Chap. 3 we have
already summarized relevant facts on the Grobner basis. Here we discuss the
Grdobner basis from a viewpoint close to our definition of the Markov basis. In the
case of the Markov basis we tend to ignore the sign of a move z. In the Grobner
basis it is important to keep track of the sign of the move.

As in Chap. 3 let a term order < be given. Let G = {g,...,gL} C k[p] be a
Grdobner basis with respect to <, such that g1,...,gr are binomials. Then g,..., gL
correspond to moves. By Proposition 3.3 the reduced Grobner basis consists of
binomials. Write

g1=pzl+—pzf, pzf:im(gl), I=1,...,L.

As before we identify the monomial p* with the frequency vector x.

Because the term order is the total order, every fiber .%; (which is finite as
remarked in Sect. 4.1) has the unique minimum element x; . For any other x # xj of
the fiber, p* — p* € I5. Also p* = p*i. Therefore p* is divisible by some in(g;);
that is, x > zl+. Dividing p* by g; corresponds to moving from x to x — (z,Jr -2z ),
which is a smaller element than x in .%;. On the other hand, p* is divisible by none
of in(g;), I =1,...,L, because otherwise p* would not be the minimum element
of .%;. By the definition of the standard monomial (cf. Sect. 3.2) we have now shown
the following fact.

Lemma 4.3. Given a term order <, {p* |t € T} is the set of standard monomials
of I.

Now let Z be any finite set of moves. For a given term order we always choose
asignofamovez=z"—z" € Zby

In a fiber .%;, we draw a directed edge from y to x if there exists z € 2 such that
y—x=2.

Then each fiber .%; becomes a directed graph %_,gg As discussed in the previous
section, if y —x = z then

x=z +min(x,y), y=2z' +min(x,y).

Hence p¥ > p* by the second property of the term order. Therefore by subtracting
z € % from y, we always move to a smaller element of the fiber and there exists no
directed loop in 54_,’39; that is, E?,gg is a directed acyclic graph (DAG). We now have
the following proposition.
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Proposition 4.1. A finite set of moves 9B is a Grébner basis if and only if from every
element of every %, g there exists a directed path to the minimum element xi of the
fiber.

Proof. If % is a Grobner basis, then by Lemma 4.3 from every element of every
% o there exists a directed path to the minimum element xj.
Conversely, suppose that from every state of every %; » there exists a directed

path to the minimum element x;. Then every x € .%; is divisible by some pz+,
z € %. Hence % is a Grobner basis. O

4.6 Graver Basis, Lawrence Lifting, and Logistic Regression

Finally we discuss the Graver basis and the Lawrence lifting. Consider a sum of two
moves Z = 21 + 2. We say that there is no cancellation of signs in this sum if

supp(z*) = supp(z ) Usupp(z3 ), supp(z~) = supp(z; ) Usupp(z; ).

In this case we also say that z is a conformal sum of z; and z;. Similarly we say that
there is no cancellation of signs in the sum of m moves z =2z +---+2z, (or zis a
conformal sum of m moves) if

supp(z*) = supp(z) U---Usupp(z,,), supp(z”) =supp(z; )U---Usupp(z,,).

We also say that z; + - - + 2, is a conformal decomposition of z. We call a move
Z conformally primitive if it cannot be written as a sum of two nonzero moves z =
Z1 + 2o with no cancellation of signs. For clarity we say “conformally” primitive, but
usually a conformally primitive move is simply called a primitive move. A binomial
corresponding to a conformally primitive move is called a primitive binomial.

Definition 4.2. The Graver basis is the set of conformally primitive moves.

In Sect. 5.4.3 we show that the Graver basis is finite. We first see that the Graver
basis is a Markov basis. For x,y in the same fiber let z =y — x. If a move z is not
conformally primitive, then we can recursively decompose z into a conformal sum
of moves. This implies that z can be written as a conformal sum

z=zi+ +2Zm, (4.21)

where z1,...,2, are (not necessarily distinct) nonzero elements of the Graver basis.
Then we can move from x to y by the above sequence of conformally primitive
moves. This shows that the Graver basis is a Markov basis. Also note that because
of no cancellation of signs, whenever z is applicable to some x, z can be replaced by
Z1,...,Zm In arbitrary order without causing negative elements on the way.

As an important example we consider the Graver basis for the independence
model of I X J contingency tables.
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Definition 4.3. For 2 < r < min(/,J), let ij,...,i, be distinct row indices and let

J1,---, jr be distinct column indices. Denote i, = (i1, .., i), i = i1y yip). A
loop of degree r
zr(i[r];j[r]):{zij}7 1 <iy,... i, <1, 1§j17"'7jr§]7 (4’22)

is a move such that
Zigji = Zijy = = iy ooy = B = 1

Ziyjy = Tigjy = 0 = Zipyjp = Zipjy = — 1,

and all the other elements are zeros.

There is at most one +1 and —1 in each row and each column of a degree r loop.
An example of a loop of degree » = 3 is depicted as follows.

1 -10
0 1 —1j.
-1 0 1

Then we have the following proposition.

Proposition 4.2. Loops of degree 2 < r < min(l,J) form the Graver basis for the
independence model of I x J contingency tables.

Proof. Consider any nonzero move z. Let z(ij, j;) > 0. Because the ij-row sum of
z is zero, we can find j, such that z(ij, j») < 0. The j,-column sum of z is zero,
therefore we can now find i, such that z(iz, j») > 0. Visiting cells in this way,
we come back to a cell that was already visited. Among such “cycles,” consider
a shortest one. Then the shortest one is a loop, namely, the row indices and the
column indices are distinct among themselves. Taking away this loop, we have a
move of smaller degree. If we apply this procedure recursively, we can express Z as
a conformal sum of loops.

On the other hand, it is obvious that each loop cannot be written as a conformal
sum of other nonzero moves. This proves the proposition. O

Let A be a configuration. The Lawrence lifting A(A) of A is the configuration
((2v+n) x 21 matrix)

A 0
Awy=[o al, (4.23)
Ey Ey

where Iy, is the 1 x 7 identity matrix. Note that

(04) = (A 4) — (40) = A(Ey Eq) — (A0).
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Therefore the second block (0 A) in (4.23) is redundant for defining ker A (A). Hence
instead of A(A) we can also use

A(A) = (A 0 ) (4.24)

Ey Ey

However it is more convenient to retain the second block in A (A) for explanation.
From (4.23), an element of ker A (A) is of the form

(%)

where z € kerA. Clearly z = z; + 2 is a conformal sum of two moves for A if and

only i (2)=(")+(%)

is a conformal sum of two moves for A(A). By this observation we have the
following proposition.

Proposition 4.3. Let {z,...,z.} be the Graver basis for A. The Graver basis of

A(A) is given by
{(Zl),...,(“)}. (4.25)
—21 —2L

From the viewpoint of statistical models, the Lawrence lifting corresponds to
a logistic regression. See Christensen [37] for a detailed treatment of logistic
regression. Consider the model (4.1). We make two copies .#” and .#” of the sample
space .# and consider a corresponding pair of cells (i’,i”). Call i’ a “success” of
the cell i and i” a “failure” of the cell i. Consider a Bernoulli random variable
Y; € {0,1}, such that

_exp(E 1 9ja4(i))
1 +exp(X}_; 0ja;(i))

P(Y;i=1)=pi (4.26)

We let ¥; = 1 correspond to an observation in i and ¥; = 0 correspond to an
observation in i”.

For each i, observe n; independent Bernoulli random variables with the success
probability (4.26). Let x(i’) be the frequency of the cell i’ (i.e., the number of
successes for the cell i) and let x(i"”) = n; — x(i’) be the number of failures. Under
the logistic regression model, x(i') has the binomial distribution Bin(n;, p;).

We now consider the sufficient statistic for the logistic regression model. It is
easily seen that a sufficient statistic for this logistic regression model, when ;s are
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fixed and regarded as parameters, is a sufficient statistic for the original A computed
from the number of successes x(i’ ), i € .. When n;s are fixed, we can alternatively
compute a sufficient statistic for the original A from the number of failures x(i"),
i € .. Asin the discussion on three sampling schemes for 2 x 2 contingency tables
in Sect. 1.1, we can also regard n;s as a part of a sufficient statistic. If we vary n;s and
regard them as arbitrary nonnegative integers, then the configuration of the logistic
regression is given by the Lawrence lifting (4.24).

As we show in Sect. 5.4.3 the unique Markov basis of A (A) coincides with the
Graver basis of A(A) and the latter is essentially the same as the Graver basis of A
by Proposition 4.3. Hence if we allow arbitrary nonnegative n;s, then we need the
Graver basis of A. However, it seems that many elements of the Graver basis of A
are needed in order to guarantee the connectivity when some 7;s are zeros. When all
n;s are positive and fixed, connectivity of a particular fiber may be guaranteed by a
proper subset of the Graver basis. This problem is discussed mainly in Chap. 13.

In this chapter we discussed a Markov basis, a lattice basis, a Grobner basis, and
the Graver basis. We here summarize implications among them. By definition of
these bases, the inclusion relations between them are given as follows.

a lattice basis C a minimal Markov basis C a reduced Grobner basis

C the Graver basis.



Chapter 5
Structure of Minimal Markov Bases

5.1 Accessibility by a Set of Moves

Let = {zi,...,2,} be a finite set of moves, which may not be a Markov basis. Let
x,¥(#£ x) € F;. We say that y is accessible from x by % and denote this by

X~y (mod £A),

if there exists a sequence of moves z;,,...,z; from #Z and ¢; = *1, j=1,...,L,
such thaty = x+¥%_, &;z;, and

h

x+ ) &z, €I, h=1,...,L—1, (5.1
j=1

that is, we can move from x to y by moves from % without causing negative

elements on the way. Obviously the notion of accessibility is symmetric and

transitive:

X~y = y~x (mod A),

X|~X), Xo~X3 = X ~X3 (mod ).

Allowing moves to be 0 also yields reflexivity. Therefore accessibility by 2 is
an equivalence relation and each fiber .%; is partitioned into disjoint equivalence
classes by moves of . We call these equivalence classes Z-equivalence classes of
Z;. Because the notion of accessibility is symmetric, we also say that x and y are
mutually accessible by A if x ~y (mod A).

Let x and y be elements from two different Z-equivalence classes of .%;. We say
that a move z = x —y connects these two equivalence classes.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 65
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_5,
© Springer Science+Business Media New York 2012
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In this chapter the set of moves with degree less than or equal to 7,
Py ={z| degz <n}, (5.2)

is of particular importance. Consider %, -equivalence classes of a fiber .%; with
n = degt. Let K; denote the number of equivalence classes and partition .7%; as

Fo =T U Uk, (5.3)
We also define
By ={z€ckergA |t =Az" =Az" } ={z€kerzA | 27,27 € #}. (5.4)

We call z € %; a move belonging to 7.
The equivalence classes 7 1,. .., % k, in (5.3) can be understood as follows. Let
X,y € .%;. Suppose that there exists z with degz < n — 1, such that
y=x+z=(x—2z)+z".
Then x — z~ is not a zero vector and supp(x — z~) # 0. Because supp(x —z~) is
contained in both supp(x) and supp(y), we have

supp(x) N supp(y) # 0.

Conversely if supp(x) N supp(y) # 0 then deg(y —x) <nandy—x € B, ;. We
have shown that

deg(y —x) <n < supp(x) N supp(y) # 0.

Now if x and y are in the same %, _;-equivalence class .% , then there exists a
sequence of states X = xo,X1,...,X, =Y, such thatdeg(x; —x;_1) <n, j=1,...,L,
or equivalently supp(x;) N supp(xj_i) # 0. Therefore the equivalence classes
in (5.3) can be understood as the connected components of the following graph G.
The set of vertices of G is the fiber .%; and G has an undirected edge between x and
y € % if and only if deg(y — x) < n.

5.2 Structure of Minimal Markov Basis and Indispensable
Moves

A Markov basis & is minimal if no proper subset of % is a Markov basis.
A minimal Markov basis always exists, because from any Markov basis, we can
remove redundant elements one by one, until none of the remaining elements can
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be removed any further. From this definition, a minimal Markov basis is not sign-
invariant in the sense that for each z € 4, —z is not a member of % when % is
a minimal Markov basis, because —z can be omitted from Z without affecting the
connectivity.

At this point, we discuss the signs of moves in a Markov basis. In discussing
minimality of Markov bases, it is sometimes more convenient if both (or neither
of) z and —z belong to a Markov basis. We call a set of moves & sign-invariant if
z € # implies —z € A. We call a sign-invariant Markov basis minimal if no proper
sign-invariant subset of Z is a Markov basis. If a sign-invariant Markov basis %
is minimal, then for each move z € %, we can leave exactly one of z and —z in
the Markov basis and have a minimal Markov basis without the requirement of sign
invariance. Conversely if % is a minimal Markov basis, then # U (—%), where
—# = {—z|z € A} is a minimal sign-invariant Markov basis.

For each t, let n = degt and consider the %, -equivalence classes of .%; in (5.3).
Letx; € %, j=1,...,K:, be representative elements of the equivalence classes
and let

Ljjp =Xj ~ X, 1 FE D2
be a move connecting % j, and % j,. Note that we can connect all equivalence
classes with Ky — 1 moves of this type, by forming a tree, where the equivalence
classes are interpreted as vertices and connecting moves are interpreted as edges of
an undirected graph. Now we state the main theorem of this chapter. The following
result was already known to algebraists in Theorem 2.5 of [28]. For the rest of this
chapter we write |¢| for deg?.

Theorem 5.1. Let % be a minimal Markov basis. For eacht, N %, consists of
K: — 1 moves connecting different ;| _1-equivalence classes of F1, in such a way
that the equivalence classes are connected into a tree by these moves.

Conversely choose any Ky — 1 moves zy 1. .., 2t k,—1 connecting different By -
equivalence classes of %, in such a way that the equivalence classes are connected
into a tree by these moves. Then

B = U {Zt,la"'vzt,thl} (55)

1K >2

is a minimal Markov basis.

Proofs of this theorem and the following corollaries are given at the end of this
section. Note that no move is needed from .%; with K; = 1, including the case where
F: is a one-element set. If % = {x} is a one-element set, no nonzero move is
applicable to x, but at the same time we do not need to move from x at all for such
an %;.

In principle this theorem can be used to construct a minimal Markov basis from
below as follows. As the initial step we consider t with the sample size n = [t| = 1.
Because A, consists only of the zero move %, = {0}, each pointx € %, |t| =1,is
isolated and forms an equivalence class by itself. For each # with |t| = 1, we choose
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K; — 1 degree 1 moves to connect K; points of .%; into a tree. Let %71 be the set of
chosen moves. 4 is a subset of the set %, of all degree 1 moves. Every degree
1 move can be expressed by nonnegative integer combination of chosen degree 1
moves, thus it follows that 32’1 and %, induce the same equivalence classes for each
F; with |t| = 2. Therefore as the second step we consider %) -equivalence classes of
Z, for each t with || = 2 and choose representative elements from each equivalence
class to form degree 2 moves connecting the equivalence classes into a tree. We add
the chosen moves to 32’1 and form a set 32’2.

We can repeat this process for n = |t| = 3,4,.... By the Hilbert basis theorem
there exists some ng such that for n > ng no new moves need to be added. Then a
minimal Markov basis % of (5.5) is written as & = 32’,10. The difficulty with this
approach is that the known theoretical upper bound for ng in Proposition 5.3 below
is large.

Theorem 5.1 clarifies to what extent the minimal Markov basis is unique. If an
equivalence class consists of more than one element, then any element can be chosen
as the representative element of the equivalence class. Another indeterminacy is
how to form a tree of the equivalence classes. In addition there exists a trivial
indeterminacy of a Markov basis 4 in changing the signs of its elements.

We say that a minimal basis % is unique if all minimal bases differ only by sign
changes of the elements; that is, if 2 U (—%) is the unique minimal sign-invariant
Markov basis. In terms of binomials, a unique minimal Markov basis corresponds
to a unique minimal system of binomial generators of a toric ideal. In view of
Lemma 5.3 below, we have the following corollary to Theorem 5.1.

Corollary 5.1. A minimal Markov basis is unique if and only if for each t, Z; itself
constitutes one By _1-equivalence class or F; is a two-element set.

In this corollary the importance of a two-element set . % = {x,y} is suggested.
Therefore we make the following definition.

Definition 5.1. A move z =y — x is indispensable if % = {x,y} is a two-
element set.

In this definition we are not assuming that the supports of x and y are
disjoint. However min(x,y) is canceled in z =y —x. We also call a binomial
' —ut indispensable if z =z — z~ is an indispensable move. The notion of the
indispensable move was given in Takemura and Aoki [142]. Ohsugi and Hibi [110]
proved some properties of indispensable moves, in particular for configurations
arising from finite graphs. In Theorem 2.4 of [111], Ohsugi and Hibi showed that
the set of indispensable binomials is characterized as the intersection of binomials
in the reduced Grobner bases with respect to all lexicographic term orders.

Using the notion of indispensability, we state another corollary, which is more
convenient to use.

Corollary 5.2. The unique minimal Markov basis exists if and only if the set of
indispensable moves forms a Markov basis. In this case, the set of indispensable
moves is the unique minimal Markov basis.
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From these corollaries it seems that the minimal Markov basis is unique only
under special conditions. It is therefore of great interest whether the minimal
Markov basis is unique for some standard problems in m-way (m > 2) contingency
tables with fixed marginals. On the other hand for the simplest case of one-
way contingency tables, the minimal Markov basis is not unique. These facts are
confirmed in Sect. 5.4, Chaps. 8 and 9.

For the rest of this section we give a proof of Theorem 5.1 and its corollaries. We
also state some lemmas, which are of some independent interest.

Lemma 5.1. If a move z is applicable to at least one element of %y, then
degz < |t|, (5.6)

where the equality holds if and only ift = A" = Az™.

Proof. Let z be applicable to x € .%;. Then by (4.12), x(i) > z (i), Vi € 7.
Summing over .# yields (5.6).

Concerning the equality, if z is applicable to x € .%; and the equality holds
in (5.6), then x(i) =z (i), Vi € & and

t=Ax= Y a(i)x(i)= Y, a(i)z (i) =Az .

i€y i€y
Conversely if t = Az" = Az, then degz = |¢| by the definition of degz and [¢t|. O

Lemma 5.1 implies that in considering mutual accessibility between x,y € %,
we only need to consider moves of degree smaller than |t| or moves z with t =
Az" = Az . Lemma 5.1 also implies the following simple but useful fact.

Lemma 5.2. Suppose that %y = {x,y} is a two-element set and suppose that the
supports of x and y are disjoint. Then Ky =2 and X,y are B, _i-equivalence classes
by themselves. Furthermore 2 =y — X belongs to each Markov basis.

Proof. Suppose that y is accessible from x by ;| ;. Then there exists a nonzero
move z with degz < |t| — 1 such that z is applicable to x. If x+z =y, thenz=y—x
and degz = |t|, because the supports of x and y are disjoint. Therefore x+z # y and
% contains a third element x + z, which is a contradiction. Therefore y and x are in
different %), _i-equivalence classes, implying that y and x are % _|-equivalence
classes by themselves.

Now consider moving from x to y. Because they are % _1-equivalence classes
by themselves, no nonzero move z of degree degz < [t| is applicable to x. By
Lemma 5.1, only moves z with t = Az" = Az~ are applicable to x. If any such
move is different from y — x, then as above .%; contains a third element. It follows
that in order to move from x to y, we have to move by exactly one step using the
move z =y — Xx. Therefore z has to belong to any Markov basis. O

Lemma 5.2 can be slightly modified to yield the following result for the case
where supports of x and y are not necessarily disjoint.



70 5 Structure of Minimal Markov Bases

Lemma 5.3. Suppose that % = {x,y} is a two-element set. Then z =y — x belongs
to each Markov basis.

Proof. 1f the supports of x and y are disjoint, then the result is already contained
in Lemma 5.2. Otherwise let v = min(x,y) and consider y — v and x — v. Then the
supports of y — v and x — v are disjoint and by Lemma 5.2 again

z=(y-v)—(x—v)=y—x

belongs to each Markov basis. a
The following lemma concerns replacing a move by series of moves.

Lemma 5.4. Let B be a set of moves and let 2o & 9B be another nonzero move.
Assume that zar is accessible from z, by 9. Then for each x, to which zy is
applicable, x+ zg is accessible from x by A.

This lemma shows that if z; is accessible from z, by 2, then we can always
replace zo by a series of moves from 4.

Proof. Suppose that zg is applicable to x. Then we assume x > z, without loss of
generality. By the definition of accessibility (cf. (5.1)), we can move from z;, to zg
by moves from % without causing negative elements on the way. Then the same
sequence of moves can be applied to x without causing negative elements on the
way, leading from x to x + z¢. O

Now we are ready to prove Theorem 5.1 and its corollaries.

Proof (Theorem 5.1). Let 98 be a minimal Markov basis. For each z € %, \
(% N B,), z" is accessible from z~ by # N %, because no move of degree
greater than n is applicable to z* as stated in Lemma 5.1. Considering this fact and
Lemma 5.4, it follows that %, and # N %, induce the same equivalence classes in
F4t, |t| =n+ 1. Fix a particular ¢. Write

{Zl,...,ZL}:% N 931,

where %, is the set of moves belonging to .%; defined in (5.4). For any j =
1,...,L, let
x=z/, y=z.

If x and y are in the same %}, _;-equivalence class, then by Lemma 5.4, z; can be
replaced by a series of moves of lower degree from % and %\ {z;} remains to
be a Markov basis. This contradicts the minimality of %. Therefore zj+ and z; are
in two different %), _;-equivalence classes connecting them. Now we consider an
undirected graph whose vertices are %), _;-equivalence classes of .7; and whose
edges are moves 21, ...,2.. Considering that 2 is a Markov basis, and no move of
degree greater than || is applicable to each element of % as stated in Lemma 5.1,
this graph is connected. On the other hand if the graph contains a cycle, then there
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exist zj, such that z;.L and z; are mutually accessible by %\ {z;}. By Lemma 5.4
again, this contradicts the minimality of 2. It follows that the graph is a tree.
Because any tree with K; vertices has Ky — 1 edges, L = K; — 1.

Reversing the above argument, it is now easy to see that if K; — 1 moves
215+ -2t .K,—1 connecting different %‘,‘,l-equivalence classes of .%; are chosen in
such a way that the equivalence classes are connected into a tree by these moves,
then

B = U {215 k1)

1K >2
is a minimal Markov basis. O

Proof (Corollary 5.1). From our argument preceding Corollary 5.1, it follows
that if the minimal Markov basis is unique, then for each t, .%; itself constitutes
one %‘,‘,l-equivalence class or % is a two-element set {x,vl,x,,z}, such that
X1 7 X2 (mod ;). Therefore we only need to prove the converse. Suppose
that for each ¢, .%; itself constitutes one H|s|-1-equivalence class or Fy is a
two-element set. By Lemma 5.3, for each two-element set .%; = {x,y}, the move
z =Yy —x belongs to each Markov basis. However, by Theorem 5.1 each minimal
Markov basis consists only of these moves. Therefore a minimal Markov basis is
unique. O

Proof (Corollary 5.2). By Lemma 5.3, indispensable moves belong to each Markov
basis. Therefore if the set of indispensable moves forms a Markov basis, then it is
the unique minimal Markov basis.

On the other hand if the set of indispensable moves does not constitute a Markov
basis, then there is a term with K; > 3 in (5.5) and in this case a minimal Markov
basis # is not unique as discussed after Theorem 5.1.

From these considerations it is obvious that if the unique minimal Markov basis
exists, it coincides with the set of indispensable moves. O

5.3 Minimum Fiber Markov Basis

In this section we discuss the union of all minimal Markov bases and define the
minimum fiber Markov basis. Let z=z" —z~ be a move of degree n. We call z
nonreplaceable by lower degree moves if

25 4z (mod B, 1), (5.7)

that is, if z connects different %, -equivalence classes of .% > z*. Clearly an
indispensable move is nonreplaceable by lower degree moves. Let

Pnr = {z] z is nonreplaceable by lower degree moves}. (5.8)
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We call Byir the minimum fiber Markov basis. In actuality, we have the following
fact.

Proposition 5.1. B is the union of all minimal Markov bases.

Proof. From the argument of the previous section, for all minimal Markov bases %,
the set of sufficient statistics

{t|t=Az" = Az ,z€ B} = {t| F is not a single B, _,-equivalence class}

is common and it is equal to the set of fibers of the moves in K. A minimal
Markov basis is constructed by arbitrarily choosing moves z connecting different
%) 1-equivalence classes of .Z; into a tree. Because )\ is the union of all these
moves, it is the union of all minimal Markov bases. O

By construction the minimum fiber Markov basis is invariant in the sense of
Chap. 7.

5.4 Examples of Minimal Markov Bases

5.4.1 One-Way Contingency Tables

We start with the simplest case of one-way contingency tables. Let x = (x;) be an
I-dimensional frequency vector and A = (1,...,1) = 1}. In this case, t is the sample
size n. This situation corresponds to testing the homogeneity of mean parameters
for I independent Poisson variables conditional on the total sample size n. In this
case, a minimal Markov basis is formed as a set of 7/ — 1 degree 1 moves, but is not
unique.

A minimal Markov basis is constructed as follows. First consider the case of
n = |t| = 1. There are / elements in .%; as

% = {el,...,el}.
Each element x € .%; forms an equivalence class by itself. To connect these points
into a tree, there are I'/~2 ways of choosing I — 1 degree 1 moves by Cayley’s
theorem (see, e.g., Chap. 4 of Wilson [149]). One example is

B = {e1 —éer,e) —e3,...,eyj_| —eI}.

It is easily verified that no move of degree larger than 1 is needed.
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5.4.2 Independence Model of Two-Way Contingency Tables

The next example is the independence model of two-way contingency tables
discussed in Chaps. 1 and 2. In Theorem 2.1 we have shown that the set of degree 2
moves displayed as

+1 —1

-1 +1 (>9)

is a Markov basis. In addition, this is the unique minimal Markov basis.

Indeed, consider marginal frequencies, where the ith row sum, the i'th row sum,
the jth column sum, and the j’th column sum are ones and all other marginal
frequencies are zeros. Then the relevant marginal frequencies are displayed as
follows.

jJ
i 1
i’ I
112

Clearly there are only two elements of this fiber:

10 01
01}’ 10|

The move in (5.9) is the difference of these two elements and hence it is
indispensable.

5.4.3 The Unique Minimal Markov Basis for the Lawrence
Lifting

One remarkable example of the existence of the unique minimal Markov basis is the
Lawrence lifting A (A) in Sect. 4.6. In Proposition 4.3 we gave the Graver basis of
A(A). We now show that it is actually the unique minimal Markov basis of A (A), by
showing that each move in (4.25) is indispensable. This also shows that the Graver
basis for the configuration A is finite, because a minimal Markov basis for A (A) is
finite.

Proposition 5.2. For the Lawrence lifting A(A), the Graver basis given by (4.25)
is the unique minimal Markov basis

Proof. Let z=z" —z~ be a conformally primitive move for A and let t = Az".
Consider the fiber of
(%)
-z
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for A(A). Note that

Then
t + _ A0
t | =A4) <Z> =A(A) (ﬁ) . where A(A)={0 A
2z ¢ z Ey En
Now suppose that
t Ax
x
t =A(A) ( ) = Ay
Zr+z7 Y x+y

Then z*,z,x,y € .%; for the configuration A. Note that supp(z™) N supp(z~) = 0.
Now decomposing x,y into these disjoint supports write

X=xi+x, Y=y +y, st supp(x;),supp(y;) Csupp(z"),
supp(x2),supp(y,) C supp(z”).-
Thenby z© +z~ = x+y we have
i =x1+y;, Z =Xty
This implies
t =Ax| +Ay, =Ax; +Ay,.
On the other hand t = Ax = Ax; + Ax,. Similarly t = Ay, +Ay,. Hence
0= (Ax1 +Ay;) — (Ax) +Ax;) = A(y; —x2).
Similarly 0 = A(x; —y,). Then
2=2" =2 = (@ +y)— (02+y)
=(y1 —%2)+ (x1 —y2),

which is a conformal sum. By primitiveness of z, either y; —x, =0 orx; —y, =0.

It follows that
z ) \z"

is a two-element fiber for A (A). O
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Concerning the finiteness of the Graver basis, we cite the following important
theoretical upper bound to the highest degree of elements in the Graver basis. In
Definition 3.3 the toric ideal is defined in terms of kery A. When we remove linearly
dependent rows from the configuration A, kerz A does not change. Hence we can
assume without loss of generality that the rows of A : v x 1 are linearly independent.

Proposition 5.3 (Corollary 4.15 of Sturmfels [139]). The degree of primitive
moves for the configuration A with linearly independent rows is bounded from
above by
1
S+ 1)(1-v)D(4),
where
D(A) = max{|det(a;,,...,a;,)| |1 <ij <---<iy <N}

is the maximum of the absolute value of the determinants of v X v submatrices of A.

For the case that the semigroup generated by the columns of A is normal, the
following much better upper bound on Markov bases is known.

Proposition 5.4 (Theorem 13.14 of Sturmfels [139]). Let A : v X 1 be a configu-
ration such that the semigroup generated by columns of A is normal. Then the toric
ideal I, is generated by binomials of degree at most v.

5.5 Indispensable Monomials

Extending the notion of indispensable moves, in this section we define indispensable
monomials of a toric ideal and establish some of their properties. Indispensable
monomials were introduced in [19]. They are useful for searching for indispensable
binomials of a toric ideal and for proving the existence or nonexistence of a unique
minimal system of binomial generators of a toric ideal. In this section we identify a
frequency vector x with a monomial #* and use two notations interchangeably.

First we define an indispensable monomial. Hereafter, we say that a Markov basis
2 contains x if it contains a move z containing x (i.e., " = x or z~ = x holds) by
abusing the terminology.

Definition 5.2. A monomial u* is indispensable if every system of binomial
generators of I4 contains a binomial f such that #* is a term of f.

We also call a frequency vector x indispensable if #* is an indispensable mono-
mial. From this definition, any Markov basis contains all indispensable monomials.
Therefore the set of indispensable monomials is finite. Note that both terms of an
indispensable binomial W —ut are indispensable monomials, but the converse
does not hold in general.
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Now we present an alternative definition.

Definition 5.3. A frequency vector x is a minimal multielement if |.%4,| > 2 and
| 7 A(x—e;)| = 1 for every i € supp(x).

Here x — e; is the frequency vector obtained by subtracting one frequency from x in
the cell i.

Proposition 5.5. x is an indispensable monomial if and only if x is a minimal
multielement.

Proof. First, we suppose that x is a minimal multielement and want to show that it
is an indispensable monomial. Let n = degx and consider the fiber .%4,. We claim
that {x} forms a single %,_;-equivalence class. In order to show this, we argue
by contradiction. If {x} does not form a single %,_-equivalence class, then there
exists a move z with degree less than or equal to n — 1, such that

Xxtz=(x—2)+z" € Py
Inasmuch as degx = n, degz <n— 1, we have 0 # x —z~ and

supp(x) N supp(x+z) # 0.

Therefore we can choose i € supp(x) Nsupp(x + z) such that
Alx—e;))=A(x+z—e;), x—ei#£x+z—e;.

This shows that |.%, A(x,ei>| > 2, which contradicts the assumption that x is
a minimal multielement. Therefore we have shown that {x} forms a single
2, _1-equivalence class. Because we are assuming that |Z4,| > 2, there exists
some other %, _i-equivalence class in .%4,. By Theorem 5.1 each Markov basis
has to contain a move connecting {x} to another equivalence class of .4, which
implies that each Markov basis has to contain a move z containing x. We now have
shown that each minimal multielement has to be contained in each Markov basis;
that is, a minimal multielement is an indispensable monomial.

Now we show the converse. It suffices to show that if x is not a minimal
multielement, then x is a dispensable monomial. Suppose that x is not a minimal
multielement. If x is a 1-element (|.%4x| = 1), obviously it is dispensable. Hence
assume |.Z4,| > 2. In the case that %4, is a single %,,_-equivalence class, no move
containing x is needed in a minimal Markov basis by Theorem 5.1. Therefore we
only need to consider the case that .%,, contains more than one %, _;-equivalence
class. Because x is not a minimal multielement, there exists some i € supp(x) such
that | Z4(x_e;)| > 2. Then there exists y # x — e;, such that Ay = A(x — e;). Noting
that degy = deg(x — e;) = n— 1, a move of the form

z=y—(x—e)=(y+e)—x
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satisfies 0 < degz < n— 1. Then
yt+ei=x+z

and x and y + e; belong to the same %, |-equivalence class of .%,,. Because x #
y+e;, Theorem 5.1 states that we can construct a minimal Markov basis containing
¥+ e;, but not containing x. Therefore x is a dispensable monomial. a

We give yet another definition.

Definition 5.4. x is a minimal i-lacking 1-elementif | Fax| = 1, | F4(xse;)| > 2, and
|- Za(x+e;—e;)| = 1 for each j € supp(x).

We then have the following result.

Proposition 5.6. The following three conditions are equivalent: (1) x is an indis-
pensable monomial, (2) for each i € supp(x), x— e; is a minimal i-lacking 1-element,
(3) for some i € supp(x), x — e; is a minimal i-lacking 1-element.

By the previous theorem we can replace the condition (1) by the condition that x
is a minimal multielement.

Proof. (1) = (2). Suppose that x is a minimal multielement. Then for any i €
supp(x), x —e; is a l-element and |Fy((x_¢;)+e;)| = | Fax| > 2. If x — e; is not
a minimal i-lacking 1-element, then for some j € supp(x — e;), |37A(x,ej)| >2.
However, j € supp(x — e;) C supp(x) and |.Z, A(x,ej>| > 2 contradicts the assumption
that x is a minimal multielement.

It is obvious that (2) = (3).

Finally we prove (3) = (1). Suppose that for some i € supp(x), x —e; is a
minimal i-lacking 1-element. Note that | Fax| = [ Z4((x—e;)+e;)| = 2- Now consider
Jj € supp(x). If j € supp(x — €;) then [Fy(x—e;)| = [Fa((x—e;)+e;-ey| = 1. On
the other hand if j & supp(x — e;), then j =i because j € supp(x). In this case
|§A(x—e,-)| = 1. This shows that x is a minimal multielement. O

Proposition 5.6 suggests the following: Find any 1-element x. It is often the case
that each e;, i = 1,...,7, is a 1-element. Randomly choose 1 < i < 1 and check
whether x + e; remains to be a 1-element. Once |§x+ei| > 2, then subtract e;s,
J # i, one by one from x such that it becomes a minimal i-lacking 1-element. We can
apply this procedure for finding indispensable monomials of some actual statistical
problem.

We illustrate this procedure with an example of a 2 x 2 X 2 contingency table.
Consider the following problem where N = 8,v =4, and A is given as

11111111
11110000
11001100
10101010
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We write indeterminates as

u= (’41117’41127 U121,U122, U211, 4212, ’42217u222)-

To find indispensable monomials for this problem, we start with the monomial #* =
u111 and consider x + e;,i € .#. Then we see that

° u%ll,u111u112,u111u121,u111u211 are 1-element monomials
® U1UI22,U111U212,U11UY21 ATC 2-element monomials
* uiq1up2 1s a 4-element monomial.

From this, we found four indispensable monomials, 1114122, u1114212,U111U221, and
Uy, because each of upy,up12,ur21,uz20 is a 1-element monomial.

Starting from the other monomials, similarly, we can find the following list of
indispensable monomials:

S UNIU122, U1 U212, UL 11 U221, UL 12U 121, UL 12U211, U1 12U222, U121 U222, U121 U2] 1,
U122U221,U122U212,U211U222, U212UDDT, each of which is a 2-element monomial.
® U1U222,UL12U221, U121 U212, U122UDT T, each of which is a 4-element monomial.

The next step is to consider the newly produced 1-element monomials,
u%ll,umu“z,u“lulgl,u“lugu, and so on. For each of these monomials, consider
adding e;,i € .7 one by one, checking whether they are multielement. For example,
we see that the monomials such as

3 2 2
Ui Uiz, Uiy, - -

are again 1-element monomials (and we have to consider these 1-element monomi-
als in the next step). On the other hand, monomials such as

2 2
Up U122, U111U112U122, U 1 U222, UT 11U 12U22] 5 - - -

are multielement monomials. However, it is seen that they are not minimal
multielement, inasmuch as

U122, U112U122, U111U222, U112U221 5 - - -

are not 1-element monomials. To find all indispensable monomials for this problem,
we have to repeat the above procedure for monomials of degree 4,5,.... Indis-
pensable monomials belong to any Markov basis, in particular to the Graver basis,
therefore Proposition 5.3 again gives an upper bound for the degree of indispensable
monomials and we can stop at this bound.

We mention that analogous to Theorem 2.4 in [111], the set of indispensable
monomials is characterized as the intersection of monomials in reduced Grobner
bases with respect to all lexicographic term orders. Further characterizations of
indispensable binomials and indispensable monomials are given in [31,63, 115].



Chapter 6
Method of Distance Reduction

6.1 Distance Reducing Markov Bases

Throughout this book, we use the method of distance reduction (or a distance-
reducing argument) of Takemura and Aoki [143] for finding a Markov basis for a
given configuration. We have already seen a typical example in Sect. 2.1 for proving
that the set of basic moves in (2.4) forms a Markov basis for the independence model
of I x J contingency tables. In this section we first formalize the idea of distance
reduction by a set of moves.

Consider a metric d(x,y) on a fiber %. Although we are mainly concerned with
the 1-norm in the following, here we consider a general metric. A metric d = d; on
Z: can be defined in various ways. If a metric d is defined on the whole space of
frequency vectors 2~ = NI, we can consider the restriction of d to each .%

di(x,y) =d(x,y), x,y€ .

If d(-) is a norm on the set Z!”| of integer vectors, such as the 1-norm |z| =
Yicr|z2(i)|, di is defined by d(x,y) = d(x —y). For notational simplicity we
suppress the subscript ¢ in d; hereafter.

Now we introduce the notion of a distance reduction by a set of moves. Let 4 be
a set of moves. We call Z d-reducing for x,y € .7, if there exists an element z € %
and € = =£1 such that €z is applicable to x or y and we can decrease the distance;
that is,

x+ez€F and d(x+ezy) <d(xy), or
y+éeze % and d(x,y+ez) <d(x,y). (6.1)
We simply call Z d-reducing if 2 is d-reducing for every x,y(# x) € % and for

every t. Alternatively we say that & is norm-reducing if it is clear which metric d
is used in the context.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 79
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_6,
© Springer Science+Business Media New York 2012
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We call Z strongly d-reducing for x,y € %, if there exist elements 21,2, € #
and €1,& = +1suchthatx+ &z1 € %, y+ &2 € % and

d(x+e&z1,y) <d(x,y) and d(x,y+&z2) <d(x,y). (6.2)

We call & strongly d-reducing if 4 is strongly d-reducing for every x,y(# x) € %
and for every t. Clearly if # is strongly d-reducing, then % is d-reducing.
The following fact on d-reducing set of moves % is obvious, but very useful.

Proposition 6.1. Let a metric d be given on each fiber Z;. A set of finite moves 4
is a Markov basis if it is d-reducing.

Instead of a formal proof, we give the following argument on how two states are
connected by a set of moves from %.

If & is d-reducing, then for every x,y(# x) € %, there exist k > 0, g = £1,
2 €ERB,x; € T,y € P, =1,...,k, with the following properties.

@ X =y
(i) d(xlvyl) < d(x1,1,yl,1), l= 17 s 7k’ where xyp = x and Yo=DY-
(iii) (xlaJ’l):(xlfl‘Fnglv}’lfl) or (xlayl):(xlflaylfl—i_glzl)v l:177k

Given the above sequence of frequency vectors, we can move from x to x; =y,
and then reversing the moves we can move from y, to y. Thus y is accessible from
x by Z. Note that in this sequence of moves the distances

d(x7x1)7' .. 7d(x7xk)7d(x7yk71) ce 7d(x’y)

might not be monotone increasing.

On the other hand, if Z is strongly d-reducing, then starting from y, we can
always decrease the distance by moving from the side of y; that is, we can find k > 0
and y =¥0,¥1,-- -, Y 1-Yx =X in F such thaty, =y, + gz, § = £1, 2, € B,
[=1,...,k,and

d(x,y,1),d %,y 2),....d(x,y)

are strictly increasing.
Note that a Markov basis is not necessarily d-reducing. By a Markov basis, we
can connect any two states x,y in the same fiber as

X=X0 — X1 — = Xp—1 <X =Y
by the moves in a Markov basis. Hence by moving from x to y, we can eventually
decrease the distance between x and y to 0. However, in difficult cases, we might

need to make a detour, so that initially the distance increases or stays the same as

d(xvy) < d(xluy) and d(xuy) < d(xvxkfl)'
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6.2 Examples of Distance-Reducing Proofs

In this section we give two examples of distance-reducing arguments. The first
example is a minimal Markov basis for a complete independence model of three-
way contingency tables. The second example is a minimal Markov basis for the
Hardy—Weinberg model. These examples are treated again in Sect.7.2 from the
viewpoint of symmetry of Markov bases.

6.2.1 The Complete Independence Model of Three-Way
Contingency Tables

Consider I x J x K contingency tables. Under the complete independence model the
probability of the cell (i, j, k) is written as

Pijk = Pi++P+j+P++k;

where p;i,py i, P4+« denote one-dimensional marginal probabilities. With lex-
icographic ordering of indices, the configuration A for the complete independence
model of three-way tables is written as

1,01, ®Ex
A=[1;0E®1%
Er®1;®1y

A sufficient statistic consists of one-dimensional marginal frequencies. In this case,
we construct a minimal Markov basis as follows.
There are two obvious patterns of moves of degree 2. An example of moves of
type Lis
an=n2n=1, ni1=un=-1,

with the other elements being 0. For the case of a 2 x 2 x 2 table, this move can be
displayed as follows.

+1 0 -10
0 -1 0 +1

All the other moves of type I are obtained by permutation of indices or axes.
An example of moves of type Il is

zim=zn=1, zin=z21=-1,

with the other elements being 0. For the case of a 2 x 2 x 2 table, this move can be
displayed as follows.
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+1 -1 00
-1 +1 00|

All the other moves of type II are obtained by permutation of indices or axes. Let
A* be the set of type I and type II degree 2 moves. Then we have the following
proposition.

Proposition 6.2. %* is a Markov basis for three-way contingency tables with fixed
one-dimensional marginals.

Proof. In this problem it is obvious that no degree 1 move is applicable to any
frequency vector. Furthermore it is easy to verify that every degree 2 move is either
of type I or type II. It remains to verify that for degt > 3, .%; itself constitutes one
AB*-equivalence class. Suppose that for some ¢, .%; consists of more than one %*-
equivalence class. Let ., .%, denote two different *-equivalence classes. Choose
X € 71,y € %5 such that

lz| =y —x| = Z Vi — Xijk|
i,jk

is minimized. Because x and y are chosen from different %8*-equivalence classes,
this minimum has to be positive. In the following we let z;1; > 0 without loss of
generality.

Case 1. Suppose that there exists a negative cell zj,11 < 0,ip > 2. Then because
2k Zigjk = 0, there exists (j,k),j+k>2, with zj, jx > 0. Then the four cells

(17171)7 (iOalal)a (iOajvk)v (LJvk)

are in the positions of either a type I move or a type Il move. In either case we can
apply a type I move or a type Il move to x or y and make |z| = |y — x| smaller,
which is a contradiction. This argument shows that z cannot contain both positive
and negative elements in any one-dimensional slice.

Case 2. Now we consider the remaining case, where no one-dimensional slice of
z contains both positive and negative elements. Because 3 ; ; z1jx = 0, there exists
(j1,k1), j1,ki > 2, such that z; j ¢, < 0. Similarly there exists (i1, k), i1,k> > 2, such
that z;, 1, < 0. Then the four cells

(1, j1,ki), (1, 1,k ), (i1, 1,k2), (i1, j1. k2)

are in the positions of a type Il move (if k; = k) or a type I move (if k| # k) and
we can apply a degree 2 move. By doing this, |z| = |y — x| may remain the same, but
now zj1x, becomes negative and this case reduces to Case 1. Therefore Case 2 itself
is a contradiction. a

We show in the following that Z* is not a minimal Markov basis. Let z be a
degree 2 move and let t = Az™. If z is a type Il move, it is easy to verify that .%; is
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a two-element set {z*,z7}. Therefore degree 2 moves of type II are indispensable.
On the other hand, if z is a type I move, .% is a four-element set. For the 2 x 2 x 2
case, let t = (244,224 4,241+,24245244+1,2442) = (1,1,1,1,1,1)". Then we have

0 0 0 0

To connect these elements to a tree, only three moves of type I are needed. In the

2 x 2 x 2 case, there are 4*~2 = 16 possibilities, such as
+1-1 |0 O 0 +1] |0 —1 0 0 [-1+1
0 O |-1+1] " |-1 0| [+1 0]~ |+1-=1] |0 O
or
+1 -1 |0 O +10| [0-1 +1 0| |-1 0
0 O [=1+1] " |[=10] [0+1] > |0 —1] |0 +1

and so on. From these considerations, a minimal Markov basis for I x J x K tables
consists of
3 1 J K
2 2 2
degree 2 moves of type I and

(2)(5) ) () *()C)

degree 2 moves of type II.

6.2.2 Hardy—Weinberg Model

We next discuss the Hardy—Weinberg model. It is a standard model in population ge-
netics. Consider a multiallele locus with alleles Aj,A»,...,A;. The allele frequency
data are usually given as the genotype frequency. The probability of the genotype
A;A; in an individual from a random breeding population is given by

P(AiA~)_{q’2 (i=J)
! 2giq; (i # ),

where g; is the proportion of the allele A;, i = 1,...,I. Because the Hardy—Weinberg
law plays an important role in the field of population genetics and often serves as a
basis for genetic inference, much attention has been paid to tests of the hypothesis
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that a population being sampled is in the Hardy—Weinberg equilibrium against the
hypothesis that disturbing forces cause some deviation from the Hardy—Weinberg
ratio. See [43,67,90].
For the Hardy—Weinberg model, the frequency vector is written as
X = (X11,X12, - X1, X22,X03, -, X21, X33, -, X1 -
If the frequencies are written in a matrix, only the upper triangular part has the

frequencies. A sufficient statistic ¢ = (f1,...,7)’ is the frequencies of the alleles A, ,
i=1,...,1,and is given as

t,':2x,»,-+2x,'j, i=1,....1,
J#

where we write x;; = x;; for i > j. The configuration A is an I x (I(I+1)/2) matrix.
In terms of the standard basis vectors, the columns of A are written as 2e;,i=1,...,I
ande;+e;, 1 <i<j<I

Guo and Thompson [67] constructed a connected Markov chain over any fiber.
Their basis consists of three types of degree 2 moves, namely, type 0, type 1, and
type 2. Here “type” refers to the number of nonzero diagonal cells in the move. The
examples of the moves are displayed as

O+1—-10 +1-1-10 +1-200

0 0 —1 0 +10 +100

t 0: t 1: t 2: .
ype 0 +1|’ ype 0 ol ype 00
0 0 0

By the distance-reducing argument we first show that these moves form a Markov
basis.

Proposition 6.3. The above three types of moves form a Markov basis for the
Hardy—Weinberg model.

Proof. Suppose that x and y (y # x) are in the same fiber.

First consider the case that x;; = y;;, i =1, ...,1. We look at the type 0 move above.
Because y # x, there exist some i < j such that x;; > y;;. By relabeling the levels
we can assume that i = 1, j = 2. Then because 2x1; +2§:2x1j =2y11+ Zﬁ-:zylj,
there exists some j’ > 2 such that x; j# <y1j- We can again assume that j =3.Also
because x17 +2xp; + 2§-:3 X5 =Y12+2yn+ 2§:3 2, there exists some j” > 2 such
that xy o <y, jn. If j" # 3, then we can add a type 0 move to y and reduce the distance
|y —x|. In the case j”" = 3, we can then find j" > 3 such that x5 » > y3 . We can put

j"" = 4. In this case we can subtract a type 0 move from x and reduce the distance

ly —x].
Now consider the case that there exists some 7, such that x;; > y;;. We can assume
i=1.Ifthereare 1 < j < j’ such thatx;; <yyj, x; 7 <y, thenletting j =2, =3,
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we can add a type 1 move to y and reduce |y — x|. On the other hand, if there is only
one j > 1 satisfying x;; < y;;, then y;; > 2 holds and we can add a type 2 move to
y and reduce |y — x|. O

We now show the above basis is not minimal and a minimal basis is not unique.
Consider .%; with degt = 2 for the above three types of moves. If t = Az" = Az~
for moves z of type 1 or type 2, there are two elements in .%; and the move of type
1 or type 2 is the difference of these two elements. Hence type 1 and type 2 moves
are indispensable.

Butift = Az = Az~ for a move z of type 0, there are three elements in .%;. Then
to connect these three elements to form a tree, we can choose two moves to construct
a minimal Markov basis. (There are three ways of doing this.) For example, consider
the case of I =4 and t = (1,1,1,1)". F(y ;1 1y is written as

b )

0100f 0010} 0001
000 001 010
01|’ 00|’ 00
0 0 0

ar —
Fay =

To connect these three elements to a tree, any two of the following type 0 moves of
degree 2,

O0+1—-10| 0+1 0O —1| |00 -1 +1
0 0 —1 0-10 0+1 -1
0 +1| 0 +1| 0 0}

0 0 0

can be included in a minimal Markov basis. Accordingly, I(1 —1)(I—2)(I—3)/12

moves of type 0, I(I — 1)(I —2)/2 moves of type 1 and /(I — 1)/2 moves of type 2
constitute a minimal Markov basis.

6.3 Graver Basis and 1-Norm Reducing Markov Bases

The 1-norm |z| = Y;c s |zi| = 2degz on the set Z!*| of integer vectors is a natural
norm to consider for Markov bases. In this section we discuss the relation between
the Graver basis and the 1-norm reducing Markov bases. We show that the Graver
basis is always 1-norm reducing.

We have the following proposition.

Proposition 6.4. The Graver basis is strongly 1-norm reducing.
Proof. Letx,y € %,y # x, be in the same fiber. Express y — x as a conformal sum

of nonzero elements of the Graver basis:

Y=—Xx=2z1+ " +2Zm
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Then |y — x| = |z;|+ - + |zm|. Now z; can be subtracted from y and at the same
time z; can be added to x to give

(y—2z1) =2 =ly—(x+z)| = lzaf + -+ [zm] <[y —x]. O

Note that the Graver basis is rich enough that we can take z; = z; in the definition
of strong distance reduction in (6.2).

Proposition 6.5. A set of moves % is 1-norm reducing if and only if for every
element z =z — 7~ of the Graver basis, % is 1-norm reducing for z*,z".

Proof. We only have to prove sufficiency. Let x,y € .%; be arbitrarily given and
lety —x =21+ -+ 2, be a conformal sum of elements of the Graver basis. By
assumption 4 is 1-norm reducing for zT,zf. Among four possible cases, without
loss of generality, consider the case that z € 4 is applicable to ZT and

(@ +2) —z [ <z} —z; [ =zl (6.3)
Because z is applicable to zfr, z < ZT < (y —x)". Furthermore (6.3) implies that

0 # supp(z") N supp(z; ) C supp(z*) N supp((y —x)").

It follows that z is applicable to y and |(y +z) — x| < |y — x|. O

Note that the same statement holds for strong 1-norm reduction with exactly the
same proof.

Proposition 6.6. A set of moves A is strongly 1-norm reducing if and only if for

every element z =77 — 7 of the Graver basis, % is strongly 1-norm reducing for
+ —

Z,2 .

6.4 Some Results on Minimality of 1-Norm Reducing
Markov Bases

In this section we discuss minimality of 1-norm reducing Markov bases. Inasmuch
as the material in this section is not used in other parts of this book, the reader can
skip this section.

Suppose that Z is a 1-norm reducing Markov basis. Then any %' D Z is a 1-
norm reducing Markov basis as well. In view of this, it is of interest to consider
minimality of 1-norm reducing Markov bases. A 1-norm reducing Markov basis
2 is minimal if no proper subset of Z is a 1-norm reducing Markov basis. For a
1-norm reducing Markov basis %, we can examine each element z of Z one by
one, and see whether %\ {z} remains to be a 1-norm reducing Markov basis. If
%\ {z} remains to be 1-norm reducing, we remove z, recursively, until none of
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the remaining elements can be removed any further. Then we arrive at a minimal
1-norm reducing Markov basis. Therefore every 1-norm reducing Markov basis &
contains a minimal 1-norm reducing Markov basis.

Exactly the same argument holds concerning minimality of strongly 1-norm
reducing Markov bases. Every strongly 1-norm reducing Markov basis contains a
minimal strongly 1-norm reducing Markov basis.

In Chap.5 we considered minimality of Markov bases. A similar argument can
be applied to the question of minimality of 1-norm reducing Markov bases.

In order to study this minimality question we introduce three closely related
notions of degree reduction of a move z by other moves. We say that a move
z=2"—2z is 1-norm reducible by another move 7' # 4z if Z’ is applicable to
z" and |z+ 2| < |z| or Z’ is applicable to z~ and | —z+Z/| = |z— 2| < |z]. We
say that a move z =z —z~ is strongly 1-norm reducible by a pair of (other) moves
21,22 # +zif z; is applicable to z* and |z+ 21| < |z| and furthermore 25 is applicable
to z~ and |z — 22| < |z|. Finally we say that z is 1-norm reducible by a lower degree
move 7' if |Z| < |z| and z is 1-norm reducible by z'.

Consider the implications among these notions. If z is strongly 1-norm reducible
by 21,22, then z is clearly 1-norm reducible by z; (or zz). Now we show that if z
is 1-norm reducible by a lower degree move z/, then z is strongly 1-norm reducible
either by the pair z’, z+2’ or by the pair 2’ —z, 2. To show this, first consider the case
that z’ is applicable to z* and |z+2/| < |z|. Let 2" = z+ 2. Then [z—2"| = |Z| < |7
and we only need to check that z” is applicable to z~. In fact

=+ @) -E) =)+ D) -2
> ()" -z
This implies that (z”)~ <z~ and z” is applicable to z~. Similarly if Z’ is applicable
to z~, we can check that z is strongly 1-norm reducible by the pair 2’ — z,7’.

Based on the above observation, we define three notions of irreducibility of a
move. We call z 1-norm irreducible if it is not 1-norm reducible by any other move
7' # z. We call z strongly 1-norm irreducible if it is not strongly 1-norm reducible
by any pair of other moves. Finally we call z 1-norm lower degree irreducible if it is
not 1-norm reducible by any lower degree move. We state the above implications of

the properties of moves, as well as further implications among indispensability and
conformal primitiveness, in the following proposition.

Proposition 6.7. For a move z, the following implications hold.

indispensable = 1-norm irreducible
= strongly 1-norm irreducible
= l-norm lower degree irreducible

= conformally primitive. (6.4)
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Proof. If z is not conformally primitive, then z is clearly 1-norm reducible by a
lower degree move. This proves the last implication.

If z is 1-norm reducible by 7/ # +z, thenz~ #zt +7 € FHrorzt £z +7 ¢
Z:, where t = Az". Therefore .%; is not a two-element fiber. Therefore z is
not indispensable. This proves the first implication. Other implications hold by
definition. O

‘We now state two lemmas.

Lemma 6.1. If z is 1-norm reducible by another move 7' # =+z, then there exists a
conformally primitive move 7' # z, |2""| <|Z/|, such that z is 1-norm reducible by 7.

Proof. If 7' is itself conformally primitive, just let z’ = z’. If Z’ is not conformally
primitive, write z’ as a conformal sum z’ = z; + - -+ + z,, of nonzero elements of
the Graver basis. Among two possible cases, without loss of generality, consider
the case that z' is applicable to z© and |z + Z'| < |z|. In this case (Z/)” < z©
and supp((z') ") Nsupp(z~) # 0. Because supp((z’) ") = supp(z] ) U- - Usupp(z,),),
there exists some [ such that supp((z;)*) N supp(z~) # 0. Furthermore z; <
()~ <z'and|z| < |Z| < |z|. This implies that z is 1-norm reducible by z” = z; # z.

O

Lemma 6.2. Let z be a 1-norm irreducible move. Then either z or —z belongs to
every I-norm reducing Markov basis.

Proof. We argue by contradiction. Let z = z™ — z~ be 1-norm irreducible and let
2% be a 1-norm reducing Markov basis containing neither z nor —z. Because 4 is
1-norm reducing, % is 1-norm reducing for z,z~. But this contradicts the 1-norm
irreducibility of z in view of (6.1). O

We say that there exists a unique minimal 1-norm reducing Markov basis if all
minimal 1-norm reducing Markov bases coincide except for sign changes of their
elements. We now state the following proposition.

Proposition 6.8. There exists a unique minimal 1-norm reducing Markov basis if
and only if 1-norm irreducible moves form a 1-norm reducing Markov basis.

Proof. Every 1-norm irreducible move (or its sign change) belongs to every 1-norm
reducing Markov basis, thus if the set of 1-norm irreducible moves is a 1-norm
reducing Markov basis, then it is clearly the unique minimal 1-norm reducing
Markov basis ignoring the sign of each move.

Conversely suppose that 1-norm irreducible moves do not form a I-norm
reducing Markov basis. Then every 1-norm reducing Markov basis contains a 1-
norm reducible move. Let # be a minimal 1-norm reducing Markov basis and let
20 € % be 1-norm reducible. Consider

B = («% U %Graver) \ {Z()a _ZO}a
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where HBgraver 1S the Graver basis. We show that % is a 1-norm reducing Markov
basis. If this is the case, % contains a minimal 1-norm reducing Markov basis
different from 2 even if we change the signs of the elements.

Now by Propositions 6.1 and 6.5, it suffices to show that for every z = z7 —
= € PBGraver % is 1-norm reducing for z7,z™. If zy is not conformally primitive,
73 PBGraver and A is 1-norm reducing. Therefore let zg be conformally primitive.
Each conformally primitive z = z+ —z~ # z¢ is already in % and % is 1-norm
reducing for z7,z™. The only remaining case is z = zo itself, but by Lemma 6.1, z
is 1-norm reducible by a conformally primitive z’ # 4z, 2’ € 4. a



Chapter 7
Symmetry of Markov Bases

7.1 Motivations for Invariance of Markov Bases

In this chapter we study properties of Markov bases from the viewpoint of
invariance. This is partly motivated by the fact that Grobner bases depend on a given
term order and a reduced Grobner basis does not preserve the symmetry inherent in a
given statistical model. For example, hierarchical models for multiway contingency
tables (cf. Sect. 1.5) are symmetric with respect to permutations of the levels of each
axis of the table. In group-theoretic terminology, the direct product of symmetric
groups acts on the set of multiway tables and hierarchical models are invariant with
respect to this group action.

By utilizing invariance we can give a concise description of Markov bases by
orbit lists. To illustrate this, we consider the no-three-factor interaction model for
three-way tables, which is treated in Chap.9. In Table 7.1 we list the numbers of
the elements of the unique minimal Markov basis, along with the numbers of the
reduced Grobner basis elements calculated by 4ti2 [1] and the numbers of the orbits
with respect to the action of the direct product of symmetric groups for the problem
of 3 x 3 x K (K <7) contingency tables with fixed two-dimensional marginals. As
we show in Sect. 7.6, a set of moves is partitioned into orbits that are equivalence
classes by the action of the group. As we show in Chap.9, there are at most six
orbits of indispensable moves for these problems.

In these examples, a minimal Markov basis is unique. Furthermore it is minimal
invariant in the sense of Sect.7.6. Therefore the representative basis elements for
each orbit contain all the information of the minimal Markov basis. To perform
the Markov chain Monte Carlo simulations using these orbit lists, users can first
randomly choose an orbit, and then apply a random group action to the represen-
tative basis element for each step of the chain. Another interesting consideration is
how to choose a minimal Markov basis if it is not unique. For such cases, different
minimal Markov bases contain different numbers of orbits in general, and some
basis elements in these orbits are not necessarily needed for connectivity.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 91
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_17,
© Springer Science+Business Media New York 2012
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Table 7.1 Number of the elements of the unique minimal Markov bases, the reduced
Grobner bases, and orbits for 3 x 3 x K,K < 7, tables with fixed two-dimensional
marginals

K 3 4 5 6 7

Number of the elements in the unique 81 450 2,670 10,665 31,815
minimal Markov basis

Number of the elements in the 110 622 3,240 12,085 34,790
reduced Grobner basis
Number of orbits in the unique 4 5 6 6 6

minimal Markov basis

In Table 7.1 we have considered permutation of the levels for each axis. If the
number of levels of the axes is common and if in addition the hierarchical log-linear
model considered is symmetric with respect to permutations of axes, we can further
consider the permutation of the axes themselves. For example in the case of the
3 x 3 x 3 contingency tables with no three-factor interactions, we can consider the
permutation of the axes. As we show in Chap. 9, if this additional symmetry of axes
is considered, there are only two orbits corresponding to moves of degree 4 and
degree 6, whereas if this additional symmetry is not considered there are four orbits
as indicated in Table 7.1. This question leads to the notion of the largest symmetry
in a given model, which we define in Sect. 7.4.

7.2 Examples of Invariant Markov Bases

In this section we consider two simple examples of invariant Markov bases. They
are the 2 x 2 x 2 contingency tables with fixed one-dimensional marginals and the
Hardy—Weinberg model, which were already treated in Sect. 6.2.

We use the following notation for our moves. Moves in minimal bases contain
many zero cells. Furthermore, often the nonzero elements of a move contain either 1
or —1. Therefore a move can be concisely denoted by locations of its nonzero cells.
We express a move z of degree n as z =iy ---i, — j -+ j,, where iy,... i, are the
cells of positive frequencies of z and j,, ..., j, are the cells of negative frequencies
of z. In the case z(i) > 1, i is repeated z(i) times. Similarly j is repeated —z(j)
times if z(j) < —1. We use a similar notation for contingency tables as well. x with
degx = n is simply denoted as x =iy - - - iy.

First consider the 2 x 2 x 2 contingency tables with fixed one-dimensional
marginals. As shown in Sect. 6.2, the minimal Markov basis for this problem is not
unique. Each minimal Markov basis contains six indispensable elements and three
dispensable elements. Consider dispensable elements. The reduced Grobner basis
with respect to the graded reverse lexicographic order contains three dispensable
moves (binomials) such as

(121)(212) — (111)(222), (122)(211) — (111)(222), (112)(221) — (111)(222).
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It is seen that these three dispensable basis elements are in different orbits with
respect to permutation of levels. On the other hand, another minimal basis is
constructed from three dispensable basis elements such as

(121)(212) — (111)(222), (122)(211) — (111)(222), (112)(221) — (121)(212).

In this basis, the second and the third binomials are in the same orbit. In fact, we see
that (112)(221) — (121)(212) can be produced from (122)(211) — (111)(222) by
interchanging the cell indices 1,2 in the second axis. Accordingly, if we consider an
action of the direct product of symmetric groups, only two basis elements such as

(121)(212) — (111)(222), (122)(211) — (111)(222)

have to be included in our list, because the third basis element can be produced by
permuting the second axis.

Furthermore, because the number of levels is common for three axes in the 2 x
2 x 2 case, we can also permute the axes. If we consider invariance with respect
to this larger group, then a single representative element among dispensable ones
such as

(112)(221) — (111)(222)

is sufficient to describe an invariant Markov basis.

We now consider the Hardy—Weinberg model of Sect.6.2.2 for [ alleles. The
direct product of symmetric groups is not appropriate in this case, because the
contingency table x = {x;;}i<i<j<s is of an upper triangular form. However, it is
clear that this problem has the symmetry with respect to a simultaneous permutation
of the levels (i.e., alleles). It can be checked (see [12]) that a minimal invariant
Markov basis with respect to this group action consists of three orbits, with the
representative moves given as

(11)(22) — (12)(12), (11)(23) — (12)(13), (12)(34) — (13)(24). (7.1)

In this case, the unique minimal Markov basis does not exist as we have seen in
Sect. 6.2.2. However, the minimal invariant Markov basis given in (7.1) can be
shown to be the unique minimal invariant Markov basis.

7.3 Action of Symmetric Group on the Set of Cells

In this section we formulate the symmetry of a given toric model in terms of the
action of a group on the set of cells. As the most important example we consider
the direct product of symmetric groups acting on the cells of multiway contingency
tables by permutations of levels for each axis. Decomposable models (Chap. 8) and
more general hierarchical models (Chap. 9) are invariant with respect to this group.
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First we give a brief list of definitions and notations of a group action. Basic
facts on group action in statistical problems are found in Chap. 6 of [98] or Chap. 4
of [58]. More comprehensive treatment is given in [56]. Let a group G act (from the
left) on a set .#. This means that each element g € G is amap .# — .# sending i to
gi, and the following conditions are satisfied

ei=i, Vie.s, (7.2)
(8182)i = g1(g20), Vg1,82€G,Vie I, (7.3)

where e is the identity element of G. Under these conditions, the inverse element
¢ ! of g in G is also the inverse of g as a map from .# to .#. This implies that
each g is a bijection from .# to .#. In this book as .# we are considering the set of
cells, which is a finite set. Hence each g € G is just a permutation of the cells of .%
and G is a subgroup of the symmetric group Sy, 1 = |.#|, which is the group of all
permutations of the cells of .7.

Define G(i) = {gi | ¢ € G} as the orbit through i. Let .# /G denote the orbit
space, that is, the set of orbits. The action of G is called transitive, if the whole G is
one orbit. Let G; = {g | gi = i} denote the isotropy subgroup (pointwise stabilizer)
of i in G. If G acts on .7, the action of G on the set of functions f on .# is induced
by (¢f)(i) = f(g~"i).

Because the frequency vector x is considered as a function .# — N, the action of
G on the set 2" = N7 of frequency vectors is defined as

(gx) (i) = x(g"i).

This is again just a permutation of elements of x.
Let us write out the permutation matrix for g. (gx)(i) = x(g
ith element of gx is the (g~ 'i)th element of x. Let

Py ={pij} = {digj} (7.4)

denote an 1) x N permutation matrix, where & is Kronecker’s delta. Then the ith
row of P, has 1 at the column j = g~ 'i and hence the ith element of P,x is the
(g li)th element of x. Equivalently, the (gi)th element of Pex is the ith element
of x. Therefore we have

~1i) means that the

gx = Pyx.

From this it follows that

Porgy = PoyPyy, V81,82 € Sy and P =Py, Vg €Sy, (7.5)

Similarly G acts on a move z by (gz)(i) = z(g~'i). If we write z =z —z", then
z"

82=Pz=Pgz" — Pz =gz' —gz .

We also call amove z =z —z~ symmetric with respect to G if z" = gz~ for some
g € G. Conversely, a move z is asymmetric if G(z") N G(z7) = 0.
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As G consider the direct product of symmetric groups, which is our main
example. Let G/ = Sj, denote the symmetric group on {1,...,I;} for £ =1,...,m
and let

G=G'xG*x--xG" (7.6)

be the direct product. We write an element of g € G as

= (ol i) (ol = ol

G acts on the set of cells .# of m-way contingency tables by

o/

i=gi
= (g1i1,---+8mim)
= (o1(i1),- -, Om(im)) - (7.7)

Now we consider the action of G on the set of sufficient statistics .7 in (4.6). We
go back to the general definition of a group action. Let 4 : .# — 7 be a surjection.
If the following condition holds,

h(i) = h(i') = h(gi) = h(gi’), Vg€G, (7.8)
then the action of G on 7 is induced by defining
gt = h(gi), wheret = h(i). (7.9)

Indeed gt is well defined, because by (7.8) gt does not depend on i such that ¢ = h(i).
Then by choosing i for each t € .7, (7.2) and (7.3) for t are easily verified as

et = h(ei) =h(i)=t,
(8182)t = h((8182)i) = h(g1(g20)) = g1h(g2i) = g1(g2h(i)) = g1(g21).
Note that (7.9) is written as
h(gi) =gh(i), VgeG\Vie /. (7.10)
We call & satistying (7.10) equivariant. We can also say that & and the group action
commute (i.e., hg = gh).

Conversely suppose that G acts on both .# and .7 and the surjectionh: . — 7
is equivariant. Then

hi) = h(i') = gh(i) = gh(i') = h(gi) = h(g)

and (7.8) holds.
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Consider again the direct product of symmetric groups in (7.6). A sufficient
statistic for hierarchical models for contingency tables consists of various marginal

frequencies. Note that G acts on the marginal cells ip, D = {s1,...,s¢} C [m] =
{1,...,m}, by
l/D = giD
= (gsl Ispyee 7gskisk)

= (Gsl (isl )7 <oy Ogt (isk))-

Hence G acts on marginal tables by

xpp = gxp = {xp(g ip) Yipe.sp-

Considering this action simultaneously for various marginals Dy,...,D, C [m], the
action of G on the sufficient statistic # = (xp,,...,xp,) of a hierarchical model is
defined by

gt = (gxp,,...,8%D,).

An important point here is that the map of taking marginal frequencies is
equivariant; that is, we have the following lemma.

Lemma 7.1. (gx)p = gxp forall g € G and x € N".

This lemma clearly holds, because taking the marginal sums after permutation of
levels of axes is the same as first taking the marginal sums and permuting the axes
in the marginal cells. By Lemma 7.1 and the above argument, the action of G on the
set .7 of marginal frequencies ¢ is induced from the action of G on x.

7.4 Symmetry of a Toric Model and the Largest Group
of Invariance

In the previous section we considered the direct product of symmetric groups acting
on the set of multiway contingency tables as our main example. In the case of the
Hardy—Weinberg model, the set of cells was an upper triangular matrix and the
symmetry was not described by the direct product of symmetric groups. Now we
consider how to define a symmetry of a given toric model or a configuration A.

Consider the toric model in (4.5). The probability distribution of x depends on
0'A, and 0'A is an element of the row space of A, rowspan(A). Assuming that 8 €
RY is a free parameter vector, the set of probability distributions of the toric model
is identified with rowspan(A). In this sense, when we consider the symmetry of a
given toric model, it is reasonable to require that the symmetry be defined in terms
of rowspan(A).

Multiplying A from the right by Pg’, results in a matrix APS’, whose columns are
permutations of columns of A by g € Sy. The reason we take the transpose Péﬁ is to
preserve the action of G “from the left.” By defining gA = AP;, we have

(8182)A = AP,

8182 =A(Py,Py,) = APy Py = g1(g2A). (7.11)

827 81



7.4 Symmetry of a Toric Model and the Largest Group of Invariance 97

In gA = AP., we can think of Pg’, as multiplying each row of A from the right, namely
G acts on the set of 1-dimensional row vectors & by got = an’,. Note that the space
of row vectors can be considered as the dual vector space of the space of column
vectors.

In Sect. 7.2, the complete independence model of 2 x 2 x 2 contingency tables is
clearly invariant with respect to the direct product of symmetric groups S, x S3 X S».
The Hardy—Weinberg model for [ alleles is invariant with respect to permutation of
alleles S;. In view of these examples we make the following definition.

Definition 7.1. Let G C Sy be a subgroup of Sy;. A configuration A is invariant with
respect to G if rowspan(A) = rowspan(AP,) for all g € G.

In Sect. 4.2 we discussed the relation rowspan(A)+ = kerA. Then we have
rowspan(A) = rowspan(AP;) < kerA = ker(AP,).
Also note that
ker(APy) = {z | AP;z = 0} = {P,z | Az =0} = P,kerA, (7.12)

where on the right-hand side P, is now multiplying column vectors from the left.
Hence an equivalent definition of invariance with respect to G is given as follows.

Definition 7.2. A configuration A is invariant with respect to G if kerA = P kerA
forall g € G.

So far we have defined the invariance of the configuration A with respect to
a given G. When A is given first, it is natural to consider all g € S» such that
rowspan(A) = rowspan(APg,), or equivalently kerA = P kerA. Here the notion of
setwise stabilizer [136] is useful. Let a group G act on a set 2~ from the left. For a
subset ¥ of 2, let

Gy ={g|e¥ =7}

denote the setwise stabilizer of 7. (Note that Gy forms a subgroup of G.) As
we have discussed already, G acts on the set of n-dimensional column vectors
by g : x — P,x and the set of 1)-dimensional row vectors by g : o aP;,. From
this viewpoint, the set of g such that rowspan(A) = rowspan(AP;) is the setwise
stabilizer Growspan(a)- Equivalently it is the setwise stabilizer Giera. Therefore we
are led to the following definition.

Definition 7.3. For a given configuration A, the largest group of invariance is
the setwise stabilizer Gyera of kerA in the symmetric group Sy, where G acts on
the set of 1-dimensional column vectors. Alternatively, it is the setwise stabilizer
Growspan(a)» Where G acts on the set of 7-dimensional row vectors.

From now on, among two equivalent definitions, we mainly consider Gera. The
notion of the largest group of invariance was introduced in [12].
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In Sect.7.3 we considered the induced action on the set of sufficient statistics.
We want to check that the induced action on the set of sufficient statistics .7 is
defined also for the largest group of invariance. We try to define gt, t = Ax, by

gt = Agx.

If t = Ax = A%, then x — ¥ € kerA. For g € Gyera, g(x — %) € kerA and hence
Ag(x—Xx) = 0. Therefore gt does not depend on the choice of x in t = Ax. Hence
the induced action of Gyers on 7 is well defined.

It should be noted that a configuration A is invariant with respect to a group H if
and only if H is a subgroup of the largest group of invariance Gyer4. Also because
Giera acts on 7, any subgroup H of Gyers also acts on 7.

We have given the definition of the largest group of invariance for a general
configuration A. For many configurations A it is often surprisingly hard to determine
the largest group of invariance Gier4, although some obvious subgroup of Gyer4 is
easy to find. We discuss one simple example in the next section.

7.5 The Largest Group of Invariance for the Independence
Model of Two-Way Tables

As we have stated above, it is often surprisingly hard to determine the largest group
of invariance G for a given A. The symmetry in the independence model of two-
way tables seems to be trivial. However, to prove that the obvious symmetry is the
largest, we need some careful arguments. For showing that a given candidate group
is the largest group of invariance, in [135], we developed a “perturbation method.”
Here we illustrate the perturbation method with the independence model of two-way
tables.

Consider I x J contingency tables with fixed row sums and column sums. The
configuration is clearly invariant with respect to the direct product S; x Sy, which
seems to be the largest group of invariance if I # J.

In the case of square tables / = J, there is an additional symmetry of interchang-
ing the two axes. Although this is again a symmetric group S», for clarity we denote
the group of interchanging the axes by H,. Then the largest group of invariance for
the square case seems to be the subgroup of Sp» generated by S; x Sy and H;. In the
square case, we can first decide whether to flip the axes, and then we can arbitrarily
and independently permute the levels of two axes. This is called the wreath product
(e.g., [129]) of groups and written as

S ] WI Hz.
Now we have the following result.

Proposition 7.1. The largest group of invariance for I X J contingency tables with
fixed row sums and column sums is St x Sy if I # J and Sy wr Hy if = J.
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The rest of this section is devoted to a sketch of a proof of this proposition. We
mainly consider the case I # J. In the process of proving the case I # J, it will
become clear that the additional symmetry in the square case is given by H,. We
now assume / > J without loss of generality.

By the form of the configuration A in (1.20), an element of rowspan(A) is an
I x J-dimensional (row) vector with components of the form

{ai+Bjti<i<ri<j<s, 03B €R.

Write y;; = o + ;. For four distinct pairs (i1, j1), (i2, j2), (i3, j3), (i4, j4) consider
the following linear combination

0= Yivjr t Yiojo = Yizjs = Yiaja-

Inasmuch as kerA is spanned by the basic moves in (2.4), 6 = 0 if (i1, j1), (i2, j2),
(i3, J3), (i4, j4) are the four cells in a rectangular position as in (2.4). By taking o, 3;
sufficiently “generic” it is clear that & # 0 unless the four cells are in a rectangular
position.

This can be made explicit as follows. Let b > 0 be a large positive integer. For
our case b =5 is good enough. Let

o =b, Bj=>b". (7.13)

Then by the uniqueness of the base b expansion of a positive integer &, for this
choice of ¢ and fj, 6 # 0 unless the four cells are in a rectangular position. Let
y = {b' +b'"*/} denote the I x J-dimensional vector with these elements. In the
following we consider ¥ as an I x J table.

Now consider g € Growspan(a) and let ¥ = g¥. By the consideration immediately
following (7.4), the g(i, j) element of ¥ is the (i, j) element of . Consider the lower-
right cell (1,J) of ¥. Then the value b’ +-b'*/ is in the g(i, j) cell of ¥. Write (i*, j*) =
g(I,J) and consider the following linear combination of elements of ¥:

5(i27j2) = ')71'*./'* =+ 77i2j2 - 771'*./'2 - 77i2j*
=MW Y i go) ~ Ve L) Ve i)

where the four cells (i*, j*), (i, j2), (i*, j2), (i2, j*) are distinct; that is, ip # i* and
Jjo # j*. Because g and g~ ! are bijections, the four cells (1,J),g ! (i2, j2),g ' (i*, j2),
g '(io,j*) are distinct as well. Furthermore, because 7 € rowspan(AP;) =

rowspan(A), 0(iz, jo) = 0 for all choices of (iz, j2). By our particular choice (7.13)
of ¥, we see that (1,J),g~ (i, j»),& ' (i*, j2),g ' (i2, j*) have to be in a rectangular
position. This means that, either

1. g7 '(i*, j») is in the last row and g~ ! (i, j*) is in the last column, or
2. g7 !(i*, j») is in the last column and g~ ! (ip, j*) is in the last row.

We note that these two cases cannot mix. In fact, if g~ (i, j*) and g~ (i, j») are
both in the last column for some i, and j», then it can be easily seen that 6 (iz, j2)
cannot be zero for this iy and j,. It follows that either g ! (ip, j*), ir # i*, are all in
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the last column, or they are all in the last row. Because we have assumed / > J, the
second case is impossible and we have {g’l(iz,j*)}izzlv,_,,l = {(i,J)}i=1,...s. This
means that the last column of ¥ is moved to the j*th column of ¥.

Now we can similarly argue for other columns and other rows of ¥. Then it
follows that g moves columns of ¥ to columns of ¥ and rows of ¥ to rows of ¥.

Hence g is an element of S; x §;.

7.6 Characterizations of a Minimal Invariant Markov Basis

Now we go back to invariant Markov bases. Let 4 C kerz A be a set of moves. For
convenience in this section we assume that Z is sign invariant (see Sect.5.2). Let
the configuration A be invariant with respect to a group G. We call 4 G-invariant if
G(#) = A. Note that £ is G-invariant if and only if

g€G,z2€E B = gz€ A.

In other words, # is G-invariant if and only if it is a union of orbits % = |J,c 5+ G(2)
for some subset %" C kery A of moves.

A finite sign invariant set & C kerg A is an invariant Markov basis if it is a
Markov basis and it is G-invariant. An invariant Markov basis is minimal if no
proper sign invariant and G-invariant subset of % is a Markov basis. A minimal
invariant Markov basis always exists, because from any invariant Markov basis, we
can remove orbits one by one, until none of the remaining orbits can be removed
any further.

Partition 2" = N by the degree (total sample size) of the frequency vectors as

X =Up\ Zn, Zn={x€ 2 |degx=n}.
Similarly partition the set of sufficient statistics as

In considering the orbits of G acting on 2", we note that degx = deg(gx), Vg € G,
and hence G(%,) = 4, for all n. Therefore we can consider the action of G on
each Z, separately. Similarly we can consider the action of G on each .7, separately
because degt = deg(gt),Vg € G.

Consider a particular sufficient statistic t € 7. As in (5.4) let

%f = {Z S kerZA |Z+727 S eg}}

be the set of moves whose positive and negative parts belong to the fiber .%;. Let
G(t) € 9,/G be the orbit through ¢. Let

Zon= U P
t'eG(t)

denote the union of the set of moves %,/ over the orbit G(t) through ¢.



7.6 Characterizations of a Minimal Invariant Markov Basis 101

Let # C kerz A be a finite set of moves. An important observation is that & is
partitioned as

2= U %o (7.14)

n oe/G
where we define

Bro = BN By, 0€T/G.

Inasmuch as 2 is invariant if and only if it is a union of orbits G(z), the following
lemma holds.

Lemma 7.2. £ is invariant if and only if P, o is invariant for each n and o €

T/ G.
Proof. Letz € %, o andt = Az" € a. Then it follows that gz € By C A, and the
lemma is proved. O

This lemma shows that we can restrict our attention to each %, ¢ in studying the
invariance of a Markov basis.

In characterizing a Markov basis and its minimality, in Chap.5 we argued that
it is essential to consider %), _i-equivalence classes of .7, where %, is the set of
moves of degree less than or equal to n defined in (5.2). As in Chap. 5 we write ||
for degt.

Considering group actions on the set of moves and each fiber, we characterize
the structure of a minimal invariant Markov basis. As we show in the following,
the relation between the action of the isotropy subgroup G; and %y, -equivalence
classes of % is important. For the rest of this section, we write the set of %y|_;-
equivalence classes of .7; as ¢ for simplicity; that is, S = F / By ;.

Now we state the following theorem.

Theorem 7.1. Let % be a minimal G-invariant Markov basis and let B =
UnUaG,Z/G‘%ﬂ,(X be the partition in (7.14). Then each PBno, o € /G, is
a minimal invariant set of moves, where %, o N %, t € o, connects By~
equivalence classes of F; and

Bno = G(Bp,aNPt) (7.15)

foranyt € q.

Conversely, from each oo € F,/G with | 7G| > 2, where t € @ is a representative
sufficient statistic, choose a minimal Gy-invariant set of moves %* C %; connecting
HBs| - 1-equivalence classes of Fy, where Gy C G is the isotropy subgroup of t, and
extend B* to G(H*). Then

#=) U G(=#)
n  ocedy/G
|| >2tea

is a minimal G-invariant Markov basis.
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This theorem only adds a statement of minimal G-invariance to the structure of a
minimal Markov basis considered in Chap. 5

In principle this theorem can be used to construct a minimal invariant Markov
basis by considering Uge 7, /G $n,a:n = 1,2,3,... step by step. By the Hilbert basis
theorem, there exists some ng (cf. Proposition 5.3), such that for n > ny no new
moves need to be added. Then a minimal invariant Markov basis is written as

7
Un():l Uoceﬂn/G ‘%ﬂ,a'
To prove Theorem 7.1, we prepare some lemmas in the following.
First, we derive some basic properties of orbits of G acting on each fiber. As we
stated before, we consider the action of G on each .2, separately. Let

Ton= U Fu
t'eG(t)

denote the union of fibers over the orbit G(t) throught. Let x € .%;. Because t(gx) =
gt, it follows that

gx € ygt C yc;(,).
Therefore G(Z (1)) = F(r)- This implies that Z,, is partitioned as

2= U Zo, (7.16)
eI /G

where o runs over the set of different orbits and we can consider the action of G on
each Z ;) separately.

Consider a particular 7). An important observation is that there is a direct
product structure in Fg(,). Write

G(t)={t,...,t.}, (7.17)

where a = a(t) = |G(t)| is the number of elements of the orbit G(t) C .7},. Let
b= b(t) = |F )/ G| be the number of orbits of G acting on F () and let xy, ..., X
be representative elements of different orbits; that is,

JGZG(,) =G(x)U---UG(xp) (7.18)

gives a partition of .7,). Then we have the following lemma.

Lemma 7.3. We use the notations (7.17) and (7.18). Then ﬂG(,) is partitioned as

a b
Fow =U U 71 NGx)), (7.19)

i=1j=1

where each F;, N\ G(x;) is nonempty. Furthermore if t; = gt;, then F;, > X — gx €
Fy gives a bijection between .F, N G(x) and Fy N G(x).
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Proof. Let Fgy = Fy, U---UF, be a partition. Intersecting this partition with
Feo) = U?‘:1 G(x;) gives the partition of (7.19). Let x € .%;. Then the orbit G(x)
intersects each fiber; that is, G(x) N ﬂ'}i #0Qfori=1,...,a. Because every g € G is
a bijection of F () to itself and

g(FNG(x)) = Fu NG(x),

g gives a bijection between .%;, N G(x) and %y N G(x). O
In particular for each j, %, NG(x;), i = 1,...,a, have the same number of
elements
|7, NG(xj)| = =|F1,NG(x;))].

In addition, for t,¢; € G(t) such that t; = gt;, the map g : G;, — gG;.g~ ' gives an
isomorphism between Gy, and G’? = gG,l.g’l, where Gy, and G,; are the isotropy
subgroup of #; and #; in G, respectively. Therefore there exists the following
isomorphic structures in .%;;,

(Gr;, 1) =~ (Gyy Fy)- (7.20)

Considering the isomorphic structure of (7.20), now we can focus our attention
on each fiber. Consider a particular fiber .%;. Here we can restrict our attention to
the action of G; on .%;. As we have stated before, the relation between the action
of Gy and 74 = %/ PBjs|-1 (the By -equivalence classes of .7 ) is essential. First
we show the following lemma.

Lemma 7.4. For any integer n, if X' is accessible from x by %, then gx' is
accessible from gx by A,

Proof. Note that degz < n if and only if deg(gz) < n. If X’ is accessible from x by
B, then there exist L > 0, z1,...21 € Py, €1,...,€ € {—1,1}, satisfying

L I
X =x+Y &z, x+ Y &z FH forl <I<L.

s=1 s=1
Applying g to both sides of the equations we get

L 1
X =gx+ Y &gz, gx+ Y 682 € Fy forl <I<L.
s=1 s=1

Because gz, € %, fors =1,...,L, the lemma is proved. O

This lemma holds for all g € G. In particular, gx € % y) if g € G;. This implies
that an action of G; is induced on J%. In the sequel let Xy € % denote each
equivalence class:

I = {XJ/}ISVS\%\'
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Fig. 7.1 A direct product G.(x) \ Xy
structure of F(y) (a = 3, e
b:27]): l,qi:Z,ri:Z)

G(x)

Let 7 : x — Xy denote the natural projection of x to its equivalence class. Then
Lemma 7.4 states

m(x) =n(x') = m(gx) = m(gx').

Let x € Xy and g € G;. Then gx belongs to some %, _1-equivalence class X,. By
Lemma 7.4, this ¥ does not depend on the choice of x € X, and we may write
Y = gy. By definition a group action is bijective, therefore the following lemma
holds.

Lemma 7.5. g € G; : Xy — Xy is a bijection of /4 to itself.
Now we give a proof of Theorem 7.1.

Proof (Theorem 7.1). Let 98 be a minimal invariant Markov basis and consider
the partition (7.14). Then each %, o, 0t € 7,/G, is G-invariant from Lemma 7.2.
Moreover, from the argument of Chap.5, each z =z" —z~ € B, is a move
connecting X, € 4 and X, € 7, y# Y, that is, 2" € X, and 2~ € Xy, from
the minimality of . In this case, gz = gz" — gz~ is a move connecting X,y and
Xey . Applying g~ ! the converse is also true. This implies that the way %, o N %,
connects the %, -equivalence classes .7 is the same for all ¢ € o and hence the
relation (7.15) holds.

Conversely, to construct a minimal invariant Markov basis, we only have to
consider sets of moves connecting %, _|-equivalence classes of each .7 from the
argument of Chap. 5. Considering the isomorphic structure (7.20) of Lemma 7.3 and
Lemma 7.5, we see that the structure of 7% is common for all #’ € G(t). Therefore
it suffices to consider the G-invariant set of moves %; for some representative
sufficient statistic ¢ € o satisfying |74 | > 2 for each a € .7, /G. O

Here we give an illustration of a direct product structure of F#g,. Figure 7.1
shows a structure of F ;) where a = a(t) = |G(t)| =3 and b = b(t) = | F 1)/
G| =2. In each F; C F ), there are two Hy,|_-equivalence classes: [7| = 2.
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Figure 7.1 also shows G; orbits in each .. In fact, Fig.7.1 is derived from an

example of 2 x 2 x 2 x 2 contingency tables, where the following marginals are
fixed:

Dy ={1,2}, Dy={1,3}, Ds=1{2,3}, D4={34}.

We see the above structure by considering x = (1111)(1221)(2122)(2212), for
example. In this case, 3“,(,‘) is an eight-element set as follows.

(1221)(2122)
(1222)(2121)
(1211)(2112)
(1212)(2111)

Gt (x)

(1222)(2121)(2212),
(1221)(2122)(2211)
(1212)(2111)(2222),
(1211)(2112)(2221).

}XV(9 x)

)

2222

( (
(2211), (1112
( (
(2221), (

In this chapter we have discussed properties of minimal invariant Markov bases.
Then a natural question is to seek some conditions for the uniqueness of a minimal
invariant Markov basis. In [13] we gave some characterizations of the uniqueness
of a minimal invariant Markov basis. However, the characterizations are not simple
and the argument is rather long. Therefore we omit discussion of uniqueness of a
minimal invariant Markov basis.



Part I11
Markov Bases for Specific Models

In Part III of this book, we present results on Markov bases for some specific models,
which are important for applications. We give many numerical examples to illustrate
the application of Markov basis methodology to practical statistical problems.

In Chap.8 we give a thorough discussion of Markov bases for decomposable
models of contingency tables. For decomposable models we have a complete
description of minimal Markov bases and minimal invariant Markov bases.

In Chap.9 we discuss Markov bases for no-three-factor interaction models of
three-way contingency tables and some other hierarchical models. We see that for
general hierarchical models the structure of Markov bases is very complicated.

In Chap. 10 we discuss two-way tables with structural zeros and fixed subtable
sums. We give explicit forms of Markov bases and give some numerical examples
of a running Markov chain with the obtained Markov bases.

In Chap. 11 we explain applications of the Markov basis approach to experi-
mental designs, where the response variables are discrete. In standard textbooks
on experimental design, the response variables are usually assumed to be normally
distributed. When response variables are discrete it is more appropriate to use
exact tests. We give many numerical examples, because this topic is of practical
importance.

In Chap. 12 we introduce groupwise selection models, where the Grobner basis
approach works particularly well and testing these models can be performed easily.
We illustrate the use of these models by analyzing educational and allele frequency
data.

Finally in Chap. 13 we study the problem of connecting some specific fibers by
a subset of a Markov basis. In some problems, when we consider connectivity of
specific fibers, it is possible to describe a subset of a Markov basis that connects
these fibers. A typical example is the logistic regression model with positive sample
size for each level of a covariate.



Chapter 8
Decomposable Models of Contingency Tables

8.1 Chordal Graphs and Decomposable Models

In this section we summarize some properties of the decomposable model and
chordal graphs according to Lauritzen [97] and Hara and Takemura [74,75, 76].
We use the notation of hierarchical models introduced in Sect. 1.5. Let A = [m] =
{1,...,m} denote the set of variables of an m-way contingency table x = {x(i) | i €
J}.Let 2 ={D,,...,D,} be the set of facets of a simplicial complex .# such that
A=U,_,Dj. Let p(i) denote the cell probability for i. Then the hierarchical model

for & is defined as . .
logp(i) = Y up(i),

De
where p depends only on ip. Z is called a generating class for the model. In this

chapter, we often identify a hierarchical model with its generating class Z.
As defined in Sect. 1.4, for a subset of the variables V C A, let xy and zy denote
the V-marginal sums of x and z with entries given by

xV(iv)Z 2 x(iv,ivc), Zv(iv)z 2 Z(iv,ivc)

iVCE']VC iVCE']VC

for iy € Sy =[Iscy Fs. We often denote i = (iy,iyc) by appropriately reordering
indices. A sufficient statistic ¢ for & is the set of marginal sums for all D € 2,

t={xp|De 2}.

Hence a move z for the generating class & satisfies zp = 0 forall D € 2.

Marginal tables xp, ,...,xp, are called consistent if, for any ry, r, (D, N Dy, )-
marginal of Xp,, is equal to the (D,, N D,,)-marginal of Xp,, ([52]). The consistency
of the marginal tables is obviously a necessary condition for the existence of x.
However, it does not necessarily guarantee the existence of x in general (e.g.,
[46,91, 148]). This is closely related to the notion of normality of semigroups given
in Sect. 4.3. We again discuss normality in Sect. 9.5.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 109
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_8,
© Springer Science+Business Media New York 2012
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Let & be a graph with the vertex set A and an edge between 8,6’ € A if and only
if there exists D € 2 such that 6,6’ € D. ¢ is called the independence graph of 2
(e.g., Dobra and Sullivant [54]). For V C A, denote by ¢ (V) the subgraph induced
by V; that is, V is the set of vertices of ¢ (V') and the edges of ¢ (V) are those in
@ restricted to V. V C A is called a cligue if 4(V) is complete; that is, every pair
of vertices in V is an edge of 4. A clique V of ¢ is called maximal if every proper
superset of V is not a clique of ¢. A hierarchical model for Z is called graphical
if there exists a graph whose set of maximal cliques is given by Z (e.g., Edwards
[57D.

A graphical model is called decomposable if ¢ is chordal; that is, every cycle of
% with length greater than three has a chord. A clique tree 7 = (9,&) of 4 is a
tree with the vertex set Z satisfying

DND" c D' forall D' on the path between D and D" in 7.

A graph is chordal if and only if there exists a clique tree of it ([30, 64]). When
(D,D") € & S=DnND is called a minimal vertex separator of 4. Let . be the
multiset

& ={DND' | (D,D') € &},

where the same minimal vertex separator may be included several times (e.g.,
[97]). Denote a marginal probability for ip by pp(ip). Then p(i) and its maximum
likelihood estimator p(i) are written by

. Ipegprolip) ... Ipezxnlip)
Pli) = [se.s ps(is) A= n [se.s xs(is)’

respectively.

A vertex is called simplicial if its adjacent vertices form a clique of ¢. Any
chordal graph with at least two vertices has at least two simplicial vertices and if
the graph is not complete, these can be chosen to be nonadjacent ([51]). For D € &
of a decomposable model, let Simp(D) denote the set of simplicial vertices in D
and let Sep(D) denote the set of nonsimplicial vertices in D. If Simp(D) # 0, D is
called a simplicial clique. A simplicial clique D is called a boundary clique if there
exists another clique D' € 2 such that Sep(D) = DN D’ ([137]). Simplicial vertices
in boundary cliques are called simply separated vertices. A maximal clique D is a
boundary clique if and only if there exists a clique tree such that D is its endpoint
([74D.

Dobra [52] showed that decomposable models have a Markov basis consisting of
only square-free moves of degree 2. In the next section, we give a proof of this fact.
For convenience, denote a square-free move z of degree 2 with z(i) = z(j) = | and
2(i") =2(j") = —1by

z=ij—ij.
This notation was already used in Sect. 7.2. Similarly, x = ij denotes a frequency
vector with one frequency at cells i and j.
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8.2 Markov Bases for Decomposable Models

The simplest decomposable model is the two-way complete independence model
2 ={{1},{2}}. Consider an R x C table. A sufficient statistics for this model is the
set of row sums and column sums, thus every move z = {z;;} satisfies

C R
Zi+:2Zij:0, Z+j:22[j:0.
=1 -1

In Theorem 2.1 we saw that the set of the following degree 2 moves
2(i, 15 ).)) = @) J) = @)({j), 1<i<i<R 1<j<j<C (@81

forms a Markov basis for R x C two-way complete independence models.

Consider a decomposable model consisting of two maximal cliques 2 = {D,D’}.
Denote A:= D\ D', B:=D'\D, and S :== DND'. When A = {1}, B= {2}, and
S = 0, the model coincides with the two-way complete independence model. When
D={1,2},D' ={2,3},A={1}, B= {3}, and S = {2}, the model coincides with
the conditional independence model of three-way contingency tables in Sect. 1.4.

Proposition 8.1. Define B(D,D’) by the following set of square-free moves of
degree 2,

%(D7D/) = {(iAisiB)(igigiﬁg) — (iAisl';;)(igisiB) | iA,i,/4 S fA,iB,i% € Ip,is € fg}.

Then B(D,D’) forms a Markov basis for 2 = {D,D'}.

Proof. Let x,y (y # x) be two tables in the same fiber of the model 2 and let
z=1y—x. Denote by z's the ig-slice of z:

Zis = {Z(iAisiB) | iA S fA,iB S fB}

Assume z'S # 0 without loss of generality. Consider z'S as a two-way integer array
with the set of levels Sy x Ip. Let zjf and zg denote the A-marginal table and the B-
marginal table of z'S, respectively. The assumption that zp = 0 and zy = 0 implies
that z;‘s =0and zg = 0. Therefore z's is regarded as a move of a two-way complete
independence model. Hence from Theorem 2.1 we can reduce |z|; by a square-free
move of degree 2 of the form (ipisip)(iyisiy) — (iaisif)(iyisip). O

The above arguments are generalized to general decomposable models. Let .7
be a clique tree of 4. Denote by .7, = (Z.,é,) and .7, = (Z,,&)) the two induced
subtrees of 7 obtained by removing an edge ¢ € & from 7. Let V, and V, be

V.=|J D, V=D

De%e DeZ)},
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Then .7, and .7, are clique trees of chordal graphs ¢4(V,) and ¢ (V.), respectively.
Define the set 7 of square-free moves of degree 2 as

27 = BV, V). (8.2)
ec&

Denote S, := VeﬁVe/, R, :=V,\S.and Ré = Ve/\Se-

Lemma 8.1. Suppose that

Z° = (ig,is,) (iR, i5,) — (jr,is.) (jk,i5,) € B,

iReai%eijeaj;{e € jRev iSe’ifSe € jS«
is a move of D,. Then
2= (ipds,ir,)(ik, i, i) — (g ds.ir,) (k. i, ik ) € 27
for any iRé,ijQ,e S

Proof. Obviously zy: = 0 and hence zp = 0 for all D € 9.. Because zy, = z*, we
also have zp = 0 for all D € Z,. Hence z is a move for 2 = 2, U Z.. Because
zyr = 0, there exists an edge e* € &, such that z € B(V,+,V,:). O

Theorem 8.1 (Dobra [52]). BT forms a Markov basis of the decomposable
model 9.

Proof. The proof is by induction on the number of maximal cliques . When r = 2,
%7 coincides with the Markov basis in Proposition 8.1. Suppose that the theorem
holds for any decomposable models with » — 1 maximal cliques.

Let x,y (y # x) be two tables in the same fiber .7 of the decomposable model 2.
Let D € 2 be an endpoint of .7 and suppose that e := (D,D’) € &. Then we can set

Ve:A\(D\D/)v Ve/:Da @e:@\{D}v @é:{D}

and define .7, as above. Then the marginal tables xy, and yy, lie in the same fiber

Z' of 9,. From the inductive assumption, 27 is a Markov basis for Z,. Hence
there exists a sequence of moves z‘l/e, e ,z{/e such that

[ !
Y, =%+ D2y, X+ 22, €F

k=1 k=1
for 1 <!’ <. From Lemma 8.1, there exists a sequence of moves zl, ... ,zl of 7'
such that
I/
x+Y ez

k=1
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for 1 <I' <I.Definey =x+Y}_,z*. Theny and y’ satisfy Yy, =Yy, and yyr =yy.
Hence y and y’ are accessible by moves in B(V,,V)). O

Dobra [52] proposed the following algorithm for generating moves from B7 .
Algorithm 8.1 (Dobra [52])
1. For each edge e € & of 7

a. Define V,, V] and S, as above.
b. Calculate the weights w, representing the number of degree 2 moves:

I 7 ses, 15
) 6 ). 6
We <— [2 5 H < 2 ) H ( 2 )] .
€V\S, 8eV/\Se

2. Normalize the weights wy, ..., w;.
3. Randomly select an edge e € & with probability w,.
4. Uniformly pick up a move in B(V,,V)).

8.3 Structure of Degree 2 Fibers

In the previous section we showed that every decomposable model has a Markov
basis consisting of square-free moves of degree 2. As discussed in Sect. 5.3, the set
of fibers of the minimum fiber Markov basis for a decomposable model coincides
with the set of degree 2 fibers with more than one element. Therefore the structure
of degree 2 moves is equivalent to that of degree 2 fibers. In this section, we discuss
the structure of such fibers in detail this section is mainly based on [71].

Let % be a fiber with degt = 2. For a given t we say that a variable § € A
is degenerate if there exists a unique level ig such that X{g}(ig) = 2. Otherwise, if
there exist two levels i5 # i such that x(s) (i5) = x(5} (i) = 1, then we say that J is
nondegenerate. Degeneracy or nondegeneracy of 0 does not depend on a particular
X € %, because one-dimensional marginals are determined from marginals of the
facets xp, D € 9. If all the variables 6 € A are degenerate, then .%; = {x} is a
one-element fiber with frequency x(#) = 2 at a particular cell i. This case is trivial,
therefore below we consider the case that at least one variable is nondegenerate.

From the fact that there exist at most two levels with positive one-dimensional
marginals for each variable, it follows that we only need to consider 2 X --- x 2
tables for studying degree 2 fibers. Therefore we set Iy =--- =1, =2, % ={0,1}"
without loss of generality.

For a given t of degree 2, let A, denote the set of nondegenerate variables. As
noted above, we assume that A, # 0. Each x € . is of the form x(i) = x(i') = 1
for i # i’ and remaining entries are 0. For nondegenerate § € A, the levels of the
variable & in i and i’ are different:

{is,i5} =1{0,1}, Vo €A,
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or equivalently is = 1—ig5, V6 € Ay. Tn the following, we use the notation i5 =

1 —ig. More generally, for a subset of variables V ={4y,..., 0} and a marginal cell
iy = (i5l yoo ’i5k)’ we write
IT/ = (igl""’igk): (1—i5l,...,1—i5k).

Let us identify x = ii’ € .%; with the set {i,i’} of its two cells of frequency one.

Then we see that the number of elements of fibers | 7| is at most 241 Let 9(4y)
be the subgraph of ¢ induced by A; C A.

Lemma 8.2. Suppose that t is a set of consistent marginal frequencies of a
contingency table with degt = 2. Let I' be any subset of a connected component
in 9 (Ay;). Then the marginal table xr = {xr(ir) | ir € #r} is uniquely determined.

Proof. Let r(I") be the number of generating sets D € & satisfying I’ N D # 0. We
prove this lemma by induction on r(I"). When r(I") = 1, the lemma obviously holds.
Suppose that the lemma holds for all #(I') < ¥ and we now assume that r(I") = r/.
Let I C I' and I C I satisfy

LuL =TI, LLNL#0, rL)<7, r)<r.

Because r(I7) < ' and r(I3) < r/, both xr; and xp; are uniquely determined.
Suppose that

Xn (iﬂ\l"zaiﬂﬁl"z)zla Xn (iE\B,iEﬂB)Zl. (8.3)

Then from the consistency of ¢, there uniquely exists ip,\r; € #1;\r; such that
X5 (il“z\l“l ,irl ﬁFz) = 1, X5 (i;iz\rl s iﬁ ﬂrz) =1. (8.4)

Hence the table xr = {x(j) | jr € #r} with entries

(i) = Lif  jr=(in\n.innn.inn) or jr = (i5\niG0s-05\6)»
r 0, otherwise

is consistent with ¢.
Suppose that there exists another marginal table x}- which is consistent with ¢

such that xr(jr) = xr(jr) = 1 and ji # (if\n,irnn,ip\n ). Then we have at
least one of

Xn (l]"l):() or sz(irz):O.
This contradicts (8.3) and (8.4). a
Theorem 8.2. Let .7, be a degree 2 fiber such that A, # O and let ¢(t) be the number

of connected components of 4 (A, ). Then

|<J§Zt| - ZC(t)il.
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Proof. Denote by I, ..., I, ¢ = c(t), the connected components of ¢(A,). Define

Il 1:=A \A_,. By definition, there exists i, such that

i, ={is | 6 € Ii41, x(5y(is) = 2}.

From Lemma 8.2, the marginal cells i, k= 1,... ¢, satisfying xr; (i) = xp; (i) =
1 uniquely exist. Now define .% by

Jr =i, in } < Ain,ip ) x> i, ipy < i, }
where x denotes the direct product of sets. Suppose that j € .%. Define

P i g 1, if i=jori=j,
¥ =) lie s} i) = {0, otherwise.
Then we have F (%) := {x/ | j € #} C F and | F(H)| =271,

Suppose that x € .7 (.%). If there exists x' = {x'(i) | i € .#} such that x’ € .F,
X' & F(H), there exists a cell j € . and 1 <k < c+1 such that ¥'(j) = 1 and
Jr, # ir,. This implies that there exists D; € & such that x}, (ip,) # xp, (ip,). Hence
we have |.%;| =2¢71. O

As mentioned in Sect. 8.1, for a consistent ¢ such that degt > 2, the fiber .%; may
be empty in general. However Theorem 8.2 shows that, in the case of degt =2, if a
consistent ¢ such that A, # 0 is given, then .%; # 0 for any hierarchical model. We
also note that Theorem 8.2 holds for general hierarchical models.

8.4 Minimal Markov Bases for Decomposable Models

In this section we discuss Markov bases for decomposable models from a viewpoint
of minimality (cf. Chap.5).

Let degt = 2. Let .7 be any tree whose nodes are elements of .%;. Denote the set
of edges in J; by #,. We can identify each edge (x,x') € 4 with a move z =
x—x'. So we identity Z 7, with a set of moves for .%;. In this section, we consider
only sign invariant Markov bases. Hence identify z = x —x” with —z =x’ —x and
consider the edges in .7 as undirected.

Let %4 be

Pna = {t | degt =2, |.F| > 2}. (8.5)
As mentioned above, the set of fibers of the minimum fiber Markov basis for
decomposable models coincides with the set of degree 2 fibers with more than one

element. Hence we can provide the complete description of minimal Markov bases
for decomposable models as follows.

Theorem 8.3. Define %° by
A= ) 8. (8.6)

tePBnq
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BTt .

((000)(111))—((001)(110))
((ou)l(loO)) ((010)2101))

Bth

BTt3
((000)(110))—((010)(100)) ((001)(111))—((011)(101))

Br, Br,
((000)(011) )—((010)(001)) ((100)(111) )—( (110)(101))
BTt6 BTt7

((000)(101))—((001)(100)) ((010)(111))—((011)(110))

Fig. 8.1 (@E%l in the complete independence model of three-way contingency tables

Then 9° is a minimal Markov basis and (8.6) is a disjoint union. Conversely every
minimal Markov basis can be written as in (8.6).

Example 8.1 (The complete independence model of 2 x 2 x 2 contingency tables).
Consider the model 2 = {{1},{2},{3}}. % for the model has seven elements.
Denote them by ty,...,t7. Figure 8.1 shows an example of %’g,l forr=1,...,7.
ty,...,t7 satisfy

A_tl :{17273}7 A_12:A_13:{172}7
A_t4 = A_'S = {2,3}, A_'6 :A_t7 = {1,3} (87)

The union of all these moves is a minimal Markov basis for the model. Inasmuch as
3‘}1 is a four-element fiber, 9,1 is not uniquely determined. Hence minimal Markov
bases are not unique for this model.

As seen from this example, minimal Markov bases are not necessarily uniquely
determined. The following corollary provides a necessary and sufficient condition
on decomposable models to have the unique minimal Markov basis.

Corollary 8.1. There exists the unique minimal Markov basis for a decomposable
model if and only if the number of connected components in any induced subgraph
of 9 is less than three.

Proof. Suppose that & (A;) has more than two connected components. Then because
|Z:| > 4 from Theorem 8.2, .7} is not uniquely determined. For a different tree .7,
B, # 2 7. Hence minimal Markov bases are not unique either.
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Fig. 8.2 Examples of chordal graphs satisfying the condition of Corollary 8.2

Conversely assume that the number of connected components of % (A,) for any
t € PByq is two. Then 7 for any t € HByq is uniquely determined. Hence the minimal
Markov basis is also unique. O

Corollary 8.2. For a decomposable model, there exists the unique minimal Markov
basis if and only if & has only two boundary cliques D and D' such that D" C DUD/
forall D" € 2.

Proof. Suppose that ¢4 has two boundary cliques D and D’ such that D" Cc DUD’
for all D" € 9. Then any vertex in D" is adjacent to D or D'. Hence the number of
connected components for any induced subgraph of ¢ is at most two.

Conversely suppose that there exists D" € & such that D" ¢ DUD'. Then the
subgraph induced by the union of D"\ (DUD'), Simp(D) and Simp(D’) has three
connected components. 0

The graphs with r = 2 always satisfy the conditions of the corollary. For r > 3
the graph with

2={{1,....,r—1},{2,....r},... {r,...,2r=2}} (8.8)

satisfies the conditions of the corollary. Figure 8.2 shows the graphs satisfying (8.8)
for r = 3,4. We can easily see that any induced subgraph of the graphs in the figure
has at most two connected components.

From a viewpoint of minimality, Dobra’s Markov basis %7 is characterized as
follows.

Theorem 8.4. A decomposable model has a clique tree T such that B7 is a
minimal Markov basis if and only if the model has the unique minimal Markov
basis.

Proof. When a decomposable model has a unique minimal Markov basis, %7
coincides with it.

Suppose that there exist three vertices in ¢4 which are not adjacent to one
another. Let 1,2, and 3 be three such vertices and assume that [ € D;, D; € 9,
for I = 1,2,3. Define {1,2,3}¢ = A\ {1,2,3}. Consider a degree 2 fiber .%, such
that Ay = {1,2,3} and xp10,31¢ (i1 0 33¢) =2 for some iy 5 33c. Then | %[ = 4 from
Theorem 8.2 and we can denote the four elements by
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Fig. 8.3 .7 in Example 8.2 @ @ @ @

Fig. 8.4 2 fort such that

A ={1,2,3,4} (0000)(1111)

(0111)(1000) (0001)(1110)

(0101)(1010) (0011)(1100)

(0100)(1011)

x1 = (00015 5310) (111 dgy 5 330), %2 = (001 g 5 33c) (110 5 33¢),
x5 = (010, 30) (101 i1 30) X4 = (011ig; 5 33¢) (100, 5 570). (8.9)

A minimal Markov basis connects these four elements by three moves. Let .7 =
(2,&) be any clique tree for ¢4 and 7' = (2',&”) be the smallest subtree of F
satisfying D; € 2’ for I = 1,2, and 3. Then we can assume that 7’ satisfies either
of the following two conditions,

(i) D, is an interior point and D; and D3 are endpoints on the path.
(ii) All of Dy, Dy, and D5 are endpoints of 7.

In both cases there exists e € & such that Dy, D, C V, and D3 C V. Then 7 (V,,V/)
includes the following two moves,

21 =X1—X2, 20 =X3—X4.
On the other hand there also exists ¢’ € & such that D C V,y and D,,D3 C V),. In
this case #7 (V,,V/,) includes the following two moves,

3=X1 —X4, Z4=X)—X3.
Thus %7 includes at least four moves for the fiber Z+, which implies that B7 is

not minimal for the model which does not have the unique minimal Markov basis.
O

Example 8.2 (The complete independence model of 2 x 2 x 2 X 2 contingency
tables). Consider the model 7 = {{1},{2},{3},{4}}and D;={I} fori=1,...,4.
Let .7 be the fiber with A; = {1,2,3,4}; that is, c(t) = 4 and |.%| = 8. Consider
%7 for 7 in Fig.8.3. Denote the set of moves for .% belonging to %7 by 93;7.
Figure 8.4 shows %;”. As seen from Fig.8.4, %, includes 12 moves. Because
|-Z:| = 8, 7 moves are sufficient to connect %;.
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8.5 Minimal Invariant Markov Bases

In this section we discuss Markov bases for decomposable models from the
viewpoint of invariance under the action of the direct product of symmetric groups
G=Gy,..1, =S X ---x 8§y, on the levels of the variables and provide a minimal
G-invariant Markov basis.

Here we denote ¢ = ¢(t) for simplicity. Let I, [ = 1,...,c, be connected
components of ¢4 (A_,) andletI.,; =A \A_,. For a subset of vertices V C A, denote

As a representative fiber .%,, we can consider ¢ such that the levels of all degenerate
variables are determined as 0:

T 2% =(04)(15, 0r,,)-

Then any x € .% is expressed as follows,

iFl :01"[ or irl:h"l, lZZ,...,C.

Let G',1=2,...,c, be the diagonal subgroup of S‘zm defined by

5 I;
Gl = {g=(3.....¢) [g € Sa} s\

Define G; = G2 x --- x G!* and let g € G; act on x € .7 by
8(x) = (0r; &2(iny) - &elir) Or,.., ) (11 &2(i3) - & i) Or,,)-

Clearly g(x) € .7 for x € # and furthermore for any x € .7, there exists g € Gy
such that x = g(xf). This shows that G; C Gy, _,, is the setwise stabilizer of .%,
acting transitively on.%.. Then G, C Gy,.,....1,, is isomorphic to a c-fold direct product
of Sps:

S5=8x--xS,.
Therefore the structure of .%; is equivalent to the structure of the fiber .%; with
A ZA,/ = {1,...,6‘}.
Let %, be a minimal G;-invariant set of moves that connects .%,. Let k(t) be

the number of G;-orbits included in Zg,. As representative moves of G;-orbits in
2B, we can consider

d=xhb-xcs, xcF k=1,. k).
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This is because we can always send x in z = x —x’ to x{, by the transitivity of G;.
Denote %g ={2},...,2.,,}. Define the set of # that induces representative fibers by
t K(1)

By =t x € 7} C Boa. (8.10)
By Theorem 7.1 a minimal Gy, ... j,-invariant Markov basis can be expressed by

0
o= UGh...1,(20), (8.11)

20 k=
te ) k=1

where Gy, ... 1, (zk) denotes the Gy, ... j,-orbit through z’ Hence in order to clarify
the structure of A, it suffices to consider 2 x - - - x 2 tables and investigate x(t) and
9300, for each 7.

As mentioned above, the structure of .% is equivalent to the one of the fiber
with Ay = A = {1,...,c} and ¥(A;) is totally disconnected. We first consider the
structure of such a fiber. .7 satisfies

= {(O ip-- -ic)(l iz e l:) | (iz e -ic) = iA\{l} S fA\{l}} (8.12)
and (0---0)(1---1) € .Z. Then we can 1dent1fy G, with S5'. For g € 8571,
write g = (gl, .,8c), where g; € S, for I = 1,...,c. A representative move of an

S~ -orbit is written by
= (0--0) (1 1) = (0ix (1) (1 i, 1)

for some i\ (1) € Fy\(1}- We first consider deriving k() and %g,. Let yel =

{0,1}¢7! denote the (¢ — 1)-dimensional vector space over the finite field GF(2),
where the addition of two vectors is defined to be XOR of the elements. Let &
denote the XOR operation. Let o denote the group operation of S%fl.

Lemma 8.3. S5 is isomorphic to V™.

Proof. Consider the map ¢ : S5 ' — 7! suchthat ¢(g) =v = (v2,...,v.) € V<1,

where
Vz—{ , if g (i) =
1, if g (i) =
forl=2,...,cand {ll,z,} {0,1}. Forg (gz, ,g’c) €85!, gl €S, andv €
yel, deﬁne ¢(g') =v = (v},...,v.). Then we have ¢(gog') =V = (¥2,...,7),

ve v where
5= {0, if grog(ir) =iy,
1, if gyog)(iy) = ij

for/ =2,...,c. Hence we have

~ /
Vi=vidy, [=2,...c
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Therefore ¢ is a homomorphism. It is obvious that ¢ is a bijection. Therefore SS*I
is isomorphic to 7¢I O

Based on this lemma, we can show the equivalence between S5-orbits in a
minimal S5-invariant set of moves that connects ﬁ,o and a (vector space) basis of
ye

Theorem 8.5. Let ¥ = {vi = (vi2,..., Vi), k=2,...,c} be any basis of ¥\
Define xfy, x,, € F by

x=(00---0)(11---1), X, = (0w vie) (1 Vo Vi)
where vi; = 1 D vy. Let Bg, be an ngl-invariant set of moves in .F. Then A,

is a minimal ngl-invariant set of moves that connects ., if and only if the

t

representative moves of the ngl-orbits in Bg, are expressed by zf,k = x|, — Xy

k=2,...,c. Hence x(t) =c— 1.

Proof. Suppose that %, is a minimal ngl-invariant set of moves that connects .%;
and that %, includes k(t) orbits S5 (2}),...,85 " (z'K(t)), where

=%~ X K= (0dra---ige) (L iy i)

for iy € S, k=1,....k(t), | =2,...,c. Let g& € 857! satisfy g¥(x)) = x for
k=1,...,k(t). We write g& = (gx2,-.-,8k)> g1 €S> for [ =2,....c. Let Hy =
{g',....g""W} C 57" be a subset of S5'. As mentioned above, .Z can be
expressed as in (8.12). Hence for any x € 3‘\,0 there exists g € S?l satisfying
x = g(x})). B, connects %, if and only if there exists p < k(t) such that

x=xy— 2z, —£"(zh,) — - —g" 008" )

and g = g o--- 0 g1, Hence e, is a minimal S;fl-invariant set of moves that
connects .%; if and only if H; satisfies

Vgess!, Ip<«k(t), g €Hy,..., 3" € H, stg=gro--0ght (8.13)

and no proper subset of H; satisfies (8.13).
Denote ¥ = ¢(H;) C 7~!. From Lemma 8.3, (8.13) is equivalent to

wev, e I er? st ov=via.. v (8.14)

From the minimality of %, no proper subset of 7 satisfies (8.14). This implies
that 70 is a basis of 7°~! and hence k(t) = ¢ — 1. If we define g = ¢~ (v;, ) for
k=1,...,c—1, we have g(0) = vy, and hence g*(xf)) = x{ =x!, . Therefore

Vit1®
zf,k, k=2,...,c, are the representative moves of the ngl-orbits in A, .
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Conversely suppose that the representative moves of Hg, are zi,k, k=2,...,c
0 satisfies (8.14) and no proper subset of 0 satisfies (8.14). Hence if we define
¢ =0""(vy) and Hy = {g',...,g° '}, H; satisfies (8.14) and no proper subset
of H; satisfies (8.14). Hence %, is a minimal ngl-invariant set of moves that

connects %;. O
For example, we can set 70 = {v,,...,v.} as
v, =(11---11), v3=(01---11), ..., w1 =(00---011), v.=(00---01),

and then the representative moves in a minimal G-invariant Markov basis are

29 = (00---0)(11---1) — (011 ---11)(100---00),
29 = (00---0)(11---1) — (001---11)(110---00),

2% = (00---0)(11---1) = (000---01)(111---10). (8.15)

So far we have focused on .% such that A, = A = {1,...,c} and 4(4,) is totally
disconnected. Now we consider a fiber for a general ¢ of a general decomposable
model. Define g; € G by

0---0 if Vk[:(),

gkz(orl)z{lml v 1 (8.16)

fork=2,...,cand[ =2,...,c and define g* € G; by
£(¥) = (0r; gnaliny) -~ &ie(ir) Or ) (A5 Zr2(iy) - e (i) Or,y)- - (8.17)

Denote x, = ¢*(x{)) and 2}, = x{, —x}, . By following (8.11) and Theorem 8.5, we
can easily obtain the following result.

Theorem 8.6. %, is a minimal ngl-invariant set of moves that connects F if

and only if the representative moves of the ngl-orbits in $Bg, are expressed as z(,k,
k=2,...,c. Hence x(t) = c— 1. Then

is a minimal Gy, ... 1,-invariant Markov basis. Conversely every minimal Gy, ... p,.-
seedm 1seeesdm
invariant Markov basis can be written in this form.

Example 8.3 (The complete independence model of three-way contingency tables).
Definety,...,t7 as in Fig. 8.1 of Example 8.1. Then %gd ={t,t,t4,t6}. Figure 8.5
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Bo, - (Bey,)

! G
((000)(111) >—< (001)(110)) ( (000) 111>_<G ((001) (110)
<(011)(100) >—< (010)(101)) (G((Oll)(lOOD_@((Olo)(l(Jl)D

JE———— N N

Bct2 - E G(Bct2) '
((oom(no)){(om)(wo)) | ( (000) 110)-@ 010) 100) :
EREER J

B, - N - N
BGt4 _ : (BGt4) '

( 000) o11)>—< 010) oo1> | (G 000) o11>—@( 010) oo1> E

N i J
B - N - N
Bey, : B GBey ) |
(ooo 101)>—< 001) 100) | ( (000) 101)>_<G 001) 100) :

N Ji o

Fig. 8.5 The structure of minimal G5 »- 1nvar1ant Markov bases for the complete independence
model of three-way contingency tables

shows a structure of % for the I} x I, x I3 complete independence model of three-
way contingency tables. The left half of the figure shows the structure of %, for
2 x 2 x 2 tables.

c(t1) =3 and hence x(t;) = 2. If we set v{ = (10) and v} = (01), we have

Z}' = (000)(111) — (010)(101), 25" = (000)(111) — (001)(110).

The orbits S3(z}') and S3(z3') are expressed in dotted lines and solid lines,
respectively, in the figure.

c(t;)=2and k(t;) = 1 for / =2,4,6. There exists one orbit in %th forl=2,4.6.
Then from Theorem 8.6 a minimal G» » >-invariant Markov basis is expressed by

B = G(ztll Ju G(ztzl Ju G(ztf) U G(z'l“) U G(ztf).

Dobra’s Markov basis %7 is characterized from a viewpoint of invariance as
follows. Because Z7 does not depend on the levels of the variables, B7 is Ghy,...l”
invariant. Based on the result of Theorem 8.5, we can show that %7 is not always
a minimal invariant Markov basis.
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Fig. 8.6 The clique tree
with two endpoints @ @

Theorem 8.7. %7 is minimal invariant if and only if 7 has only two endpoints.

Proof. Tt suffices to show that the theorem holds for 2 x - - - x 2 tables. Suppose that
T = (9,&) has more than two endpoints. Let D, D, and D3 be three of them.
Then they are boundary cliques. Suppose 1,2,3 € A are simply separated vertices
in Dy, D,, and D3, respectively. In the same way as the argument in the proof of
Theorem 8.4, there exist e, e’,e” € & such that

D,D, eV, D3e Ve/a
Dy, D3 €V,, Dy € Ve//,
D5, Dy eVeu,DzeVe’,,.

Consider the moves for the fiber .%? for t such that A, = {1,2,3}. Define zs
and zg by

5 =X1 — X3, Zp=X2— X4,

where x1,...,x4 are defined in (8.9). Then we have
Zl,ZZE%T(Ve,V;), z37z4€%T(Ve/7Vg//)7 ZS,ZGE%T(Ve//,Ve///).

We note that {z1,2>}, {23,24}, and {zs,26} are S3-orbits in %;” . Because x(t) = 2,
%7 is not minimal invariant.

Suppose that .7 has only two endpoints. Then .7 is expressed as in Fig. 8.6.
Let I3,...,I; be the ¢ connected components of & (A;). Suppose that & € I;. The
structure of .% is equivalent to the one of Z(,) such that Ay = {&8;,...,6, 1} and
9 (Ay) is totally disconnected. So we restrict our consideration to such a fiber.
Denote by 3‘;(,) the representative fiber for #’. Let

By ={x—x|x,x € F), x#x}

denote the set of all moves in 3}9. Without loss of generality we can assume that
51 S Dn’(l)’ where 77.7(1) << IT(C(I/)). Define ¢; = (leluDl) e&,S;=D;_1NDy,
Vi=Ve \Sand V/ =V, \ S forl =2,...,c(t'). Then the moves in B7 (V,V]) are
expressed as

z = (iviyyis)) (v, dvyBs,) = (v dyyis) Gvdvy s Bs,),
iV]vle S fvl, iV/?jV/ S fV/, isl (S fsl. (8.18)
IfV,, N Ay =0 or V), NAy =0, then we have B7 (V,,,V})) N By = 0.1V, N Ay # 0

and V,, N Ay # 0, then there exists 2 < k(e;) < c(t') satisfying & € V; for all k <
k(e;) and & € V/ for all k > k(e;). Then
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Fig. 8.7 Clique trees
for the four-way complete @
independence model

1 92

((0000)(1110) ) (0010)(1100)

(0110)(1000) (0100)(1010)

-----------

Zand 7 BT (Ve Vi) B,

(0110)(1000) }reeeeer (0100)(1010)

Fig. 8.8 The structure of %;” :

B (Ve Vi) N By =557 (2,

where zg(el) is defined as in (8.15). Hence we have

c(t)
B = B7 (Ve V)) N By = | 557 (2),
¢S k=2

which contains ¢(#') — 1 orbits for all t' € %gd. Hence %7 is minimal Gry,..ln-
invariant. a

Example 8.4 (The complete independence model of four-way contingency tables).
As an example we consider the 2 X 2 x 2 x 2 complete independence model
9 ={D; = {i},i=1,...,4}. Both 7' and 72 in Fig.8.7 are clique trees for
2. From Theorem 8.7, BT : is a minimal Sg-invariant Markov basis. Consider the
representative fiber .%, such that A, = {1,2,3}. For j = 1,2, denote the two induced

subtrees of .7/ obtained by removing the edge e; by Z{ and Z{ B Figure 8.8 shows
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(0000)(1110) (0010)(1100)

\Q ®

ot

(0110)(1000) (0100)(1010)

N/

VERN
5 () S IO

(0000)(1110) } (0010)(1100)

-----------

Zrand 7 BT (Ve, Vo) B,

O—Q Q/H

Fig. 8.9 The structure of %’72

Z}, 91, and 27" (Vey» Ve,) N %;. If we remove e3 from 1, 1,2, and 3 are still
connected and hence 7 (Ve3,V’ )N % = 0. Therefore %y contains k(t) =2
orbits. ,

On the other hand because .72 has three endpoints, %7 is not a minimal Sg-
invariant Markov basis. Figure 8.9 shows 7,7, 92/ and #7° (Vey, V2,)) N e We

2 . .
can see that 93;7 contains three orbits. As seen from this example, in general the
minimality of .#” depends on clique trees .7.

Example 8.5. We consider the model defined by the chordal graph in Fig. 8.10. The
clique tree of this graph is uniquely determined by .72 in Fig. 8.7. As seen from this
example, there exist decomposable models such that 27 for every clique tree .7 is
not minimal Gy, . ;,,-invariant.
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Fig. 8.10 A chordal graph
whose clique tree is uniquely
determined

8.6 The Relation Between Minimal and Minimal Invariant
Markov Bases

From a practical point of view a Gy, .. j,-invariant Markov basis is useful because
its representative moves give the most concise expression of a Markov basis. On the
other hand a minimal Markov basis is also important because the number of moves
contained in it is minimum among Markov bases. Here we consider the relation
between a minimal and a minimal Gy, . j,-invariant Markov basis and give an
algorithm to obtain a minimal Markov basis from representative moves of a minimal
....In-invariant Markov basis.

As mentioned in the previous section, the set of G;-orbits in a minimal G-
invariant set %, of moves that connects % has a one-to-one correspondence
to a basis 7 of ¥~ 1. Define gi; € Gr; and g* € Gy as in (8.16) and (8.17). Let
Hy ={g',...,g°'} C G;. Now we consider generating a set of moves %; in .% by
the following algorithm.

Algorithm 8.2
Input: Z, Hy = {g',...,g" '}
Output: %5

begin
B +— 0,
Choose any element x; in .%;;
for k =2to cdo
begin
for!/=1to 22 do
begin
Xy o2 =g ()
2y k=2 1= X — X ok-2;
Bf — By U{z 2}
end
end
return %;';
end
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€T,

€T,
(0000)(1111) (0000)(1111)

(0111)(1000) N (0001)(1110)) ((0111)(1000)) |
T3

x, \ = : k

(1110)

. | z, 2z \
(0010).(1101))! ((0110)(1001))\
(1100)

=

z, i . x, = \

(0101)(1010) ¥ ‘\ (0011)(1100)>/ ((0101)(1010))____ ‘\\

z() . z z( 2,
(0100)(1011) (0100)(1011)

Bsy B;

27

Fig. 8.11 %, and B} generated by Algorithm 8.2

Theorem 8.8. %/ generated by Algorithm 8.2 is a minimal set of moves that
connects Fy.

Proof. Tnasmuch as [%;| =20 +2! + ... +2¢71 = 2¢ — 1, it suffices to show that
x; # xyp for I # I'. Suppose that there exist [ and I’ such that [ # [ and x; = x; and
that x; and x are expressed as

! /
x=gvooghin), xp=g"v o oghi(x),
where kj <ky <--- <k, <c—1andk] <k’2<---<k;,Sc—l.Withoutlossof
generality we can assume p < p’. Then we have
gkl’o~~~ogk1 :gk;”o~~~ogk/l (8.19)

and there exists [ < p such that k; # k). From Lemma 8.3 (8.19) is equivalent to
vkl @...@vkp :vk,l ®"'@vk/,7
P

which contradicts that 77 is a basis of #“~!. Hence we have x; # x, for [ #£1'. O
From (8.6) we obtain the following result.
Corollary 8.3. Z* = ey, , % is a minimal Markov basis.

Example 8.6 (The complete independence model of a four-way contingency table).
We consider the same fiber as in Example 8.2. Define ¥ 0— {va2,v3,v4} by v, =
(100), v3 = (010), and v4 = (001). Figure 8.11 shows %¢, and %; generated by
Algorithm 8.2 with x; = (0000)(1111).



Chapter 9

Markov Basis for No-Three-Factor Interaction
Models and Some Other Hierarchical Models

9.1 No-Three-Factor Interaction Models
for 3 x 3 x K Contingency Tables

The no-three-factor interaction model for three-way contingency tables is one of
the simplest nondecomposable hierarchical models. In this chapter, we write I X
J x K contingency tables as x = {x;jx | i = (ijk) € #} where ¥ = {1,...,I} x
{1,...,J} x{1,...,K}. The generating class of no-three-factor interaction models is
2 ={{1,2},{1,3},{2,3}}. Therefore the cell probability for i = (ijk) is written as

log piji = W12y (i) + g1 31 (k) + o 33 (k).

With lexicographic ordering of indices, the configuration A for this model is
written as
ErQE;@ 1k
A= | E®1,®Ek
1,0 E;®Ex

As we see below, the structure of Markov bases for this model is very complicated.
In fact, the closed-form expression of Markov bases for this model of general I X
J x K tables is not yet obtained at present. Instead, we show the structure of minimal
Markov basis for I = J = 3 cases (i.e., 3 X 3 X K contingency tables) given in [10].
The arguments in [10] are based on the distance-reducing proofs in Chap. 6: first we
give a candidate set of moves %*, and in order to show that .%; constitutes one %*-
equivalence class for any ¢, we suppose .#; and .%; are different %*-equivalence
classes of .%; for some ¢, then choose x € .%; and y € .%5 such that

ly—x| = |yijk—Xiju| >0
i,jk

is minimized, and finally derive a contradiction.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 129
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_9,
© Springer Science+Business Media New York 2012
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For an I x J x K table x = {x;j}, i-slice (or i = iy slice) of x is the two-
dimensional slice {x,-ojk}lg j<J1<k<k» Where i = iy is fixed. We similarly define
Jj-slice and k-slice. In this chapter, to display I X J x K contingency tables, we write
1 i-slices of size J x K as follows.

X111 - X11K| X211 ~° " X21K X111 - XK

X1J1 - YUK X271 XK X1 - XIJK

We also use the concise expression of moves in Chap. 7 by the locations of nonzero
cells. For example, a move of 3 x 3 x 3 table displayed as

+1-10/|-1+1 O] 00 O
—14+10{| 0—-1+1| [+10 -1
0 00[[+1 O0-1||-10+1

is also written as
(111)(122)(212)(223)(231)(321)(333) — (112)(121)(211)(222)(233)(323)(331).
In this chapter, it is always assumed that the indices are integers such that

1 <iy,ip,...,if <I, iy,is,...,i all distinct,
1§j15j25"'7j]§']a jlija"'ijalldiStinCta
1 <ki,ky,....kx <K, ky,ks, ..., kg all distinct.

9.2 Unique Minimal Markov Basis for 3 x 3 x 3 Tables

First we define the most elementary eight-entry move.

Definition 9.1. A move of degree 4 is a move my(i1ia, j1j2,k1ky) € kerzA
written as

(i1j1k1) (i1 jaka) (i j1k2) (i jakr ) — (i1 jik2) (i1 jak ) (i ik ) (i2.aka2) -

We call this move a basic move for the no-three-factor interaction model. Figure 9.1
gives a three-dimensional view of the basic move. From the definition, the relation

my(iria, j1j2, kika)=my(iria, jo j1, koki)=my(izir, j1 jo, koki)=—my(iaiy, j1j2,k1k2)

holds. These moves of degree 4 are the most elementary moves in the sense that
all the other moves of higher degrees in keryA are written as linear combinations
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Fig. 9.1 2 x2 x2 move
of degree 4 (basic move)

of these degree 4 moves with integral coefficients. Namely, the set of basic moves
contains a lattice basis of kerz A. It is seen that the basic moves are indispensable
(see Definition 5.1) because

{Gikn) (i jako) (i ko) (i ok ), (i jika) (i1 jaka ) (i gk ) (12 2k2) }

constitutes a two-element fiber.

For I x J x K tables with fixed two-dimensional marginals, the set of basic moves
is not a Markov basis when at least two of 7,J,K are larger than 2. To see this,
consider 3 x 3 x 3 contingency tables having two-dimensional marginals as x;;. =
Xk =x.j=2forall 1 <i,j,k <3.There are 132 elements in this fiber, but elements
such as

200{1020/ (002
020/(002(]200
002|(200/]020

are not connected to any other element in the fiber by the basic moves. This simple
example suggests that the following moves of degree 6 are needed for the Markov
basis.

Definition 9.2. Moves of degree 6 are a move mg(iliz, J1j2j3.kikaks) € kerzA
written as

(i1j1k1) (i1 jaka) (i1 j3ks ) (iajr1k2 ) (i2 ok ) (i 3kt )
—(i1j1ka) (i1 j2k3) (i1 jakr ) (i2j1kr) (i jok2) (i j3k3),

amove m (i1i2i3, j1 jo,kikoks) € kerzA written as

(irj1ky) (i1 jaka) (iaj1k2) (i jaks ) (i3 jiks ) (i3 ok )
—(i1j1k2) (i1 j2k1) (i2j1k3) (i2j2k2) (i3 j1k1 ) (i3 jak3)

and a move mg(i1i2i3,j1j2j3,k1k2) € kerzA written as

(i1j1k1) (i1 jaka) (2 jakr ) (i2j3k2 ) (i3 1 K2 ) (i3 j3kt )
—(i1j1ka) (i1 j2k1) (ia oko) (i2 j3k1 ) (i3 1K1 ) (i3 j3ka ).
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Similarly to the basic move, the relations

m (iriz, j1 j2j3. kikoks) = ml (iria, ja ja i, koksky) = mb(iziy, j1 j3 )2, kokiks),
m{(i1iz, j1 joj3,kikaks) = —mg (iziy, j1 joj3, kikaks)

and similar relations for m}(i1iris, j1 jo,kikoks) and m& (iyiris, j1j2j3,kika) are
derived from the definition. We see that all the moves of degree 6 are indispensable.

Note that the moves of degree 6 are obtained as combinations of two basic
moves. To see this, we provide a complete list of the patterns that are obtained by
the sum of two overlapping basic moves. For basic moves my(iyi2, ji j2,k1kz) and
my(i\iy, j jb. K k5), define

511! +5111 +6; /+5121/,

Il

r +6;

r+8: 4+ 6, ndby

Ay =§; 1y T

JlJ

Ak = Ok, + i, + Oy + Gioi

and
A=A+ A;j+ Ak,

where §;; = 1 if i = j, and = 0 otherwise. Because two moves are overlapping,
Ar, Ay, Ag > 1. Furthermore, A; < 2, because i} # ip and i} # i5. Similarly, Ay, Ag <
2, therefore A € {3,4,5,6}. Corresponding to the values of A, all the patterns are
classified as follows.

o A =3:myu(iiiz, J1 jo,kikz) and my(i 1y, j| /5, K} k5) overlap at one nonzero entry.
In this chapter, we call this case a combination of type 1 or a type-1 combination.
If the signs of this overlapping cell are opposite, a move of degree 7 is obtained.
Figure 9.2 gives a three-dimensional view of this type of move.

o A=4:my(iriz, j1 j2,kikz) and my (i}, j} jb, k| k) overlap at two nonzero entries.
We call this case a combination of type 2 or a type-2 combination. If the pairs
of signs of these two cells are opposite, an indispensable move of degree 6 in
Definition 9.2 is obtained. Figure 9.3 gives a three-dimensional view of this type
of move.

o A =5:my(iriz, j1j2,kikr) and my4 (i35, j} j,, k) K5 ) overlap at four nonzero entries
along a two-dimensional rectangle. If all the pairs of signs are canceled, a basic
move is again obtained as

my(iyiz, j1 jo, kika) = ma(iviz, j1 jo, k1ks) 4+ ma(ivia, ji jo, k3k)
= my(i1io, j1 j3.kika) +my(iriz, j3 2, kiks)
= my(i1i3, j1 j2. kika) +my(iziz, j1j2,kik).

o A =6:my(iyiz, j1 jo,kikz) and my (i1, j} /5, k) K)) overlap completely.
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Fig. 9.2 3 x3 x3 move
of degree 7

Fig. 9.3 2 x3 x3 move
of degree 6

In the above list, the cases of A =3 and A =4 yield so called “two-step moves;” that
is, two basic moves are needed to construct these moves of degree 6 and degree 7.
As we see in Theorem 9.1 below, the moves of degree 7 in Fig. 9.2 are not needed
for a minimal Markov basis. To demonstrate this point, consider the following two
3 x 3 x 3 tables.
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Fig. 9.4 2x3 x3 move
of degree 6 (as another
combination of type 2)

000 001 100
x: (010 100 001
001 010 000
000 100 001
y: (001 010 100].
010 001 000

These two tables are the negative part and the positive part of the move of degree 7,
(123)(132)(211)(222)(233)(313)(321) — (122)(133)(213)(221)(232)(311)(323),

and mutually accessible by this move: y — x. However, instead of adding y — x to
x, my(23,12,13) can be added to x, and then, m4(12,23,32) can be added to x +
my(23,12,13), to obtain y. Note that the move y — x is a type-1 combination of
m4(23,12,13) and m4(12,23,32). x + m4(23,12,13) does not contain a negative
element, whereas x + m4(12,23,32) contains a negative element (2,2,3). Note also
that m4(23,12,13) and m4(12,23,32) overlap at this cell. Because the two basic
moves are canceling at this cell, it is obvious that at least one of these basic moves
(that has +1 at this cell) can be added without causing negative elements. On the
other hand, because the type-2 combination has two overlapping cells, it cannot be
avoided that one of these two elements becomes negative in adding basic moves one
by one. For this reason, the type-2 combination is essential.

We also note that the expression of the move of degree 6 as a type-2 combination
of two basic moves is not unique. Figure 9.4 illustrates the same move of degree 6
shown in Fig. 9.3, but the overlapping cells of the two basic moves are different.

Now we give a unique minimal Markov basis for 3 x 3 x 3 case.
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Theorem 9.1. The set of basic moves my(ijia, ji j2,kika) and moves of degree 6,
ml (i1in, j1 joj3. kikoks),mi (iviais, j1 jo, kikoks),mE (ivizis, ji joj3. kika) constitutes
a unique minimal Markov basis for 3 x 3 x 3 tables.

Note that the minimality and the uniqueness directly hold if this set of moves
constitutes a Markov basis, because it is composed of indispensable moves only.
See Corollary 5.2 in Chap. 5.

Following the distance-reducing proofs in Chap. 6, we consider the pattern of
z =1y —x where x and y have the same two-dimensional marginals. Before we give
a proof of Theorem 9.1, we show a useful lemma concerning the patterns of two-
dimensional slices of y — x for general 3 x 3 x K cases.

Definition 9.3. Let C be a two-dimensional matrix with elements ¢;;. Then a
rectangle is a set of four entries (c;,j,,Ciyj,»CirjysCiij,) With alternating signs.
Similarly, a 6-cycle is a set of six entries (cj,j,,Ciyj;sCiyjo>Ciz jasCisja>Ciy j3) With
alternating signs.

Using the fact that all the marginal totals of z =y — x are zeros, it can be easily
shown that any nonzero entry of z has to be a member of either a rectangle or a
6-cycle in all of the i-, j-, and k-slices when x and y are 3 x 3 x K contingency
tables.

Lemma 9.1. Letx andy be 3 x 3 x K contingency tables and let z =y —x. Consider
Z after minimizing |z| by applying the basic moves and the moves of degree 6 without
causing negative entries on the way. Then

(a) No k-slice of z contains 6-cycles.
(b) There is at least one rectangle in either an i-slice or a j-slice unless z = 0.

Proof. In the proof of this lemma, we display k-slices of z instead of our usual
display of i-slices.
To prove (a), suppose that, without loss of generality, k = 1 slice of z contains
the following 6-cycle
Nj123
1|+ — =
2 = % +|
3 0% 4+ —

Because z11. = 0, there exists at least one negative element in z112,2113,- - -,211k- Let
z112 < 0 without loss of generality. As is shown above, 711> has to be an element of
either a rectangle or a 6-cycle in the k = 2 slice. These two cases are considered,
respectively, as follows.

Case 1. zj1» is an element of a 6-cycle.

It is seen that the negative entries in the 6-cycle in the k = 2 slice, which
includes zj12, can be either (i) (z112,2222,2332) or (ii) (z112,2232,2322)- In case (i),
my(12,12,12) can be added to x without causing negative entries to make |z| smaller
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because x121,X211,X112,%222 > 0. On the other hand, in case (ii), m§(132, 123,12)
can be added to x without causing negative entries to make |z| smaller because
X121,X211,X331,X112,%232,X322 > 0. These imply that Case 1 is a contradiction.

Case 2. zj17 is an element of a rectangle.

It is seen that the negative entries in the rectangle, which includes z;», can be
either () (z112,2222), (ii) (z112,2232), (iii) (2112,2322), or (iv) (z112,2332). In case
(i), m4(12,12,12) can be added to x without causing negative entries and |z| can
be made smaller as in (i) of Case 1. In case (ii), it follows that z;37,2212 > 0 and
my(12,13,21) can be added to y without causing negative entries and make |z]
smaller because yi11,y231,Y132,¥212 > 0. Case (iii) is the symmetric case of (ii).

In case (iv), the two k-slices, {z;ji } and {z;j» }, are represented as

Nj123 Nj123
S|4+ — Sl =+
{zij}: 2 |- * + {zij2}: 2% % x|
3% 4+ — 30+ % —
In this case, because z331,2332 < 0, at least one of z333,...,233x has to be positive.

Let z333 > 0 without loss of generality. Here, z333 is again an element of either
a rectangle or a 6-cycle. But as already seen in Case 1, there cannot be another
6-cycle in the k # 1 slice. Thus z333 has to be a member of a rectangle. Moreover,
for the same reason as (i)—(iii) of Case 2, the k = 3 slice has to be a mirror image of
the k = 2 slice:

A\j123 i\j123 Aj123
L+ =% L=+ L L
{aip} - 2 |— * + {aija} - 2 % % % {aia} - 2 % % x|
3 x + — 3|+ * — 31— %+

However, m4(13,13,23) can be added to y or m4(13,13,32) can be added to x
without causing negative entries and |z| can be made smaller, which contradicts the
assumption. These imply that Case 2 also is a contradiction.

These considerations indicate that the 6-cycle cannot be included in any 3 x 3 slices
and the proof of (a) is completed.

Next (b) is proved. Suppose z has nonzero entries and let z;1; > 0 without loss
of generality. It is known that z11; is a member of a rectangle in the k = 1 slice from
(a). Then let the k = 1 slice be represented as

Nj1l23
1|+ —
2 |— 4=

3 0% % %
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without loss of generality. We are assuming that there exists no rectangle in the 3 x K
i-slices or j-slices of z. Write z;1» < 0 without loss of generality because z;1. = 0.

Nj123 i\j123
L+ = RN
{aij} - 2 |— + x {aija} - 2 % % x|
3% * x 3% * %

From the assumption, it follows that zj22,2212 < 0 because otherwise either i = 1
slice or j = 1 slice has a rectangle. We also have zp7; > 0 because otherwise we
can add m4(12,12,12) to x without causing negative entries and make |z| smaller.
Hereafter we display nonnegative elements by 0+ and nonpositive elements by 0—.

Nj123 N1 o203
N e
S ARPY TN B S A N I £
3% * * 3 % % x

Inasmuch as 7115 has to be an element of a rectangle in a k = 2 slice, 7132 > 0,z3120 >
0 and z33 < 0 are derived.

Nj123 Nj 1 23
14— 1= 00—+
(SZE R N R G P (R
3% % % 314+ % —

It is seen that if zj3; < 0, there appears a rectangle in the i = 1 slice; and if z3;; <0,
there appears a rectangle in the j = 1 slice. These contradict the assumption.

Then it follows that z131,z311 > 0. Here we write zjp3 > 0 without loss of
generality, because zj5. = 0.

i\j 123 iNj 1 23 i\j123
L[+ -0+ L= 00—+ . et
{lel}‘ 20— 4« {ZUZ}- 2 10— 0+ % {le3}‘ 2***
310+ % x 31+ * — 3% x %

It is seen that if 7113 < 0, there appears a rectangle in the i = 1 slice; and if 2223 < 0,
there appears a rectangle in the j = 2 slice. These contradict the assumption. Then
it follows that z113,2223 > 0.

iNj 1 23 iNj 1 23 Nj 1 23
1)+ =0+ 1= 0—+ L L0+ 4 %
{aij} - 21— + % {zi} - 2 |0— 04 * {aija} - 2| x 04 x|
310+ x % 314+ x — 30 % % %
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Z123 has to be an element of a rectangle in the k = 3 slice, therfore 733, 2323 < 0 and
7333 > 0 are derived.

iNj 123 iNj 1 23 iNj 1 23
L[+ —or Ct[=o—+] , . 1for ¥ -
(SR R I B G T i ST ) I PR £
3104+ x x 30+ % — 3% — 4+

But then a rectangle (z132,2133,2333,2332) appears in the j = 3 slice, which contra-
dicts the assumption and the proof of (b) is completed. a

Now we carry out a proof of Theorem 9.1 using Lemma 9.1.

Proof (Theorem 9.1). As we have stated, we only need to show that the elements of
z =y —x have to be all zero after minimizing |z| by applying the basic moves or the
moves of degree 6 without causing negative entries on the way.

Suppose z has nonzero entries. Let zi1; > 0 without loss of generality. From
Lemma 9.1(a), z;1; has to be an element of rectangles, in each of the i =1, =
1, and k = 1 slices. We can take one of these rectangles in the i = 1 slice as
(Z111 ,lez,zlzz,zlzl) without loss of generality.

+ — % * k% * k%
— 4 % * % % * ok k|
* ok ok * k% * %k

Next consider the j = 1 slice. We claim that z1; and zj;; are elements of the
same rectangle in j = 1 slice. To prove this, consider the sign of z;3. If 713 > 0,
the rectangle containing z;1; in the j = 1 slice contains zj7, and if z;13 < 0O, the
rectangle containing z117 in the j = 1 slice contains zj1;. Therefore, z;1; and z112
are elements of the same rectangle in the j = 1 slice and the rectangle can be taken
as (z111,2112,2212,2211) Without loss of generality.

+ — % — 4 % * ok %
— + % * ok ok * % k|
* ok K * ok ok * ok %k

Now consider the rectangle in the k = 1 slice containing z;1;. For a similar reason as
above, this rectangle also contains zj;. In addition, if zpp; > 0, m4(12,12,21) can
be added to y without causing negative entries and |z| can be made smaller, which
contradicts the assumption. Hence, the rectangle in the k = 1 slice including z;11 has

to be (z111,2121,2321,2311)-

+ — % — + % — % %
— 4 % 0— x x + % k.
* % ¥ ¥ % % * ¥ %
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Next consider the rectangle in the j = 2 slice including z15. For a similar reason
as above, this rectangle also contains zj2>. Hence, the rectangle in the j = 2 slice
including z121 has to be (z121,2122,2322,2321)-

+ — % — 4+ % — k%
-+ * 0— % x + — *|.
* ok % * ok % * ok %

However, m4(13,12,12) can be added to x without causing negative entries and |z|
can be made smaller, which contradicts the assumption. From these considerations,
a set of the basic moves and the moves of degree 6 is shown to be a Markov basis
for the 3 x 3 x 3 case. All these moves are indispensable, therefore the minimality
and the uniqueness also follow. This completes the proof of Theorem 9.1. O

9.3 Unique Minimal Markov Basis for 3 x 3 x 4 Tables

The next indispensable move is constructed as a three-step move. For the case of
a general I x J x K contingency table, there are several types of such a move. One
is a 2 x 4 x 4 move of degree 8 and another is a 3 x 4 X 4 move of degree 9. We
consider these moves in Sect.9.5. For the 3 x 3 x K case, the following type of
move is needed.

Definition 9.4. A move of degree 8 is a move mg(i1ii3, j1 j2j3,k1koksks) € kerzA
written as

(i1j1ky) (i1 jaka) (2 j1 ks ) (i jokr ) (i j3ka) (i3 1 k2) (i3 jaka) (i3 j3K3)
—(i1jrka) (i1 j2k1) (@2 j1k1) (izjaka) (i j3ks ) (i3 j1k3) (i3 j2k2 ) (i3 3 K4).

Figure 9.5 gives a three-dimensional view of this type of move. From the definition,
the relation

mg(i1izi3, j1j2]3,kikoksks) = —mg(i1i3iz, jo j1 j3, kakikaks)
= mg(iizia, j1 j2j3, kokik3kys)

is derived.
Now we state a theorem for the 3 x 3 x 4 case.

Theorem 9.2. The set of basic moves my(iriz, j1j2,k1ks), moves of degree 6,
ml (i1in, j1 joj3. kikoks),mi (iviais, ji jo, kikoks),mE (ivizis, ji jo j3, kikz), and moves
of degree 8, mg(i1izi3, j1 joj3,kikaksks) constitutes a unique minimal Markov basis
for 3 X 3 x 4 tables.
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Fig. 9.5 3 x 3 x4 move of degree 8

Proof. Similarly to the proof of Theorem 9.1, we only need to show that the set
of the moves of degree 4,6, and 8 above constitutes a Markov basis; that is, the
pattern of z =y — x has to be of all zero entries after minimizing |z| by adding the
basic moves, the moves of degree 6 or degree 8, without causing negative entries on
the way.

Suppose z has nonzero entries. Let zi1; > 0 without loss of generality. From
Lemma9.1(b), we can also assume that there is a rectangle including z;1; in either
ani= Il sliceora j =1 slice. We can take one of these rectangles in the i = 1 slice as
(z111,2112,2121,2122) Without loss of generality. Moreover, 211 < 0,2221 > 0 without
loss of generality because it is known from Lemma 9.1(a) that z;1; is an element of
arectangle in the k = 1 slice.

+ — % x — 3k k% * ok k%
— 4+ x % =+ % % x * ok ok k| .
% k% ok % ok ok ok * ok k%

As in the proof of Theorem9.1, by considering the sign of z;3;, we see that zj12
and zjp are members of the same rectangle in the k = 2 slice. Then (z212,2222)
and/or (z312,2322) has to be (+,—). Butif zp;o > 0, ms(12,12,21) can be added to
y without causing negative entries; and if zppp < 0, m4(12,12,12) can be added to
x without causing negative entries; and |z| can be made smaller. These imply that
z312 > 0,230 < 0 and 2312 < 0,220 > 0. Similarly, if z31; < 0, m4(13,12,12) can
be added to x without causing negative entries; and if z351 > 0, m4(13,12,21) can
be added to y without causing negative entries; and |z| can be made smaller, which
forces z311 > 0 and z3p; < 0.



9.3 Unique Minimal Markov Basis for 3 x 3 x 4 Tables 141

+ — % % —0— % % 0+ + * %
— + % x + 0+ * x 0— — = %|.
%k kK * ok kK * Ok kK

Inasmuch as z;1. = 0, let zp13 > 0 without loss of generality, which forces z123 <0,
otherwise, m4(12,12,31) can be added to y without causing negative entries and
|z| can be made smaller. The fact that z;3 > 0 also forces z323 < 0, otherwise,
mg (132,21,123) can be added to y without causing negative entries and |z| can
be made smaller.

+ — % x —0— 4+ 0+ 4+ % =
—+0—x + 0+ * = 0— — 0— %|.
* ok k% * ok ok % x % ok ok

Because z.,3 = 0, it follows that z553 > 0. This implies z224,2233 < 0 because zp3. =

223 = 0.
+ — % % —0- + = 0+ + = =x
— 40— % + 0+ 0+ — 0— — 0— x|.
S T ¥ ok — % ok ok ok

From symmetry (in interchanging roles of + and —), zj14,2314 > 0, other-
wise, m4(12,12,14) can be added to x without causing negative entries or
m}(132,12,124) can be added to x without causing negative entries and |z| can
be made smaller. These also imply z214 < 0,2234 > 0 because z.j4 = z0.4 = 0.

+ — * 0+ - 0- + 0- 0+ + = O+
— 40— x + 04+ 04+ — 0— — 0— ©.1)
* ko ok % * ok — 4+ ko k k ok

Because z31. = z30. = 733 = z3.4 = 0, it follows that z313 < 0,z304 > 0,2333 > 0,

2334 < 0.
+— % 04 - 0— + 0- 0+ + — 0+
— 4+ 0— + 0+ 0+ — 0— —0— +|.
* ko ok % * ok — 4+ * x4+ —

But mg(132,123,2134) can be added to y (or mg(123,123,1234) can be added to x)
without causing negative entries and |z| can be made smaller.

From these considerations, a set of the basic moves, the moves of degree 6 and
degree 8, is shown to be a Markov basis for the 3 x 3 x 4 case. This is a set of
indispensable moves, thus this is a unique minimal Markov basis and Theorem 9.2

is proved.

O
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9.4 Unique Minimal Markov Basis for 3 x3 x5and 3 x3 x K
Tables for K > 5

Continuing the above discussion, next we consider a four-step move. For the case
of a 3 x 3 X K contingency table, only a move of the following type needs to be
considered.

Definition 9.5. A move of degree 10 is a move mi(i1izi3, 1 j2j3,k1kokskaks) €

kerzA written as

(i1j1k1) (i1 jaka) (i1 joks ) (i1 j3ka) (i2j1k3 ) (i2 2k ) (i2j3ks ) (i3 j1ka) (i3 jaka) (i3 j3K3)
—(i1jrka) (i1 j2k1) (i1 joka) (i1 j3ks ) (i jiki ) (i joks ) (i2j3k3) (i3 j1k3 ) (i3 jaka ) (i3 j3Ka ).

Figure 9.6 gives a three-dimensional view of this type of move. From the definition,
the relation

mio(i1i213, j1 j2J3, kikakskaks) = myo(i1i3ia, j3 jo j1, kakskski ko)
= —mo(i1i2i3, j3 j2j1,kskakskoky)

is derived.
As for a connected Markov chain, the next theorem holds for the 3 x 3 x 5 case.

Theorem 9.3. The set of basic moves mqy(iriz, j1j2,k1ks), moves of degree 6,
mi(iriz, jujajs, kikoks), mi(iviaiz, juj2, kikoks), mf (ivizis, j1jojs,kika), moves of
degree 8, m8(ili2i3,j1j2j3,k1k2k3k4), and moves Of degree 10, mlo(i1i2i3,j1j2j3,
kikakskaks), constitutes a unique minimal Markov basis for the 3 x 3 X 5 tables.

Fig. 9.6 3 x 3 x 5 move of degree 10
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Interestingly, this set of moves is shown to be a unique minimal Markov basis for
the general 3 x 3 x K(K > 5) case. We give a main result of this section.

Theorem 9.4. The set of basic moves mqy(iriz, j1j2,k1ks), moves of degree 6,
ml(i1in, j1 joj3. kikoks), ml(iviziz, j1 jo,kikaks), m& (ivizis, j1 jojs.kika), moves of
degree 8, m8(ili2i3,j1j2j3,k1k2k3k4), and moves Of degree 10, mlo(i1i2i3,j1j2j3,
kikakskaks), constitutes a unique minimal Markov basis for 3 x 3 x K(K > 5) tables.

Proof (Theorem 9.3). Again all we have to show is that the pattern of z=y —x
must be of all zero entries after minimizing |z| by adding the basic moves, the moves
of degree 6, degree 8, or degree 10, without causing negative entries on the way.

Suppose z has nonzero entries. For a similar reason leading to (9.1) in the proof
of Theorem 9.2, the patterns can be restricted to

+ — % 04 x —0— + 0— % 0+ + * O+ %
—4+0— * % + 0+ 0+ — = 0——0— *
ok ok % % x ok — 4 ok k% ok k%

without loss of generality. Because z31. = z30. = 0, at least one of z313 and z315 has
to be negative and at least one of z3p4 and z3p5 has to be positive. But we have
already seen that (z313,2324) = (—,+) contradicts the assumption. In addition, if
(z315,2325) = (—,+), it follows that z115 < 0, z125 > 0 (otherwise m4(13,12,25) can
be added to y without causing negative entries and m4(13,12,52) can be added to
x without causing negative entries and |z| can be made smaller) and (z2;5,2205) =
(+,—) because z.15 = z.5 = 0. But m}(132,21,125) can be added to y without
causing negative entries and mg(132, 12,125) can be added to x without causing
negative entries and |z| can be made smaller. All of these contradict the assumption.

The remaining patterns are (z313,2325) = (—,+) or (z315,2324) = (—,+). Consid-
ering the symmetry, we write (z313,2325) = (—,+) without loss of generality. Then
the patterns are, without loss of generality, summarized as

+ — *x 0+ % —0— + 0— % 0+ + — 0+ 0+
— 4+ 0— x % + 0+ 0+ — = 0——-0-0- +
ok k% % x ok — % k% ok ok %

204 = 71.4 = 23.3 = 23.5 = 0, thus it follows that 7124 > 0,z134 < 0,2z333 > 0,2335 < 0.

+ — *x 0+ % —0— + 0— % 0+ + — 0+ 0+
—+0- + * + 0+ 0+ — = 0——-0-0- +
* % % — ok * ok — 4 % * ok 4+ %k —
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If 2205 < 0, mg(123,123,1235) can be added to x without causing negative entries
and |z| can be made smaller, which contradicts the assumption. Similarly, if z335 > 0,
mg(123,213,1253) can be added to y without causing negative entries and |z| can
be made smaller, which contradicts the assumption. These imply z225 > 0,2234 < 0,
which also imply z125 < 0,z135 > 0 inasmuch as z.55 = z.35 = 0.

+ — % 0+ x —0— + 0— 0+ 4+ — 0+ 0+
- +0- + — + 0+ 0+ — 0+ 0——-0-0- +|.
x ok ok — * x — 4+ 0— * x4+ % —

But m;((123,321,45321) can be added to y (or mo(123,123,12354) can be added
to x) without causing negative entries and |z| can be made smaller, which contradicts
the assumption.

From these considerations, the set of the basic moves, the moves of degree 6,
degree 8, and degree 10 is shown to be a Markov basis for the 3 x 3 x 5 case. Because
this is a set of indispensable moves, this is a unique minimal Markov basis and
Theorem 9.3 is proved. O

Proof (Theorem 9.4). Again we can begin with the following pattern.

4+ — % 04 % % —0— 4+ 0— %= 0+ 4+ * 04 % %
— +0— % xx + 0+ 0+ — % 0— —0— *x % x*|.
ok k% sk ok ¥ % — 4 % x %k % % k%

As we have seen in the proof of Theorem 9.3, z3;3 has to be nonnegative and z324
has to be nonpositive, because either one of (z313,z326) = (—,+) and (z316,2324) =
(—,+) also contradicts the assumption. The case of (z316,2326) = (—,+) also
contradicts the assumption for a similar reason to that of (z35,z325) = (—,+). Hence
the remaining patterns are (z315,2326) = (—,+) and (z316,2325) = (—,+). We write
(z315,2326) = (—,+) without loss of generality.

+ — % O+ *x*| |—0— + 0— %% [0+ 4+ 0+ 0+ — *
—+0— *x xx| |[+04+0+ — xx%| [0——0—0— % +|.

* % ok ok kx| [k k% — 4 k% * % ok k% %

According to the symmetry in interchanging the roles of {+,—}, the roles of
{z2ji>z3jk}» and the roles of {(z;3,zij4), (zij5,Zije) }» the patterns can be restricted to

+— % 0+ % 0—| [-0— + 0—0—0—] [0+ +0+ 0+ — O+
— 40— % O+ #| |+0+0+ — 0+ 0+ [0— —0—0—0— +

* ok ok ok ok % * ok — 4+ k% * ok ok k% 4 —
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for a similar reason to the proof of Theorem 9.2. Because z.13 =2.15 = 2.24 = 226 =0,
it follows that z113 < 0,z115 > 0,2124 > 0 and z126 < 0. 213 =214 =215 =216 =0
also forces z133 > 0,7134 < 0,z135 < 0 and z13¢ > 0.

4+ — — 0+ + 0—| [~0— + 0—0—0—| [0+ + 0+ 0+ — O+
— 40— + 0+ —| |[+0+0+ — 0+ 0+| [0— —0—0—0— +|.
* x + - — 4+ * ok — 4 *x % * ok ok ok 4 —

But this pattern includes moves of degree 6. We can add ml(21,132,134) to
y, mL(12,132,134) to x, mi(13,132,256) to y, or m,(31,132,256) to x without
causing negative entries and make |z| smaller, which contradicts the assumption.
From these considerations, it is shown that the set of the basic moves, the moves
of degree 6, degree 8, and degree 10 is also a Markov basis for the 3 x 3 x K (K > 5)
case. The minimality and the uniqueness directly hold again. Note that although we
have displayed 3 x 3 x 6 tables, the above argument does not involve & slices for
k > 7. Therefore we obtain the same contradiction for the 3 x 3 x K (K > 7) tables.
This completes the proof. O

A result corresponding to Theorem 9.4 for Grobner bases was given in [27].

9.5 Indispensable Moves for Larger Tables

The fact that the structure of a minimal Markov basis for 3 x 3 x K tables is
essentially explained by 3 x 3 x 5 tables is very attractive. Such a theoretical result
seems important because even if we can obtain the reduced Grobner basis for the
3 x 3 x 6 table by an algebraic algorithm, we have to carry out new calculations to
obtain results for 3 x 3 x 7 or 3 x 3 x 8 problems. In fact, the following result is
shown in [131] as a special case of the Graver complexity of the higher Lawrence
lifting (see Sect. 9.8 below).

Proposition 9.1 (Corollary 2 of [131]). For any positive integers 1,J, there exists
a positive integer m such that every element of a minimal Markov basis for the
I x J X K tables with fixed two-dimensional marginal frequencies is included in
I xJxm.

The above m is called a Markov complexity for the configuration A. The values of
m for some cases are computed in [131]. For the example of the 3 x 3 x K table
with fixed two-dimensional marginal frequencies, an upper bound of the Markov
complexity is given by the Graver complexity, which is computed to be 9 by [131].
Therefore no new type of conformally primitive move appears for K > 10.

The results of the previous section are not derived by algebraic algorithms but
by “thoroughly checking symmetry by inspection” ([10]) based on the distance-
reducing proofs in Sect. 6. Of course, if we carry out a similar method for problems
of larger sizes, the number of the cases we have to consider becomes huge. In [9], a
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similar approach of distance-reducing proofs is carried out for the 3 x 4 x K cases.
The result of [9] is that “for 3 x 4 x K problems, it is sufficient to consider up
to K = 8, and the set of the 20 kinds of moves up to 16 degree forms a unique
minimal Markov basis.” The truth of this proposition has not yet been confirmed by
algebraic algorithms. On the other hand, as for the development of the algorithms
for calculating Grobner bases, calculating Markov bases for the 4 x 4 x 4 tables has
been used as a benchmark problem since about 2002. This problem is first solved
completely by [83] using 4ti2 ([1]). In [83], it is reported that “148, 654 elements in
15 kinds of moves form a minimal Markov basis for the 4 x 4 x 4 problem.” See [15]
for an overview of the history of calculating Markov bases for 4 x 4 x 4 problems.

We have already pointed out that the type-2 combination is essential in Sect. 9.2.
In fact, from the three-dimensional views of the indispensable moves in the unique
minimal Markov basis for 3 x 3 x K cases in Figs.9.3, 9.5, and 9.6, we see that
they are constructed as the type-2 combination of several basic moves. However,
structure of the indispensable moves for general I x J x K cases can be more
complicated. To see this point, we show the unique minimal Markov basis for the
3 x4 x 4 case. It is composed of basic moves, moves of degree 6 (2 x 3 x 3,3 x2 x
3,3 x 3 x 2), and moves of degree 8 (3 x 3 x 4,3 x4 x 3), and moves of degree 8
(2 x4 x 4)like

+1-10 0 -1+1 0 O 0000
0 +1-10 0 -1+10 0000 ©9.2)
0 0 +1-1 0 0 —1+1 0000 '
-1 0 0 +1 +1 0 0 -1 0000
moves of degree 9 (3 x 4 x 4, Fig.9.7) like
+1—-100 —-1+10 0 00 0 O
-1 0 +10 +1 0 0-1 00 —-1+1
0 +1-10 0 000 0-1+1 0|
0 0 0O 0 -10+1 0+1 0 —1
and moves of degree 10 (3 x 4 x 4, Fig. 9.8) like
+1—-10 0 —-1+1 00 0 000
-1+1 0 O 0 0 0O +1-100
0 0 +1-1 +1 0 —-10 -1 0 0+1|
0 0 —-1+1 0 -1+10 0 +10-1

Among the newly obtained moves, the 3 x 4 x 4 move of degree 10 is interpreted
as a type-2 combination of a basic move and a move of degree 8, which is similar to
the 3 x 3 x 5 move of degree 10 shown in Sect. 9.4. However, the 3 x 4 x 4 move of
degree 9 is new in the sense that this is a type-2 combination of a basic move and a
move of degree 7. Recall that the move of degree 7 itself is not needed to construct
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Fig. 9.7 3 x4 x4 move of degree 9
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0 - - +1

-1

Fig. 9.8 3 x4 x4 move of degree 10
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a connected Markov chain. In this chapter, we have only considered combinations
of basic moves that happen “one at a time.” But it might be worthwhile to think of
this degree 9 move as a combination of three basic moves that happens “all at once,”
and every two of these basic moves are type-1 combinations. The move of degree 9
suggests the difficulty in forming a conjecture on a minimal Markov basis for larger
tables.

On the other hand, we see that the 2 x 4 x 4 moves of degree 8 displayed in (9.2)
are conformally primitive (see Definition 4.2 of Sect.4.6). From Proposition 4.2,
for general 2 x J x K tables, each conformally primitive move of degree 2m can be
written as

(Ljtkr)(Ljaka) -+ (Ljmkm ) (2j1k2) (2j2k3) -+ (2 jmk1)
—(2j1k1)(2j2k2) -+ (2 jmkim) (1 j1k2) (1 j2k3) -+ (1 k1)

and it is also indispensable. Therefore, for 2 x J X K tables, the unique minimal
Markov basis exists as the Graver basis. This is the consequence of the fact that
2 x J x K no-three-factor interaction model is the Lawrence lifting (cf. Sects. 4.6
and 5.4.3) of the J x K two-way complete independence model.

As another difficulty in larger tables, we show that a minimal Markov basis can
include non-square-free indispensable moves. It is easy to check that the following
two 3 X 4 x 6 moves are indispensable.

+1-1 0000 0+10-10 O -100 +1 0 O
0 +1-1000 0-100 +1 0 00+1 0 —-10 ©9.3)
0 0 +100-1 00O0+1 0 —1 00-1-10 +2| '
-1 0 000+1 0000 —1+1 +10 0 0 +1-2
+1-10 000 -10 0 0 0 +1 0+10 0 0 —1
0 +1-1000 00+10-10 0-100 +1 0
0 0 +1-100 00-100 +1 000+1 0 —1f
-1 0 0 +100 +10 0 04+1-2| |00 0—-1—-1+2

Though the complete structure of the minimal Markov bases for general I x J x K
problems is not obtained at present, all the minimal Markov bases for 3 x 3 x K
cases, 4 x 4 x 4 cases by [83], and also 3 x 4 x K cases by [9] turned out to be
unique. These results suggest the following conjecture.

Conjecture 9.1. For no-three-factor interaction models of three-way contingency
tables, there exists a unique minimal Markov basis.

The indispensable move in (9.3) has +2 and —2; that is, both the positive part
and the negative part are non-square-free. It is known (cf. Lemma 6.1 of [111]) that
existence of an indispensable move with both parts non-square-free implies that the
semigroup associated with the configuration is not normal. The example of a hole for
the 3 x 4 x 6 contingency table in Sect. 10 of [148] corresponds to the indispensable
move (9.3). Results on normality of semigroups for larger tables are summarized in
[113]. Normality for the 3 x 5 x 5 case was recently established by [29].
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9.6 Reducible Models

Let [m] = {1,...,m} be the set of variables and let ¥~ denote a simplicial complex
on [m]. Denote by 2 the set of maximal elements (i.e., facets) of . Then, as seen
in Sects. 1.5 and 8.1, the hierarchical model associated with .7 is defined as

logp(i) = Y, pp(ip)- (9.4)
De9

A sufficient statistic ¢ for this model is the set of marginal frequencies for each facet
t= {XD(iD),iD € Ip,D € @}

In the following we identify #~ with the hierarchical model (9.4).

We note that Z is considered as a hypergraph such that each facet in Z is a
hyperedge of 2. Here we introduce some notions on hypergraphs according to
Badsberg and Malvestuto [20] and Malvestuto and Moscarini [101]. A subset D
of a hyperedge of Z is called a partial edge. We note that the submodel induced by
a partial edge is saturated. A partial edge S is a separator of & if the subhypergraph
of 2 induced by [m] \ S is disconnected. A partial edge separator S of 2 is called a
divider if there exist two vertices u,v € [m] that are separated by S but by no proper
subset of S. When & is graphical, a partial edge separator and a divider are the
clique separator and clique minimal vertex separator [97], respectively (e.g., Hara
and Takemura [78], Leimer [99]).

If two vertices u,v € [m] are not separated by any partial edge, u and v are
called rightly connected. A subset C C [m] is called a compact component if
every pair of variables in C is tightly connected. Denote the set of maximal
compact components of Z by €. Then there exists a sequence of maximal compact
components Cj,...,Clg/| such that

(ClU-'-UCkfl)ﬁCkZSk 9.5)

and Sy, k = 2,...,|%|, are dividers of 2. We denote . = {S,...,S¢|}. 7 is a
multiset in general. The property (9.5) is called the running intersection property.
Then cell probability p(i) is expressed as a rational form of marginal probabilities,

o Tcew plic)
P(i) [Ise.s plis)

MLE is expressed as a rational form of the MLE of marginal probabilities,

Al

ﬁ(i) _ HCGCKPA(I‘C) _ HCE%F(IC) )
[ses plis)  Ilses(x(is)/n)

(9.6)
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If 2 does not have a divider (i.e., if |€’| = 1), the corresponding hierarchical
model (9.4) is called prime. On the other hand, if 2 has a divider, the corresponding
hierarchical model is called reducible (e.g., Develin and Sullivant [49], Hosten and
Sullivant [88]).

9.7 Markov Basis for Reducible Models

From (9.6), in order to compute the MLE of a reducible model, it suffices to compute
the MLEs of marginal models p(ic) for each maximal compact component. In the
same way, a Markov basis for a reducible hierarchical model is also constructed
from Markov bases of marginal models for maximal compact components. In this
section we discuss the divide-and-conquer approach to the computation of a Markov
basis for reducible models by Hosten and Sullivant [88] and Dobra and Sullivant
[54].

For a subset of variables D C [m], denote by .# (D) the submodel induced by D.
Let (A1,A2,S) be a decomposition of 2 and define V; := A US and V, := A, US.
Denote by Ay, = {av, (iv; ) }iy, ey, and Ay, = {av, (iv)}iy, e, the configurations
for the marginal models .#(V;) and % (V»), where ay, (iv,) and ay, (iy,) denote
column vectors of Ay, and Ay,, respectively. Noting that iy, = (i, is) and iy, =
(isia, ), the configuration A for a reducible model is written by

A = AV[ ®SAV2 = {avl (iAl iS) EB aVZ (iSiAz)}iAl EJAI ,isefs,iAZEjA27

where
. . ay, (ia,is
ay, (ia,is) @ ay, (isia,) = ( ! (. . ) )
av, (isia,)
denotes the stacked vector (1.21).
As in previous sections we denote a move z with degree d by

o

. . of
z:ll...ld_ll...ld,

where iy,...,i; € % are cells of positive elements of z and #},...,i/, € .7 are cells
of negative elements of z. iy appears z(i;) times in {iy,...,i;} and in the same way
i} appears |z(i})| times in {#},...,i,}.

Assume that ZA(V,) and B(V,) are Markov bases for JZ(V;) and % (V,),
respectively. Let 2y = {z1 (i, )}, e.5, and 22 = {z2(iv,) }iy, ey, be degree d moves
in Z(V,) and Z(V,), respectively. Because S is a partial edge separator, J# (S) is
saturated and we have

2 aliy) =0, > 2lin) =0

fy\s€v\s i, \s€5\s
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Hence z; and z; can be written as
21 = (injy) - (iaja) = (141) - (ida),
22 = (jiki)- (joka) = (1K) -+ (Gaka), 9.7)

respectively, where ij, i} € Zy,, j; € J5 and k; k) € Iy, fori=1,....d.

Definition 9.6 (Dobra and Sullivant [54]). Define z; € #(V;) asin (9.7). Letk :=
{ki,....kg} € Iy, X - X Fy,. Deﬁnez’l‘ by

2 = (inj k) (iajgka) — (B k) - (igjgka)-
Then we define Ext(A(V,) — ) by
Ext(B(Vi) — # ) = {X |k I, x ---x I, }.

Lemma 9.2. Suppose that z; € B(V1) as in (9.7). Then Ext(B(Vi) — &) is the
set of moves for K .

Proof. Let z € Ext(#(V)) — ). Then we have

AZ _ ZIVI € ]Vl aVl
Z’VZ €4y, aVz
where
2V (ivl) = 2 Z(i)v 2V, (lvz) Z
iVC Geﬂvc lv cE /
1 1

Because zy, (iy,) = zi(iy,) and z; € B(V1), Dy, e.oy, A, (zvl )zv, (iv,) = 0. From
Definition 9.6, zy, (iy,) = 0 for all iy, € .%y,. Hence Az = 0.

The following theorem by Dobra and Sullivant [54] shows that a Markov basis
for ¢ is computed recursively from Markov basis for the induced submodel % (C),
Ce%.

Theorem 9.5 (Dobra and Sullivant [54]). Ler %#(Vi) and %#(V2) be Markov
bases for & (V1) and & (Va), respectively. Let By, v, be a Markov basis for the
decomposable model with two cliques Vi and V,. Then

B = EXt(%(Vl) — Ji/) UEXt(%(Vz) — Ji/) U%VI,VZ 9.8)

is a Markov basis for ¥ .

Proof. Letx,x' € Z; be two tables in the same fiber .%;. As in the previous sections
we denote x and X’ as

xi = (irj ki) (ingokn), %2 = (i151kY) - (i dok,),
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Fig. 9.9 The independence
graph for

where iy, i, € F4,, ji, Ji € Is. ki .k, € Z,. Let xy, and x’v1 be Vj-marginal sum
of x and x/, respectively. Because xy, and x{,l belong to the same fiber for JZ (Vy),

there exists a sequence of moves z‘l/l yerns 2y

1 . .
le 1S written as

| connecting xy, and xy, . We note that

/!

zy, = (i1) -+ (imd) — (i1q1) - (imdim),
where 0 < m < n. Define z! by
2 = (i jikr) (@) k) — (i11k1) - (i ki) 9.9)

Then z' € Ext(%(V;) — ) and x +z! > 0. By iterating this procedure with
z‘z,l,...,z’vl, we can define z°,...,z" € Ext(#(V;) — %) in the same way as

(9.9) such that x; + 25/:1 Z/ >0 for all ¥/ <t and V;- and V,-marginal sums of
yi=x+3_ zareyy, = xy, and yy, = xv,, respectively.

On the other hand x@z and yy, also belong to the same fiber for .#"(V2) and hence
x@z and yy, are connected by moves in % (V»). By using the same argument as above,

there exist moves w', ..., w* € Ext(%(V,) — ') such that x| + Zf/zl w! > 0 for all
s/ < sand V;- and V>-marginal sums of y' :=x+YJ_, w' are Yy, =Xy, andyy, =xv,,
respectively. a

In general it is not easy to obtain an explicit list of a Markov basis for a
hierarchical model. This theorem shows that when we study the structure of Markov
bases for hierarchical models, we only need to focus on Markov bases for prime
models. Hara et al. [73] extend this result to a more general class of log affine models
which is called the hierarchical subspace model.

Example 9.1. Consider the model

2 ={{1,2},{1,3},{2,3},{2,4},{3,4}}.

Let % be the corresponding simplicial complex. Assume that the number of levels
for all variables are two; that is, [ = 2 for k = 1,2, 3,4. The independence graph for
2 is described as in Fig. 9.9. In this model S := {2,3} is a divider and hence %" is
reducible. Then & is decomposed by S into two no-three-factor interaction models
21 .= {{1,2},{1,3},{2,3}} and 2, := {{2,3},{2,4},{3,4}}. Let V| :={1,2,3}
and V, := {2,3,4}.
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A Markov basis for &; consists of one move

iNio 1 2 i\ 1 2
1 1=1 1 [=1 1
2 =1 1] 2| 1-1

=1 =2

(Develin and Sullivant [49]). This move are described as
(111)(212)(221)(122) — (211)(112)(121)(222).
By Definition 9.6, moves in Ext(A(V|) — ) are described as
(111k1)(212kp)(221k3)(122kg) — (21 1ky)(112ky) (121k3)(222k4),

where ki, ko, k3,kq € 94 = {1,2}. For example, when (ky,k»,k3,k4) = (1,1,2,2),
the corresponding move in Ext(#(V}) — ) is

iNia 1 2 i\ia 1 2 i\ial 2 i\ial 2
110 1[-to 1fo—=1] 1] 1
10
2

2 -1 0 2 200 11 2o -1
=1 iy = is=1 is=2
is=1 ih=2

Moves in Ext(#(V2) — %) are obtained in the same way.
By, v, is a Markov basis for the decomposable model associated with the graph
in Fig.9.9. By, v, is obtained by following the argument in Chap. 8. Then

B :=Ext(B(Vi) = H )UExt(B(V2) — K )U By, v,

forms a Markov basis for 2.

9.8 Markov Complexity and Graver Complexity

In this section we give a brief review of the recent progress on the evaluation of
complexity of Markov bases and the Graver basis for hierarchical models.

In Sect.4.6 we discussed the Lawrence lifting of a configuration A : v x 1.
Santos and Sturmfels [131] introduced the rth Lawrence lifting (or the rth Lawrence
configuration) A (" (A) as the following configuration.
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A0 O -0
0AO--0

AD@ = o rvm) x (m). (9.10)
000 --A

EU EU EU "'Eﬂ

As in the ordinary Lawrence lifting, we can omit one block of rows from A (") (A)
and write the the rth Lawrence lifting also as

AV@) =+ o (=DvEn) x (m). O
00 A O
Ey En -+ Ey Ey

It can be easily seen that the configuration of no-three-factor interaction model for
I x J x r tables is the rth Lawrence lifting of the configuration A for the I x J two-
way independence model.

From a statistical viewpoint, as we saw in Sect.4.6, the Lawrence lifting
corresponds to a logistic regression. Similarly the rth Lawrence lifting corresponds
to an unordered multinomial logistic regression, where the response variable Y =Y;
can take r different levels for each cell i and the probability P(Y; = k), k=1,...,r,
is expressed as

: exp(8;a(i))

PO =P = 5 oxp(Bja(@)’
where 0 is a v-dimensional parameter vector, k = 1,...,r. For each cell i we
observe n; independent trials, each trial taking one of the r levels. Let x(i,k), k =
1,...,r, denote the frequency of the level k among n; trials. Then (x(i,1),...,x(i,r))
has the multinomial distribution Mult(n;, (p(i,1),...,p(i,r))). For each cell i, the
lowest block of rows (Ey,...,Ey) of A (")(A) corresponds to fixing the total number
of frequencies

9.12)

ni =x(i,1)+---+x(i,r).

As explained in Sect. 4.6, when n;s are allowed to vary over nonnegative integers,
the rth Lawrence lifting is the configuration for the multinomial logistic regres-
sion model.

The result on the bound of complexity of Markov basis for 3 x 3 x K tables in
Theorem 9.4 led to many investigations of its generalizations. Santos and Sturmfels
[131] gave a first general result on the complexity of the Graver basis of A (") (A),
which was already mentioned in Proposition 9.1. Note that z € kerz A(")(A) is an
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nr-dimensional integer column vector and we can express it as ' = (2},...,2,). z
belongs to kerz A7) (A) if and only if

.
Azi=0,i=1,...,r, and Y z;=0.
i=1

We call z; the ith slice of z. Define the type of z by

type(z) = [{i | zi # 0},

which is the number of nonzero slices of z. Let g (A")(A)) denote the Graver
basis of A(")(A). For a given configuration A define the Graver complexity g(A) by

8(4) = max{type(z) | z € B (A (A))}.

As we see below in Proposition 9.2, there is an explicit characterization for g(A) and
g(A) is indeed finite. Because the configuration of the no-three-factor interaction
model is the higher Lawrence lifting of the two-way independence model and the
Markov complexity mentioned in Proposition 9.1 is bounded from above by the
Graver complexity g(A), Proposition 9.2 also implies that the Markov complexity is
bounded for the no-three-factor interaction model.

Let Ac:(A) denote the Graver basis of A consisting of conformally primitive
moves z1),...,z("") for A, where 0’ = | %, (A)|. Write each conformally primitive
move z() as an n-dimensional integer column vector and let

9(4)=(2",...,2m)

be an 1 x N’ integral matrix. Furthermore let &g, (¥ (A)) denote the Graver basis of
Y(A).

Note that ¢4(A) does not satisfy the homogeneity assumption in (3.7), because
the sign of z0 is arbitrary. However, conformally primitive moves and the Graver
basis for & (A) can be defined without the homogeneity assumption.

Now we present a characterization of the Graver complexity, which shows
that g(A) is given by the maximum l-norm of the elements of the Graver basis
PBar(9(A)) of the Graver basis of A. Note that two Graver bases are nested in this
result.

Proposition 9.2 (Theorem 3 of [131]). g(A) is given as

8(A) = max{|y| | ¥ € B (Y (A))}, (9.13)

where | - | denotes the 1-norm.

Proof. Let z1,...,z, be slices of z € kerz A" (A) and suppose that z is confor-
mally primitive. Suppose that z; has a nontrivial conformal decomposition, say,
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Zi =y +---+ Yy, where y,...,y, are conformally primitive moves for A. In this
case we can remove the ith slice from z and insert slices corresponding to yy, ..., y;.
Then we obtain a conformally primitive move for A%~ This argument shows
that in considering g(A), we only need to look at conformally primitive moves
z € kerz AU)(A) such that their slices are all conformally primitive moves for A.
Also we can assume that no slice of z is a negative of another slice of z.

Write the Graver basis of A as %a:(A) = {z1),...,zM)}. For a given z whose
slices are conformally primitive moves of A, let ¥ = (y1...,y;) be an integer
vector such that y; counts the number of times z® appears as a slice of z. Then
|w| = type(z). Furthermore it is easily seen that z has a nontrivial conformal
decomposition if and only if y has a nontrivial conformal decomposition. Therefore
z is conformally primitive if and only if y belongs to % (¥ (A)). This proves the
proposition. a

Hosten and Sullivant [89] introduced a generalized form of the higher Lawrence
lifting. For two configurations A,B with the same number of columns, they
considered a configuration of the following form,

A0O0 -0
0AO0---0
ADAB) = ], (9.14)
000---A
BBB---B

and generalized Proposition 9.2 to this form. Furthermore they showed that the
configuration for a hierarchical model for I} x --- X I,, contingency tables can be
written in this form by letting r = I} and considering the slices of the first axis.
Their results imply that the number of slices appearing in the Graver basis for a
hierarchical model is bounded if we increase the number of levels for a single axis.

The no-three-factor interaction model is often called the three-way transportation
problem in integer programming. The importance of three-way transportation
problems for the general integer programming problem is discussed in [47]. The
Graver complexity of an integer matrix is studied in [45, 84] and [23] from the
viewpoint of integer programming.

9.9 Markov Width for Some Hierarchical Models

The complexity of Markov bases is also evaluated by maximal degrees of minimal
Markov bases, which is also called Markov width. In this section we summarize
some important facts on maximal degrees of minimal Markov bases for hierarchical
models.
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A graphical model containing only two factor interaction effects corresponding
to edges of an independence graph is called a graph model. Let G = ([m],E) be a
graph with the vertex set [m] and the edge set E. We assume that the model is binary,
that is, the number of levels for every variable is I, = 2, v € [m]. Denote by u(G)
the Markov width of the graph model corresponding to G.

Develin and Sullivant [49] discuss Markov width of some binary graph models.

Theorem 9.6 ([49]). The binary graph model for the complete graph G withm > 3
has the Markov width 1(G) > 2m — 2.

Theorem 9.7 ([49]). The binary graph model for the cycle graph G with m > 3 has
a Markov basis consisting of moves with degrees two and four. Therefore L(G) = 4.

Let K,, , denote the complete bipartite graph with partitions of sizes m and n.

Theorem 9.8 ([49]). The binary graph model for the bipartite graph K> , has a
Markov basis consisting of moves with degrees two and four. Therefore [1(K; ,) = 4.

Petrovi¢ and Stokes [117] characterize Markov width of some classes of hier-
archical model in term of Betti numbers of Stanley—Reisner ideals for a simplicial
complex A. For details, refer to Petrovi¢ and Stokes [117].



Chapter 10
Two-Way Tables with Structural Zeros
and Fixed Subtable Sums

10.1 Markov Bases for Two-Way Tables with Structural
Zeros

10.1.1 Quasi-Independence Model in Two-Way Incomplete
Contingency Tables

Letx = {x;;} be an R x C contingency table and denote by S C .# = {(i,) | 1 <i <
R,1 < j < C} the set of cells that are not structural zeros. In a structural zero cell,
no frequency is observed by definition, such as the number of people with driver’s
licenses under the age of 10. We consider models for cell probabilities in incomplete
contingency tables

logpij = u+0i+Bj+v, (i.J) €5, (10.1)
pij =0, otherwise. ’

As a null hypothesis for (10.1), we consider Hy : y;; = 0 for (i,j) € S; that is,

logpij:“+ai+ﬁja (i,j)ES, (102)
pij =0, otherwise. '

The model (10.2) is called the quasi-independence model (Bishop et al. [26]). In
this section we provide a full description of the unique minimal Markov basis for
the quasi-independence model. Rapallo ([124, 125]) discuss the quasi-independence
model mainly from the viewpoint of Grobner basis.

Denote by %(S) the set of moves for the quasi-independence model (10.2) on
S. A sufficient statistic for the quasi-independence models is # = (xy4,...,Xg,
Xi1,...,X¢c). Therefore

B(S) ={z={zj} | zi+ =24j =0, z;; =0 for (i,j) €S}

We denote a structural zero by [0] to distinguish it from a sampling zero.

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 159
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_10,
© Springer Science+Business Media New York 2012
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When S = .#, (10.2) is equivalent to the two-way complete independence model.
Then, as shown in Sec. 5.4 the set of all basic moves

Bo=A{2(i,i'1j,j/) | 1<i<i <R1<j<j<C}
in (8.1) forms the unique minimal Markov basis for the two-way complete indepen-
dence model. However when S # ., %, N 2(S) is not always a Markov basis.

Example 10.1. Consider a fiber .%; of 3 x 3 contingency tables having structural
zero cells as the diagonal elements; that is, S = {(i, ), i # j} with xiy =x4; =1
forall 1 <i,j < 3. Then .% contains only the following two elements,

0] 1 0 0] 0 1
0[0] 1| and |1 [0] O],
1 0 [0 0 1 0]

which implies that the degree 3 move

0] —1+1
+11[0] -1
—1 41 [0]

is indispensable.

In a two-way table, two cells (i, j) and (7, j') are associated if (i, j),(i,j') € S
and either i =i or j = j'. § C S is connected if for every pair of cells (i, ) and
(i’,j') in §', there exists a chain of cells, any two consecutive members of which
are associated. An incomplete two-way table is connected if its nonstructural zero
cells form a connected set. An incomplete table that is not connected is said to be
separable ([26, 102]). Separable two-way contingency tables can be rearranged to
a block diagonal form with connected subtables after an appropriate interchange of
rows and columns.

Example 10.2. Consider the following 4 x 8 contingency table,

x11 [0] [0] x14 x15 [O] [O] x18
[0] x22 x23 [0] [0] x26 x27 [0]
[0] x32 x33 [0] [0] x36 x37 [0]|
x41 [0] [0] x44 x45 [0] [0] x4g

By an appropriate interchange of rows and columns, we can obtain the following
separable table with exactly two connected subtables

x11 X14 x15 x18 [0] [0] [0] [0]
x41 Xa4 X45 xa3 [0] [0] [O] [O]
(0] [O] [0] [0] x22 x23 X26 X27|
[0] [0] [O] [O] x32 x33 X36 X37




10.1 Markov Bases for Two-Way Tables with Structural Zeros 161

It is clear that the minimal Markov basis for this example consists of basic moves
only. This is obvious from the fact that the two connected subtables do not contain
structural zeros.

Example 10.3. The minimal Markov basis for the following separable 6 x 7 contin-
gency table

x11 x12 x13 [0] [0] [0] [0]
[0] [0] x23 x24 [0] [0] [O]
x31 x32 [0] x34 [0] [0] [O]
0] [0] [0] [0] x4s xs6 [0 (109
[0] [0] [0] [0] [O] xs6 xs7
[0] [0] [0] [0] x5 [0] x67
is the union of the minimal Markov bases for two subtables,
x11 x12 x13 [0] X45 x46 [0]
[0] [O] x23 x24| and |[O] xs6 x57|- (10.4)
x31 ¥32 [0] X34 x5 [0] x67

Therefore we only need to consider the case where S is connected.

10.1.2 Unique Minimal Markov Basis for Two-Way
Quasi-Independence Model

Assume that the level indices 1,12, ... and ji, ja,... are all distinct; that is,
im #i, and j, # j, forallm#n.

Denote ij,) = (i1,...,ir), jij = (i1,-..,ir). The loop z(i|;; ;) was defined in
Definition 4.3.

Definition 10.1. A loop of degree r in Definition 4.3 is a move on S if z,(i(,); j,)) €
#(S). The support of z, (i}, ji,1) is the set of its nonzero cells {(i1, j1), (i1, j2),- -

(irajl)}'

The following integer arrays are examples of loops of degree 2, 3, and 4 on some
S. In fact they are df 1 loops as defined in Definition 10.2.

+1-1000 [+1—-1[0]00] [+1—17[0] [0]0O
~14+1000| |[=1[0] +100| |—1[0] +1[0] 0 105)
0 0000 |[0]+1—100" |[0] +11[0] 10| '
0 0000 00 000 0] [0] =1 410

The following lemma was proved as Proposition 4.2.
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Lemma 10.1. Any R x C move z € B(S) is expressed as a finite sum of loops on S,

2= 2 aZe() (E1 (k)5 > b ()3 T1 (1) > -+ (K))
k

where ay is a positive integer, r(k) < min{R,C}, and there is no cancellation of signs
in any cell.

Example 10.4. Let z € B(S) be 4 x 5 integer array expressed as follows,

3-2 0-2 1

27—2 3 0 0-1

|-1-1 2 0 o

0 0-2 2 0

Then z has a decomposition
2-2000 10 0-10f [0 O O0—-1 1
27—2 2000+ 00 O 00+0 1 0 0-1
| 0 0000[ [-10 1 00/ |[0-1 1 0 O
0 0000 00-1 10 |0 0-1 1 O
=22(1,2;1,2) +z3(1,4,3;1,4,3) +z4(1,4,3,2;5,4,3,2),

satisfying the condition of Lemma 10.1. We note that the decomposition is not
unique in general. It is easy to check that

z=12(1,2;1,2) +22(1,2;5,2) + 23(1,4,3;1,4,3) +24(1,4,3,2;1,4,3,2)

is another decomposition of z.

Suppose x,y € %. Then the difference z =y — x is in #(S). Hence to move
from x to y, we can add a sequence of loops in Definition 10.1 to x, without
forcing negative entries on the way. In other words, the set of all the loops of degree
2,...,min{/,J} on S constitutes a trivial Markov basis.

Definition 10.2. A loop z,(i[; ji,y) is called df 1 if Z(i|; jj1) does not contain
support of any loop on S of degree 2,...,r — 1, where

Bigidyy) = 1G.0) Vi€ {it,o.yiv} i € (e vir})-

Lemma 10.2. z,(i|q:jj,)) is df 1 if and only if Z(i|,: jj)) contains exactly two
elements in S in every row and column.
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Proof. The case r = 2 is obvious. Suppose that r > 3.

First we show the necessity; that is, if z,(i[,); ji, ) is df 1 then Z(i[; j|,)) contains
exactly two elements in S in every row and column by showing its contraposition.
Without loss of generality we can suppose that z,([r];[r]) is a degree r loop and that
(1,a) € S,3 < Ja < r. Then this loop is decomposed into two loops on S as

z([r;[F]) = zr—ar2([La: v [La: r]) + zg—1([a— 1];]a,2 : a — 1]), (10.6)

where we definei: j={i,i+1,...,j} fori < j. An example for r =5 and a = 4 is
represented as follows.

+1-1[0] 0 [0] 10 0] —1 [0] 0 —1[0] +1[0]
[0] +1 —1 [0] [0] [0] 0 0 [0] [0] [0] +1 —1 [0] [0]
0] [0] +1—=11[0]| = [[0][0] 0 O [0]| + |[0] [0] +1 —1 [0]|.
[0] [0] [0] +1 —1 [0] [0] [0] +1 —1 [0] [0] [0] 0 0O
—1 (0] [0] [0] +1 —1[0] [0] [0] +1 0 [o] [0] [0] O

The nonzero cells of the two loops in the right-hand side of (10.6) overlap at (1,a) €
S only. Hence Z([r];[r]) contains their supports, which contradicts the assumption.

Next we show the sufficiency. Suppose that z,([r];[r]) is a degree r loop such
that Z([r]; [r]) contains exactly two elements in S in every row and column. Then it
is sufficient to show that Z([r];[r]) does not contain support of any loop of degree
2,...,r— 1 on S. From the assumption, (1,1) is the only cell in S in Z([r —1];1),
because z,([r];[r]) has exactly two nonzero elements there: 717 = +1 and z,1 = —1.
Hence z;; is zero in any loop in Z([r — 1];[r]). Moreover, by using the constraints
7). =22 =23 = --- =7z,—1. = 0, it is shown that the only element of %, (S) that can
be contained in Z([r — 1];[r]) is the zero contingency table. O

The loops in (10.5) are examples of df 1 loops of degree 2, 3, and 4 on some S
in 4 x 5 integer arrays. Denote the positive part and the negative part of a df 1 loop
2 (i3 Jpy) as 25 (i3 d ) and 2 (i3 i), respectively. Then

2 (i3 dpy) = 2 (3 dp) — 2 (3 dp)- (10.7)

Let .7 be a fiber such that 2,1 (i3 jj ), 2 (i[5.J})) € 1. Then 7 is a two-element
fiber; that is, every df 1 move is an 1nd1spensable move for the quasi-independence
model (10.2).

Theorem 10.1. The set of df 1 loops of degree 2,... , min{R,C} constitutes the
unique minimal Markov basis for the quasi-independence model of R x C contin-
gency tables with structural zeros.

Proof. We have already seen that the set of loops forms a Markov basis. We have
also seen that every df 1 loop is indispensable. Therefore it suffices to show that the
set of the df 1 loops is itself a Markov basis.
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Table 10.1 An example of a
block triangular table: Initial
and final ratings on disability

Final state
Initial state A B C D E
8

of stroke patients E 11 23 12 15
D 9 10 4 1 [0]
C 6 4 4 o] [0]
B 4 5 o] o] [0]
A 5 0] [0 [0 [0]

Source: Bishop and Fienberg [25]

Suppose a Markov basis contains non-df-1 loops. Without loss of generality
let z-([r];[r]) be a non-df-1 loop of the highest degree and (1,a) € §,3 < Ja < r.
Then this loop is decomposed as (10.6). The two loops overlap (i.e., have nonzero
element in a common position) only at (1,a) € S. The (1,a) elements of these loops
are —1 and +1, thus we can add or subtract these loops in an appropriate order
to/from x € % (S) without forcing negative entries on the way, instead of adding
or subtracting z,([r];[r]) to/from x. Therefore z,([r];[r]) can be removed from the
Markov basis and the remaining set is still a Markov basis. a

10.1.3 Enumerating Elements of the Minimal Markov Basis

In this section we discuss how to list all the elements of the unique minimal Markov
basis for some specific quasi-independence models. By considering the structure
discussed in Lemma 10.2, we can obtain an explicit form of the minimal basis for
some typical situations, which play important roles in applications.

Block Triangular Tables

For a row index i, define _# (i) := {j | (i, ) € S}. An incomplete table is called of
block triangular form if, for every pair i and 7, either # (i) C # (i) or #(i) D
7 (') holds ([26,66]). Table 10.1 shows an example of a block triangle contingency
table from Bishop and Fienberg [25]. In this case, the unique minimal Markov basis
is the set of basic moves on S.

Square Tables with Diagonal Elements Being Structural Zeros

There are many situations that contingency tables are square and all the diagonal
elements are structural zeros. Table 10.2 is an example of such tables. It is obvious
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Table 10.2 An example

of a square table with Passive participant

diagonal elements being Active participant R S T U v W

structural zeros R o] 1 5 8 9 0
S 20 (0] 14 46 4 0
T 0 0 0] 0 0 0
U 2 3 1 [0 28 2
\ 0 0 0 o0 [0 1
w 9 25 4 6 13 [0

Source: Ploog [121]

that the unique minimal Markov basis for such tables contains degree 3 loops which
correspond to every triple of the structural zeros. For examples, degree 3 loops
such as

0] =1+10 0 0 0000 0 0
+1[0] =10 0 0 00] 00 +1-1
—14+100] 000/ [0 0[]0 0 0
0 0 0[]0 O 00 0[]0 O
0 0 0 0100 0-10 0 [0 +1
00 0 0 00 0+10 0 —110]

are needed to construct a connected Markov chain. It is seen that for [ x [
contingency tables, there are <£> <I; 2) degree 2 moves and <§) df 1 degree

3 loops in the unique minimal Markov basis.

General Incomplete Tables

In general, we can use the following recursive algorithm to list all the elements in
the minimal basis.

Algorithm 10.1
Input: ¥ ={1,...,R}, 7 ={1,...,C},S
Output: elements of the unique minimal Markov basis
ListMoves(.%; _#)
{
Choose i* € # and _# (i*) ={j| (i*,j) € S}
List df 1 moves that have £1 elements in Z(i*; _# (i*));
I — I\{i*};
if 7 #£0
ListMoves(.%; _#);
else exit;
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Table 10.3 Classification

. Sib of husband
of Purum marriages . . -
Sib of wife ~ Marrim  Makan Parpa  Thao  Kheyang
Marrim [0] 5 17 [0] 6
Makan 5 [0] 0 16 2
Parpa [0] 2 [0] 10 11
Thao 10 (0] (0] [0] 9
Kheyang 6 20 8 0 1

Source: White [150]

Example 10.5. To illustrate the algorithm, we list the elements of the unique
minimal Markov basis for the incomplete table of the form in Table 10.3.
According to the algorithm, we first choose i* = 1 and hence ¢ (i*) = {2,3,5}.

We also denote .¥ = .7 — {i*} = {2,3,4,5}, andj I\ Z %) ={1,4}.

S| )
1 412 3 5
1 [O] [0] X12 X13 X15
2|x21 x24|[0] x23 x25
3|[0] x34|x32 [0] X35
4
5

x41 [0]][0] [0] xas
X51 X54|X52 X53 X55

Next step of the algorithm is to list all df 1 loops that have £1 elements in
Z(i*; _# (i*)). To perform this step, we can make use of the fact that such a loop has
exactly one +1 and one —1 both in Z(i*; _# (i*)) and R(I, 7 (i*)). For example,
if we select {2,3} from ¢ (i*) and {2,3} from .7, we can ignore column 5 and
row 5. We can also ignore column 1 because this column has only one cell in S
when we ignore the rows 4 and 5. Then the table is reduced to the following.

S| A)
1 4|2 3

i1 [O] [O] X12 X13
I 2|x21 x24|[0] x23
3 [O] X34(X32 [O]
4|x41 [0]][0] [0]

This subtable contains z3(1,2,3;2,3,4). Similarly we can list all loops that have

exactly one +1 and one —1 both in Z(i*; _# (i*)) and R(I, J (i) by listing all
pairs of columns in _# (i*). In this case,

o If we select {2,3} from _# (i*), z3(1,2,3;2,3,4) and z»(1,5;2,3) are listed.
o If weselect {2,5} from _# (i*), z2(1,3;2,5) and z2(1,5;2,5) are listed.
o If weselect {3,5} from _# (i*), z2(1,2;3,5) and z2(1,5;3,5) are listed.
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Table 10.4 Effects of

.. . Condition
decision alternatives on the .
verdicts and social Alternative 1 2 3 4 5 6 7
perceptions of simulated First-degree 1 [ [0 2 7 [0] 2
jurors Second-degree  [0] 20 [0] 22 [0] Il 15
Manslaughter [0 [0 22 [0o] 16 13 5
Not guilty 13 4 2 0 1 0 2

Source: Vidmar (1972)

Table 10.5 Maximum likelihood estimate for Table 10.6

Condition
Alternative 1 2 3 4 5 6 7
First-degree 14.05  [0] [0] 2.61 3.64 [0] 1.70
Second-degree 0] 21.93  [0] 19.55  [0] 13.75  12.77
Manslaughter  [0] [0] 2095  [0] 1778 895 832
Not guilty 9.95 2.07 3.05 1.84 2.58 1.30 1.21

Substitute .# . and iterate a similar procedure until .# = (. Then we can see that
basic moves and a degree 3 loop z3(1,2,3;2,3,4) form the unique minimal Markov
basis.

Example 10.6. As seen in Example 10.3, the unique minimal Markov basis for the
separable table (10.3) is the union of the unique minimal Markov bases for two
subtables (10.4). By using Algorithm 10.1, we easily see that it is {z(1,3;1,2),
z3(1,2,3;1,3,4), z3(1,2,3;2,3,4), 23(4,5,6;5,6,7) }.

10.1.4 Numerical Example of a Quasi-Independence Model

In this section we give an example of testing the hypothesis of quasi-independence
for a given data set via the MCMC method. Table 10.4 shows a data collected by
Vidmar [147] for discovering the possible effects on decision making of limiting
the number of alternatives available to the members of a jury panel. This is a 4 x 7
contingency table that has 9 structural zero cells. The degree of freedom for testing
quasi-independence is 9. The maximum likelihood estimate under the hypothesis of
quasi-independence is calculated by an iterative method as displayed in Table 10.5.
See Bishop et al. [26] for maximum likelihood estimation of incomplete tables.
As a test statistic, we use the (twice log) likelihood ratio statistic

Xii
G2 = Zinilog%'/,

s M
where 7;; is the MLE of the expectation parameter m;;. The observed value of G

is 18.816 and the corresponding asymptotic p-value is 0.0268 from the asymptotic
distribution y3.
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Fig. 10.1 Asymptotic and exact distributions for G> under the quasi-independence model

To perform the Markov chain Monte Carlo method, first we obtain the unique
minimal Markov basis. From the considerations in the above sections, we easily
see that a set of basic moves and a degree 3 loop z3(1,2,3;5,4,6) constitute
the unique minimal Markov basis. The estimated exact p-value is 0.0444, with
estimated standard deviation 0.00052. Figure 10.1 shows a histogram of the Monte
Carlo sampling generated from the exact distribution of the likelihood ratio statistic
under the quasi-independence hypothesis, along with the corresponding asymptotic
distribution 7592. We see that the asymptotic distribution understates the probability
that the test statistic is greater than the observed value, and overemphasizes the
significance.

10.2 Markov Bases for Subtable Sum Problem

10.2.1 Introduction of Subtable Sum Problem

Letx = {x;;} be an R x C table and let S C .# be a subset of cells of x. Consider the
following model for cell probabilities {p;;},

nu+al+ﬁj+% (lu.]) ES,

10.8
u+oa;+pBj, otherwise, (10.8)

logpij = {

where two-way interactions exist only on S.
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The model (10.8) includes some practical models. When S is rectangular, that
is, S={(i,j) |1 <i<nrl1<j<c}forr <R,c<C, (10.8) coincides with the
block interaction model or two-way change point model ([87, 107]). For a square
table such that frequencies along the diagonal cells are relatively larger (or smaller)
compared to off-diagonal cells, the following model is often used

logpij = 1+ o+ B + 7:6ij, (10.9)

where §;; is Kronecker’s delta. The model (10.9) is also called the quasi-
independence model for a square table. We can consider the null hypothesis

N=-=R=Y
log pij = U+ o+ Bj + v6;j. (10.10)

Then (10.10) belongs to (10.8) with S = {(i,j) | i = j}. We call the model (10.10) a
common diagonal effect model (CDEM) and discuss it again in Sect. 10.2.3.
Let x(S) denote the sum of cell counts in a subtable S,

X(S): Z Xij-

(i,/)€S
Then a sufficient statistic ¢ for (10.8) is the set of row sums, column sums, and x(S5)
t:{XlJr,...,XR+,X+1,...,X+C,X(S)}- (1011)

For S =0 or § = .7, we have x(0) = 0 or x(.#) = x;1 = n. In these cases x(5)
is redundant and the model reduces to the two-way complete independence model.
Therefore in the following, we consider S which is a nonempty proper subset of .#.
We note that x(S€) = x, —x(S), where S€ is the complement of S. Therefore fixing
x(S) is equivalent to fixing x(S°).

In the following section we discuss Markov bases for the model (10.8). We
call the problem the subtable sum problem. We note that if x(S¢) = 0 (which is
equivalent to x(S) = x4 ), the fiber . is the one of the quasi-independence model
with structural zeros in S¢. Hence the unique minimal Markov basis for a quasi-
independence model is a subset of the Markov basis for subtable sum problems.

10.2.2 Markov Bases Consisting of Basic Moves

In this section we denote by #(S) the set of moves for (10.8); that is,

AB(S) ={z=A{zj} | zi+ =0, z4; =0, z(S) = 0}.
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Fig. 10.2 The pattern
P and &'

We note that z(S) = z(S€) = 0. Therefore %(S) is equivalent to %(S). As shown
in Chap. 8 the set A of all basic moves forms the unique minimal Markov basis
for the two-way complete independence model. Define the set of basic moves for
(10.8) by

By (S) .= BoNB(S).

Py(S) does not always form a Markov basis for (10.8).

Figure 10.2 shows patterns of 2 x 3 and 3 x 2 tables. A shaded area represents a
cell belonging to S. In the following, let a shaded area represent a cell belonging to S
or a rectangular block of cells belonging to S. We call these two patterns in Fig. 10.2
the pattern &2 and 7', respectively. Then a necessary and sufficient condition on S
that % (S) forms a Markov basis for (10.8) is given by the following theorem.

Theorem 10.2 (Hara et al. [79]). %(S) is a Markov basis for (10.8) if and only if
there exist no patterns of the form 92 or &' inany 2 x 3 and 3 x 2 subtable of S or
S€ after any interchange of rows and columns.

Note that if %(S) is a Markov basis for (10.8), it is the unique minimal Markov
basis, because basic moves in %(S) are all indispensable.

The proof of necessity is easy and is given in the following Proposition 10.1. The
proof of sufficiency is given by the distance reducing method. However, the proof is
complicated and is omitted here. For details, see Sect. 3 of Hara et al. [79]. Grobner
bases for the subtable sum problem are studied in Ohsugi and Hibi [112].

Proposition 10.1. If there exists a pattern of & or &' in any 2 x 3 and 3 x 2
subtable after any interchange of rows and columns, %y(S) is not a Markov basis

for (10.8).

Proof. Assume that S has the pattern &. Without loss of generality we can assume
that & belongsto {(i,j) | i=1,2, j=1,2,3}. Consider a fiber such that

® X1+ :x2+:2,x+1 :X+2:1,X+3:2,
e xiy =0andx;=0forall (i,j) ¢ {(i,j)|i=1,2, j=1,2,3},
* Xijeshij =1

Then it is easy to check that this fiber contains only the following two elements

1{1{0 0[0|2
and ,
0[0[2 111|0
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7y
n it
(1) 2x2 block diagonal set (ii)(block-wise) 4X5 and 4x4 triangular sets

Fig. 10.3 2 x 2 block diagonal set and triangular sets

which implies that

1| 1|-2
= 10.12
2= ( )

is an indispensable move. Therefore if S has the pattern &, there does not exist
a Markov basis consisting of basic moves. When S has the pattern Z', a proof is
similar. a

After an appropriate interchange of rows and columns, if S satisfies that
S={@j) li<rj<ctU{(,j)]i>rj>c}

for some r < R and ¢ < C, we say that S is equivalent to a 2 x 2 block diagonal
set. Figure 10.3(i) shows a 2 x 2 block diagonal set. A 2 x 2 block diagonal set is
decomposed into four blocks consisting of one or more cells.

Asin Sect. 10.1.3, we say that S is equivalent to a triangular set if, for every pair
iand 7, either # (i) C _#(i')or #(i) D _#Z(i'). A triangular set is expressed as in
Fig. 10.3(ii) after an appropriate interchange of rows and columns.

Proposition 10.2. There exist no patterns of the form &2 or ' in any 2 x 3 and
3 X 2 subtable of S after any interchange of rows and columns if and only if S is
equivalent to a 2 X 2 block diagonal set or a triangular set.

For the proof of Proposition 10.2, see Sect.3.2 in Hara et al. [79]. From
Proposition 10.2, Theorem 10.2 is rewritten as follows.

Corollary 10.1. %(S) is a Markov basis for (10.8) if and only if S is equivalent to
a 2 x 2 block diagonal set or a triangular set.

The block interaction model ([87, 107]) is equivalent to a triangular set. There-
fore, from Corollary 10.1, %y(S) forms the unique minimal Markov basis for the
block interaction model.
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10.2.3 Markov Bases for Common Diagonal Effect Models

In the CDEM (10.10), there exist patterns &?. Therefore any Markov basis for
CDEM has to contain moves of degree greater than two. In this section we provide
a Markov basis for CDEM (10.10).

A sufficient statistic of CDEM is ¢ in (10.11) with x(S) = Zfe:l X;;. As mentioned

in Sec. 10.2, when x(S) = 0, the fiber coincides with the one with structural zeros
in diagonal cells discussed in Sec. 10.1.3. Hence the following types of moves are
required in a Markov basis.

Type L: z,(i,i'; j,j), where i, i, j, j/ are all distinct.

Type IL: z3(i,¢',i"; j, i, j"), where i,i',i", j, j, j" are all distinct.

In addition to these moves, we introduce the following four types of moves.
Type III (dispensable moves of degree 3 for min(R,C) > 3):

i i/ l'//
i+1 0 -1
0 —1+1°
" —1+1 0

Note that given three distinct indices i,’,i”, there are three moves in the same
fiber:

+1 0 —1 +1 -1 0 0 —1+1

0 —1+1 -1 0 +1 —-141 0

—-1+1 0 0 +1 -1 +1 0 —1

Any two of these suffice for the connectivity of the fiber. Therefore we can choose
any two moves in this fiber for minimality of Markov basis.
Type IV (indispensable moves of degree 3 for max(R,C) > 4):
i i
i+1 0 —1
/0 —1+1’
J—-1+10

where i, 7/, j, j/ are all distinct. We note that Type IV is similar to Type III but
unlike the moves in Type III, the moves of Type IV are indispensable.
Type V (indispensable moves of degree 4 which are non-square-free):

j j/ j//
i+1+1-2,
i —1—-1+2

where i = j and i’ = j’; that is, two cells are on the diagonal. Note that we also
include the transpose of this type as Type V moves.
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* Type VI: (square-free indispensable moves of degree 4 for max(R,C) > 4):

j j/ j// j////
i+14+1-1-1,
P —1—-1+1+1

where i = j and /' = j'. Type VI includes the transpose of this type.

Theorem 10.3 (Hara et al. [80]). The above moves of Types I-VI form a Markov
basis for the CDEM with min(R,C) > 3 and max(R,C) > 4.

Proof. Let x and y be two tables in the same fiber. If
Xii = Yii, Vi= 1, e ,min(R,C),

then the problem reduces to the structural zero problem in Sect. 10.1.3. Therefore
we only need to consider the difference

y—x=z={z;},

where there exists at least one i such that z; # 0. Note that in this case there are two
indices i # i’ such that
zii > 0, zirpr <0,

because the diagonal sum of z is zero. Without loss of generality we let i = 1,
i’ = 2. We prove the theorem by exhausting various sign patterns of the differences
in other cells and confirming the distance reduction by the moves of Types [-VI. We
distinguish two cases: z12z21 > 0 and z12221 < 0.

Case 1 (zj2221 > 0): In this case without loss of generality assume that zjp > 0,
721 > 0. Let 0+ denote a cell with a nonnegative value of z and let * denote a cell
with an arbitrary value of z. Then z looks like

Note that there has to be a negative cell on the first row and on the first column. Let
217 <0, zj; <0. Then z looks like

1 2 -
1 + 0+ —
2 0+ — *
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If j = j/, we can apply a Type IIl move to reduce the 1-norm. If j # j’, we can apply
a Type IV move to reduce the 1-norm. This takes care of the case z12z2; > 0.

Case 2 (z12221 < 0): Without loss of generality assume that z;» > 0, z2; < 0. Then
z looks like
—_—— * e

There has to be a negative cell on the first row and there has to be a positive cell
on the second row. Without loss of generality we can let z;3 < 0 and at least one of
23,204 1s positive. Therefore z looks like

+ +F — ok x-- 4+ 4+ — k.-
— — % 4+ % .- — — 4 %k e
P © S (10.13)

These two cases are not mutually exclusive. We look at z as the left pattern
whenever possible. Namely, whenever we can find two different columns j, j' > 3,
Jj # J suchthatzjz; i <0, then we consider z to be of the left pattern. We first take
care of the case where z does not look like the left pattern of (10.13); that is, there
areno j,j' >3, j# j', such that z;;z, 5 <O0.

Case 2-1 (z does not look like the left pattern of (10.13)): If there exists some j > 4
such that z;; < 0, then in view of zo3 > 0 we have z1;z23 < 0 and z looks like the left
pattern of (10.13). Therefore we can assume

21;20, Vj=>4.
Similarly
2;<0, Vj>4

and z looks like
++ =0+ 0+
- _|_()_ 0=

Because the first row and the second row sum to zero, we have
13 < -2, z23>2.

However then we can apply Type V move to reduce the 1-norm.
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Case 2-2 (z looks like the left pattern of (10.13)): Suppose that there exists some
i > 3 such that z;3 > 0. If z33 > 0, then z looks like

* ok A ok ok ---

Then we can apply a type III move involving
212 >0, 213 <0, 220 <0, 224 > 0, z33 > 0, z34 : arbitrary
and reduce the 1-norm. On the other hand if z;3 > 0 for i > 4, then z looks like

* ok A4 ok ok et

Then we can apply a type IV move involving
711 >0, 213 <0, 221 <0, 224 >0, z;3 > 0, z;; : arbitrary
and reduce the 1-norm. Therefore we only need to consider z that looks like
L — ok ok

* % 0— % % ---

* ok 0— % % ---

Similar consideration for the fourth column of z forces

* % 0— 04 % ---

* % 0— 04 % ---
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However, because the third and fourth column’s sum to zero, we have zp3 > 0 and
z14 < 0 and z looks like

* % 0— 04 % ---
* % 0— 04 % ---

Then we apply a Type VI move to reduce the 1-norm.

Now we have exhausted all possible sign patterns of z and shown that the 1-norm
can always be decreased by some move of Types [-VI. a

Because moves of Type I, II, IV, V, and VI are indispensable, we have the
following corollary.

Corollary 10.2. A minimal Markov basis for the diagonal sum problem with
min(R,C) > 3 and max(R,C) > 4 consists of moves of Types I, I, 1V, V, VI and
two moves of Type 111 for each given triple (i,i',i").

10.2.4 Numerical Examples of Common Diagonal
Effect Models

In this section we give examples of testing the null hypothesis of CDEM (10.10)
against the alternative hypothesis of the quasi-independence model (10.9) for two
real data sets via the MCMC method. Denote expected cell frequencies under the
quasi-independence model and CDEM by

L0l A0l AS _ S
mi; =npi;, mi; = npij,

respectively. These expected cell frequencies can be computed via the iterative
proportional fitting (IPF). IPF for the quasi-independence model is explained in
Chap.5 of [26]. IPF for the common diagonal effect model is given as follows.
The superscript k denotes the step count.

1. Set mlsjk = mfjfkflx,ur/mff*l forall i, j and set k = k+ 1. Then go to Step 2.
2. Set mlS]k = mf;k71x+j/mi];71 for all i, j and set k = k+ 1. Then go to Step 3.
SE— S x(S) /mSA1(S) for all i = 1,...,min(R,C) and m)) =

ij
fj?kfl(n —mS*=1(8)) /(n — x(S)) for all i # j, where mSk~1(S) is the sum

of fitted diagonal frequencies. Then set k = k+ 1 and go to Step 1.

3. Set m

m

After convergence we set

iy =m* foralli, j.



10.2 Markov Bases for Subtable Sum Problem 177

Table 10.6 Married couples in Arizona

Never/occasionally ~ Fairly often ~ Very often  almost always

Never/occasionally 7 7 2 3
Fairly often 2 8 3 7
Very often 1 5 4 9
Almost always 2 8 9 14
o -
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o =
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log likelihood ratio

Fig. 10.4 A histogram of sampled tables via MCMC with a Markov basis computed for
Table 10.6. The solid line shows the asymptotic distribution x32

We can initialize m5>° by
50 _ .
m;; =n/(R-C) foralli, j.

As the discrepancy measure from the hypothesis of the common diagonal model,
we calculate (twice) the log likelihood ratio statistic

&'

2 i
G* =23 >xijlog—s
i i

for each sampled table x = {x;;}. In all experiments we sampled 10,000 tables after
8,000 burn-in steps.

The first example is Table 2.12 from [4]. Table 10.6 summarizes responses of 91
married couples in Arizona about how often sex is fun. Columns represent wives’
responses and rows represent husbands’ responses.

The value of G? for the observed table in Table 10.6 is 6.18159 and the
corresponding asymptotic p-value is 0.1031 from the asymptotic distribution )532.

A histogram of sampled tables via MCMC with a Markov basis for Table 10.6 is
shown in Fig.10.4. We estimated the p-value 0.12403 via MCMC with the Markov
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Table 10.7 Relationship between birthday and death day
Jan Feb March April May June July

>

ug Sep Oct Nov Dec

Jan 1 0 0 0 1 2 0 0 1 0 1 0
Feb 1 0 0 1 0 0 0 0 0 1 0 2
March 1 0 0 0 2 1 0 0 0 0 0 1
April 3 0 2 0 0 0 1 0 1 3 1 1
May 2 1 1 1 1 1 1 1 1 1 1 0
June 2 0 0 0 1 0 0 0 0 0 0 0
July 2 0 2 1 0 0 0 0 1 1 1 2
Aug 0 0 0 3 0 0 1 0 0 1 0 2
Sep 0 0 0 1 1 0 0 0 0 0 1 0
Oct 1 1 0 2 0 0 1 0 0 1 1 0
Nov 0 1 1 1 2 0 0 2 0 1 1 0
Dec 0 1 1 0 0 0 1 0 0 0 0 0
m —
=
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Fig. 10.5 A histogram of sampled tables via MCMC with a Markov basis computed for
Table 10.7. The solid line shows the asymptotic distribution 7,

basis defined in Theorem 10.3. Therefore the CDEM model is accepted at the
significance level of 5%. We also see that 7532 approximates these observed data well.

The second example is Table 1 from [50]. Table 10.7 shows data gathered to
test the hypothesis of an association between birthday and death day. The table
records the month of the birth and death for 82 descendants of Queen Victoria ([50]).
A widely stated claim is that (birthday, death day) pairs are associated. Columns
represent the month of the birthday and rows represent the month of the death
day. As discussed in [50], Pearson’s y? statistic for the usual independence model
is 115.6 with 121 degrees of freedom. Therefore the usual independence model
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is accepted for these data. However, when the CDEM is fitted, the Pearson’s xz
becomes 111.5 with 120 degrees of freedom. Therefore the fit of CDEM is better
than the usual independence model.

We now test the CDEM against the quasi-independence model. The value of G*
for the observed table in Table 10.7 is 6.18839 and the corresponding asymptotic
p-value is 0.860503 from the asymptotic distribution 75121-

A histogram of sampled tables via MCMC with a Markov basis for Table 10.7 is
shown in Fig. 10.5. We estimated the p-value 0.89454 via MCMC with the Markov
basis in Theorem 10.3. There exists a large discrepancy between the asymptotic
distribution and the distribution estimated by MCMC due to the sparsity of the table.
This result indicates that the exact test via Markov basis technology is effective.



Chapter 11
Regular Factorial Designs with Discrete
Response Variables

11.1 Conditional Tests for Designed Experiments
with Discrete Observations

11.1.1 Conditional Tests for Log-Linear Models of Poisson
Observations

First we investigate the case where the observations are counts of some events. In
this case, it is natural to consider a Poisson model. To clarify the procedures of
conditional tests, we take a close look at an example of fractional factorial design
with count observations. Table 11.1 is a % fraction of a full factorial design, that is,
a 2773 regular fractional factorial design, defined from the aliasing relation

ABDE = ACDF = BCDG =1,

and response data analyzed in [40] and [70]. There are 16 = 27-3 runs in the whole
experiment.

In Table 11.1, the observation x is the number of defects arising in a wave-
soldering process in attaching components to an electronic circuit card. In Chap. 7
of [40], the following seven factors of a wave-soldering process are considered: (A)
prebake condition, (B) flux density, (C) conveyer speed, (D) preheat condition, (E)
cooling time, (F) ultrasonic solder agitator, and (G) solder temperature, each at two
levels with three boards from each run being assessed for defects. Here we code the
two levels as {0, 1}. The aim of this experiment is to decide which levels for each
factor are desirable to reduce solder defects.

In this chapter, we only consider designs with a single observation for each run.
This is natural for the settings of Poisson models, because the set of the total counts
for each run is a sufficient statistic for the parameters. The same argument also holds
for the settings of binomial models in Sect. 11.1.3. In our example, we focus on the
totals for all runs in Table 11.1. We also ignore the second observation in run 11,

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 181
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_11,
© Springer Science+Business Media New York 2012
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Table 11.1 Design and number of defects x for the wave-solder experiment

Factor X

Run A B C D E F G 1 2 3

1 0 0 0 0 0 0 0 13 30 26
2 0 0 0 1 1 1 1 4 16 11
3 0 0 1 0 0 1 1 20 15 20
4 0 0 1 1 1 0 0 42 43 64
5 0 1 0 0 1 0 1 14 15 17
6 0 1 0 1 0 1 0 10 17 16
7 0 1 1 0 1 1 0 36 29 53
8 0 1 1 1 0 0 1 5 9 16
9 1 0 0 0 1 1 0 29 0 14
10 1 0 0 1 0 0 1 10 26 9
11 1 0 1 0 1 0 1 28 173 19
12 1 0 1 1 0 1 0 100 129 151
13 1 1 0 0 0 1 1 11 15 11
14 1 1 0 1 1 0 0 17 2 17
15 1 1 1 0 0 0 0 53 70 89
16 1 1 1 1 1 1 1 23 22 7

which is an obvious outlier as pointed out in [70]. We use the weighted total of
run 11 as (284 19) x 3/2 =70.5 ~ 71. Hence we have the 1-dimensional column
vector of frequencies as

x = (69,31,55,149,46,43,118,30,43,45,71,380,37,36,212,52).

In this chapter, 7, the dimension of the frequency vector x defined in Chap.4, is
the number of runs and the sample space is written as .# = {1,...,n}. For this
frequency vector x, we can define the conditional sampling space in a similar way
to the previous chapters. A slight difference is that a natural sampling model for
this type of data is the Poisson model rather than the multinomial model described
in (4.3) of Chap. 4.

We adopt the theory of generalized linear models [104] as follows. Assume that
the observations x = {x(i), i € £} = {x(1),...,x(n)} are mutually independently
distributed as Poisson distributions with the mean parameters {u(i), i € #}.
Because the canonical link function for a Poisson distribution is log(-), we express
the mean parameter (i) as

v—1
logu (i) =Y, 6;a;(i). (1L1.1)
j=0

Note that we express the v-dimensional parameter as {6y,...,60,_1} instead of
{61,...,6y} in this chapter, because it is more traditional in the theory of the
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(generalized) linear models to include the intercept term. The joint probability
function of x is written as

u(i)x(i) ) n efu(i) v—1 n . .
p(x) = —e = ——— | exp 0: ) a;(i)x(i)|.
( ) ,1;[1 x(l)! 11;[1 x(l)! jgb Jizzi J() ()
Then we have a sufficient statistic for the parameter {6y,...,0,_1} as {to,...,ty_1}

where 1; = Y1 | a;(i)x(i). We write this relation f = Ax as we have seen in (4.4) of
Chap. 4.

The conditional distribution of x given ¢, the hypergeometric distribution (4.7),
is written as

-1
plx|t)=c x € F, C:[Z ! 1 , (11.2)

1
>< S S
Iy 2! S, T x(0)!
where % = {x >0 | Ax =t} is the fiber.

To define conditional tests, we specify the null model and the alternative model
in terms of the parameter 6. Suppose the null model is v-dimensional and expressed
as (11.1). Then the null model is regarded as a subspace of some high-dimensional
model if v < 1. For example, the highest-dimensional model is the saturated model,
which is written as

n—1
log(u(i)) = 3, 0;a; ().
j=0

If we consider various goodness-of-fit tests, the alternative model is the saturated
model and the hypotheses are written as

Ho: (9\,,...,9”,1) = (0,...,0),
Hli (6\,,...,6,,,1) 75 (0,...,0).

On the other hand, if we consider the significance test of some additional individual
effects, the alternative model is written in the form of

Hy . (6V7"'76V+m71) 7é (07"'70)7

where 0y, ..., 0,4, express the additional effects to the null model with m degrees
of freedom. In the two-level case, a single effect is expressed as a single parameter.
On the other hand, for the three-level case, a single effect has more than one degree
of freedom. We see how to specify models in the form of (11.1) in Sect. 11.1.2.

Depending on the hypotheses, we also specify the appropriate test statistic 7' (x).
For example, the likelihood ratio test statistic or Pearson’s chi-square test statistic is
frequently used. Once we specify the null model and the test statistic, our purpose is
to calculate the p-value. Similarly to the context of the analysis of the contingency
tables, the Markov chain Monte Carlo procedure is a valuable tool, especially when
the traditional large-sample approximation is inadequate and the exact calculation
of the p-value is infeasible.
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11.1.2 Models and Aliasing Relations

Now we consider how to define models in terms of 0. In other words, we have to
define a v x 1 configuration matrix A with the (j,i) element a;(i) to define the
sufficient statistic # = Ax and fiber .%;. In the literature of designed experiments,
A’, the transpose of A, is usually called a design matrix. It is also called a covariate
matrix or a model matrix. Unlike the other literature of designed experiments, we
call a matrix A (not A”) a design matrix or a configuration matrix, which is consistent
with the other chapters in this book. We illustrate how to define A corresponding to
the main and interaction effects we want to consider in the cases of two-level and
three-level regular fractional factorial designs see [16] for two-level case and [17]
for three-level case for detail. See also the literature on designed experiments such
as [151] for detail.

First we define a regular fractional factorial design. The theories of the regular
fractional factorial designs with two or three levels are well developed and elegantly
written in the literature dealing with theoretical aspects of the designed experiments.
See [123], for example. In this section we first consider the two-level case and then
consider the three-level case.

11.1.2.1 Two-Level Case

Suppose there are s controllable factors, Y,..., Y, with two levels. Let & be a 2°
full factorial design with levels being O and 1 as in Table 11.1. Therefore

2={01,.--,ys) | yi€{0,1},i=1,...,5}.

In most of the literature considering designed experiments from an algebraic
viewpoint, two levels are coded as {—1, 1} rather than {0, 1}. There is no essential
difference between them. In this section we use the coding {0,1}, because it
generalizes to the three-level case somewhat more easily. In Chap. 15 we use the
coding {—1,1}.

A fractional factorial design .7 is a subset of 7. .7 is aregular fractional factorial
design if there are some k > 0 and ¢;; € {0,1},i=1,...,k, j=0,...,s satisfying

tg~:@ﬁ{(ylu7ys)

s
Zc,‘jijCi() (mod2), i= 1,...,k}.
Jj=1

The k relations

s
cijyj=cio (mod2), i=1,....k
=1

J

are called defining relations or aliasing relations. Without loss of generality, we
assume that k relations are linearly independent over the finite field GF(2) = {0, 1},
where the addition is carried out modulo 2. For example, three relations

i+t +y3+ya=0,y1+y2+y4+y5=0, y3+ys =0
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are linearly dependent in GF(2) inasmuch as

(V1 4+y2+y3+ya) + (V1 +y2+ya+ys) =291 +2y2 +y3+2y4+ys = y3 +ys (mod 2).

Considering the change of levels 0 <+ 1 for each factor, we can also assume that
cio =0, i=1,...,k without loss of generality.

Denote the observation at level (yy,...,ys) as Xy,...,,. A simple way of modeling
is to treat the elements of 0 as a parameter contrast of the main and the interaction
effects. Note that the main effect of Y; is given by

1
2S71 < z X0yy-ys — z xlyz---y5>7 (113)
V25--)s )

whereas the interaction effect of Y and Y is given by

1
2 ( z (X00y3-+-ys T X113y, ) — 2 (X01y3---ys +x10y3---ys)> .
V3oV ,

We construct a design matrix A so that each element of Ax corresponds to the
sufficient statistic for the parameter contrast of the main and interaction effect as
follows.

Definition 11.1. For models of regular fractional factorial design .# with two
levels, a design matrix A = {a;(i)} is an v x 1 matrix satisfying

 The firstrow of A is (1,...,1).
e If the model includes the main effect of the factor Y, there is j such that the row
jofAis
o ) 1fory,=0,
a;(i) = {Oforypz 1.

* If the model includes the m-factor interaction effect Y, x --- x Y, , there is j
such that the row j of A is

(i) = 1 fory, +--+yp, =0 (mod2),
! 0 fory, 4+ +y,, =1 (mod?2).

Note that we define A as the simplest form in the above definition. For example,
to reflect the main effect of Y,,, we only use the sum ¥, _o xy, ...y, instead of (11.3).
This simplification is valid because we consider the intercept term. The constant
25—14 also can be ignored because we consider the same conditional sample space
Z3. These simplifications allow us to regard the design matrix A as the configuration
of the toric ideal that we consider in this book.
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Example 11.1. We construct a design matrix A for the wave-soldering data given in
Table 11.1. For the simple main effect model, A is constructed as

rti1r1i1r111111111
1111111100000000
1111000011110000
1100110011001100
1010101010101010
1010010101011010
1001100101100110
1001011010010110

If we include the interaction effect of Y; x Y, (A x B in Table 11.1), the row
(1,1,1,1,0,0,0,0,0,0,0,0,1,1,1,1)

is added to A. Similarly, if we include the three-factor interaction Y| x Y, X Y3,
the row

(1,1,0,0,0,0,1,1,0,0,1,1,1,1,0,0)

is added to A. The design matrix for the saturated model has 1 = 16(= V) rows,
which is the Hadamard matrix of order 16, when 0 is replaced by —1.

Note that we can only consider models consistent with the aliasing relations. For
example, if the aliasing relation

y1+y2+y3+ys =0 (mod 2)

exists, the two two-factor interaction effects, Y; x Y, and Y3 x Y4 are not
simultaneously identifiable. In this case, at most one of Y| X Y, and Y3 X Y4 can
be included in the model. Mathematically, this corresponds to the singularity of the
matrix AA” in GF(2). See [14] for detail.

11.1.2.2 Three-Level Case

Next we consider three-level designs. We code the three levels of s controllable
factors Yy,..., Y as {0,1,2}. Then the 3* full factorial design is

‘@:{(y17""ys) |yl€{07172}7 i:17"'7s}7

and .# C Z is a fractional factorial design. .% is a regular fractional factorial design
if there are some k > 0 and ¢;; € {0,1,2},i=1,...,k,j=0,...,s satisfying

9—@ﬂ{(y1....,ys)

N
cijyj =cip (mod3), i= 17.”7](}.
j=1

j=
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Similarly to the two-level case, we assume that the k relations

N
> cijyj =cio (mod 3), i=1,...k
j=1

are independent over GF(3). Without loss of generality, we also assume c¢;o = 0 for
i=1,... k. In addition, we assume that the coefficient for the first nonzero factor is
1, that is,
cijo =1, j =min{j|cij #0}

for i =1,... k without loss of generality. This notational convention is presented
in [151].

To define a design matrix A, we also consider the sufficient statistics for the
parameter contrast of the main and the interaction effects. The difference from the
two-level case is that there is more than one degree of freedom in the three-level

case. For example, to consider the main effect of Y|, we might be interested in
pairwise comparison of the average responses of three sets, giving

1
3s—1 2 X0ys-ys = z Xy, -y (1 14)
Y2, Ys V2, s

which compares responses to level 0 and level 1,

1
3s—1 2 X0ys-ys = z X2y, -y (1 15)
Y2, Ys V2, s

which compares responses to level O and level 2, and

1
_3371 2 xlyz...yx — 2 x2y2...yS
Y2, Ys Y2,75Ys

which compares responses to level 1 and level 2. However, these three comparisons
are not independent inasmuch as we can calculate the third comparison from the
other two comparisons.

In this sense, the degree of freedom for the main effect is two. We express
the main effect of each factor as two parameters, which correspond to the two
comparisons (11.4) and (11.5). Similarly, there are 2™ degrees of freedom for the m-
factor interaction. For example, two-factor interaction Y| X Y, is decomposed into
two components, namely, Y;Y, and Y1Y%. Y Y, expresses the group satisfying

V1 +y2 = 0, 1,2 (mod 3),
whereas Y1Y% expresses the group satisfying

y1+2y,=0,1,2 (mod 3).
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Each group has two degrees of freedom as we have seen. Similarly, three-factor
interaction Y| X Y X Y3 is decomposed into four components, Y; Y, Y3, Y1Y2Y§,
Y1Y3Y3, Y1Y5Y3, and so on.

Now we give a definition.

Definition 11.2. For models of a regular fractional factorial design .% with three
levels, a design matrix A = {a;(i)} is a v x 1 matrix satisfying

o The firstrow of Ais (1,...,1),
 If the model includes the main effect of the factor Y, there are j; and j> such

that the row j; of A is
~_J1 fory,=0,
aj (i) = {0 fory, = 1,2

and the row j, of A is
a1 fory,=1,
ap(f) = { 0 fory,=0,2.

e If the model includes the m-factor interaction effect Y,,, x --- x Y, , there are 2"
distinct js such that the row j of A is

a;(i) = 1 foryp, +cpVp, + -+ CpuVpn = co (mod 3),
] 0 forypl—i_cpzypz—’—.“—i_cpmypmE1_C072 (m0d3)7

forco=0,1,¢cp,=1,2,r=2,...,m.

Similarly to the two-level cases, we can only consider a model that is consistent with
the aliasing relations. Because this point is somewhat complicated in the three-level
case, we illustrate it by an example.

Example 11.2. Table 11.2 shows a 3*~! fractional factorial design defined by
Yi+y2+y3+2y4=0 (mod 3). (11.6)

In the traditional expression of designed experiments, this design is written as Y4 =
Y:Y2Ys.

For this design, the model consistent with the aliasing relation is specified
as follows. From the relation (11.6), for example, we see that the components
expressed as YY>, Y3Y§ and Y1Y2Y§Y4 are mutually confounded with each other
(in other words, linearly dependent over GF(3)). In fact, by adding y; + v, to both
side of (11.6), we have

Vi+y2 =21 +2y2+y3+2y4 = y1 +y2 +2y3 +y4 (mod 3),

which means that the three groups defined by y; +y, =0,1,2 (mod 3) are identical
to the three groups defined by y; +y» +2y3+y4 =0,1,2 (mod 3). Similarly, by
adding 2(y; + y») to both side of (11.6), we have

2y1 +2y2 = 3y1 +3y2 +y3 +2y4 = y3 +2y4 (mod 3),
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T;lble 1?.2 lgesig;ar:d Factor

observations for a 3%~

fractional factorial design Run Yi Y2 Y3 Y4 al
1 0 0 0 0 X
2 0 0 1 1 X2
3 0 0 2 2 X3
4 0 1 0 1 X4
5 0 1 1 2 X5
6 0 1 2 0 X6
7 0 2 0 2 X7
8 0 2 1 0 X3
9 0 2 2 1 X9
10 1 0 0 1 X10
11 1 0 1 2 X11
12 1 0 2 0 X2
13 1 1 0 2 X13
14 1 1 1 0 X14
15 1 1 2 1 Xis5
16 1 2 0 0 X16
17 1 2 1 1 X17
18 1 2 2 2 X18
19 2 0 0 2 X19
20 2 0 1 0 X20
21 2 0 2 1 X1
22 2 1 0 0 X22
23 2 1 1 1 X23
24 2 1 2 2 X24
25 2 2 0 1 X25
26 2 2 1 2 X26
27 2 2 2 0 X27

which means that the three groups defined by 2y; + 2y, = 0,1,2 (mod 3), or
equivalently by y; +y, = 0,1,2 (mod 3), are also identical to the three groups
defined by y3 +2y4 = 0,1,2 (mod 3). Following the usual notational convention,
we write this relation as

Y1Y2=Y3Y: =Y Y Y3V,

By the similar modulus 3 calculus, we can derive all the aliasing relations as follows.

Y1 =Y2Y3Y: =Y Y3Y2Y,
Y3=YY2Y: =Y Y2Y3Y?]

Y2 =Y1Y3Y: =Y Y3Y;Y?
Ys=YiY2Y3 =Y Y2Y3Y,

Y1Y2=Y3Y: =Y Y2Y3Yy
Y1Y3=Y2Y;=Y1Y3Y3Yy
Y1Ys=Y1Y3Y; =Y Y3Ys
YoY3 =Y 1Y5Y: =Y Y3Y]
Y3Ys=Y1Y2Y: =Y Y,Yy

Y1Y3 =Y 1Y3Ys=Y2Y3Yy

Y1Y3=Y1Y3Ys=Y,Y3Y].

Y1Y:=Y2Y; =Y Y3Y3Y]
YoYs=Y1Y5Y3 =Y Y3V,

(11.7)
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From the above relations, we can clarify models for which all the effects are
simultaneously estimable for the design (11.6). For example, the model of the main
effects for the factors Y1, Y, Y3, Y4 and the two-factor interaction effects Y| x Y is
estimable, because the two components Y Y5, Y1Y% of Y; x Y, are not confounded
with any main effect. Among the models of the main effects and two two-factor
interaction effects, the model with Y; x Y, and Y; x Y3 is estimable, whereas
the model with Y; x Y, and Y3 X Y4 is not estimable because the components
Y,Y> and Y3Y§ are confounded. In [151], main effects or components of two-
factor interaction effects are called clear if they are not confounded with any other
main effects or components of two-factor interaction effects. Moreover, a two-factor
interaction effect, say Y| x Y, is called clear if both of its components, Y| Y,
and YY3, are clear. Therefore (11.7) implies that each of the main effect and the
components, Y1Y3,Y1Y3, Y1 Y4, Y2Y3, Y2 Y4, Y3Yy are clear, and there is no clear
two-factor interaction effect.

We give a design matrix for Table 11.2. The design matrix for the main effect
model is given as

rrrrrrr1rrrr1irrrrrrrrrrrrrgd
111111111000000000000000000
000000000111111111000000000
111000000111000000111000000
A=1000111000000111000000111000
100100100100100100100100100
010010010010010010010010010
100001010001010100010100001
010100001100001010001010100

If we include the two-factor interaction Y| X Y5, the four rows

111000000000000111000111000
000111000111000000000000111
111000000000111000000000111
000000111111000000000111000

are added to A. If we want to include another two-factor interaction, Y3 X Y4 cannot
be estimated because Y;Y, and YgYi are confounded.

On the other hand, the models with two two-factor interactions Y; x Y, and
Y x Y3 are estimable. In this case, the four rows

100100100001001001010010010
010010010100100100001001001
100100100010010010001001001
001001001100100100010010010
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are also added to A. In addition, we can include the three-factor interaction
Y| x Y X Y3 inasmuch as none of four components, Y1Y2Y3,Y1Y2Y3,Y1Y3Ys,
Y1Y3Y3, is confounded with the four main effects and the components of the
two-factor interaction effects. In this case, the eight rows

100001010001010100010100001
010100001100001010001010100
100010001010001100001100010
001100010100010001010001100
100010001001100010010001100
010001100100010001001100010
100001010010100001001010100
001010100100001010010100001

are further added to A.

11.1.3 Conditional Tests for Logistic Models of Binomial
Observations

Next we consider the case that the observation for each run is a ratio of counts.
The arguments, especially the relations between the identifiable models and aliasing
relations, are almost the same as the Poisson case. Therefore we give a brief
consideration on the sufficient statistics and the design matrix here. Table 11.3 is
a 1/2 fraction of a full factorial design (that is, a 24~! fractional factorial design)
defined from the relation

ACD =1 (11.8)

and response data given by [103] and reanalyzed in [70]. In Table 11.3, the
observation x is the number of good parts out of 1,000 during the stamping process
in manufacturing windshield modeling. The purpose of Martin et al. [103] is to
decide the levels for four factors, (A) poly-film thickness, (B) oil mixture, (C)
gloves, and (D) metal blanks, which most improve the slugging condition.

As for a statistical model for this type of data, it is natural to suppose that the
distribution of the observation x(#) is the mutually independent binomial distribution
Bin(u(i),n;), i =1,...,n, where n; = 1,000, i = 1,...,1(= 8) for this example.
Following the theory of generalized linear models, we consider the logit link, which
is the canonical link for the binomial distribution. It expresses the relation between
the mean parameter (i) and the systematic part as

v—1

logit(u(i)) =log 1 fz)(l) = '26 6ja;(i).
-
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Table 11.3 Design and
number of good parts x out
of 1,000 for the windshield

Factor
Run

molding slugging experiment

0NN N AW~
'—"—"—"—‘OOOO}
—_——_—0 O = = O O|lWw

— o = O = O = OlN

338
826
350
647
917
977
953
972

o~ o ~=—~0o —olg

The joint probability function in this case is written as

T\ N
T (o )t = o

B ﬁl (()) (1= p()" (%)“

01 (A TEMUEEN b S PIORG
1 \x(i) =0 jizl ! ,

which implies that a sufficient statistic for the parameter 0 is t; = Z?: ya;(i)x(i) and
ni,...,ny. Consequently, the exact conditional tests are based on the conditional

distribution,

1
plx|t,ng,....ng)=cx ,

T x()!(n — x(D))!

(11.9)

where c is the normalizing constant determined from ¢ and ny, ..., ny written as

-1

c=| ¥ !

e, T x(0)!(ni — x(i))!
and
Fp={x|Ax=t,x(i)€{0,....,n;},i=1,....,n}

is the fiber.
For notational convenience, we extend x to

X=(x(1),....x(n),n1 —x(1),...,ny —x(n))

for the binomial model. Corresponding to this ¥, we also extend the v x n

matrix A to

g_(A 0)7
Ey Ey

(11.10)
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where 0 is the v X 1 zero matrix and Ej, is the identity matrix of the order 7. Alis
the Lawrence lifting of the configuration A. See (4.24) in Sect. 4.6. Using X and A,
the condition that Ax and ny,...,ny are fixed is simply written that AX is fixed.
Once the configuration is given as (11.10), the procedure for conducting the exact
test by the Markov chain Monte Carlo method is the same as in the Poisson case.

11.1.4 Example: Wave-Soldering Data

We give an example of calculating the p-value for the wave-soldering data in
Table 11.1. First we have to define a null model in which we are interested.
Following [70], we focus on the model of seven main effects and two two-
factor interactions, AxC and BxD. Note that the parameters for this model are
simultaneously identifiable. The dimension of the parameter of this null model is
v = 10, therefore the residual has 1 — v = 16 — 10 = 6 degrees of freedom.

We now consider goodness-of-fit tests. Traditional y? tests evaluate the upper
probability for some discrepancy measures such as the deviance, the likelihood ratio,
or Pearson’s chi-square, based on the asymptotic distribution, x%,v. Here we use the
(twice log) likelihood ratio statistic

2 _ & . x(i)
G*(x) =2 x(i)log ==,
i=1 (i)

—

where (1 (i) is the maximum likelihood estimate for p(i) under the null model (that
is, fitted value), given by

[i = (64.53,47.25,53.15,151.08,30.43,46.79,115.24,32.53,
49.42,46.13,70.90,360.54,35.19,30.26,232.14,51.42)'

for our example. For the observed data x°, G*(x°) is calculated as G*(x°) =
19.096 and the corresponding asymptotic p-value is 0.0040 from the asymptotic
distribution xéz. This result tells us that the null hypothesis is highly significant and
is rejected.

Next we calculate the same p-value by the Markov chain Monte Carlo method.
We use a Markov basis as a minimal Markov basis obtained by 4ti2 [1]. After
100,000 burn-in steps, we construct 1,000,000 Monte Carlo samples. In contrast
to the asymptotic p-value 0.0040, the estimated p-value is 0.032, with estimated
standard deviation 0.0045, where we use a batching method to obtain an estimate
of variance; see [82] and [128]. Figure 11.1 shows a histogram of the Monte Carlo
sampling generated from the conditional distribution of the likelihood ratio statistic
under the null hypothesis, along with the corresponding asymptotic distribution xéz.
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Fig. 11.1 Asymptotic and Monte Carlo estimated conditional distribution

11.2 Markov Bases and Corresponding Models
for Contingency Tables

Now we investigate relationships between contingency tables and regular fractional
factorial designs of two or three levels. As is shown in the previous chapters of this
book, Markov bases have been mainly considered in the context of contingency
tables. For example, minimal Markov bases of the decomposable models of
contingency tables are considered in Chap. 8. In this chapter, considering the
fractional factorial designs, we encounter some new models and Markov bases, that

do not correspond to hierarchical models of contingency tables.

11.2.1 Rewriting Observations as Frequencies
of a Contingency Table

The arguments of this section are very simple; that is, we rewrite observations as
if they were the frequencies of a contingency table with minimal support size. We
explain this idea by considering the relation between the fractional factorial designs
with eight runs and 23 (Poisson model) and 2* (logistic model) contingency tables.
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Table 11.4 Eight-run 2°~* fractional factorial designs (s — k = 3)

Number of factors s Resolution Design Generators

4 v Ys=Y1Y2Y3

5 I Yi=Y:Y2, Ys=Y,Y3

6 I Ys=Y Y2, Ys=Y Y3, Yo=Y,Y3

7 11 Ys=Y1Y2 Ys=Y1Y3, Yo =Y2Y3, Y7 =Y Y2Y5
Recall that there are s controllable factors, Yy,..., Y, assigned to some regular

fractional factorial design, which is defined by k linearly independent defining
relations. Because we consider the factors with two levels, there are n = 25—k runs
in the design. Here we consider the case that s —k = 3. We first show the list of
the most frequently used designs with eight runs in Table 11.4. Here we use the
expression such as Y4 = Y Y, Y3 to define design, which is given by

{0, 13* N {(1,52,73,54) | ya=y1 +y2+y3 (mod 2)}.

Such an expression is standard in the context of the designed experiments.

We clarify the relationships between these designs and the models of 23
contingency tables x = {x(i1izi3)}, 1 <ij,ia,i3 < 2, for Poisson observations, and
the models of 2% contingency tables x = {x(ijirizis)}, 1 < i1,iz,i3,iq < 2, for
the binomial observations. We also write indices as subscripts for the rest of this
chapter: we write X;,;i,i, instead of x(iji2i3i4), for example. In the case of Poisson
observations, we write eight observations as if they are the frequencies of a 2°
contingency table;

X = (X111, X112, X121,%122,X211,X212, X221, %222) -
In the case of s =5, for example, the design and the observations are given as
follows.

Factor

Run Yl Y2 Y3 Y4 Y5 X

1 0 0 0 0 0 X111
2 0 0 1 0 1 X112
3 0 1 0 1 0 X121
4 0 1 1 1 1 X122
5 1 0 0 1 1 X211
6 1 0 1 1 0 X212
7 1 1 0 0 1 X221
8 1 1 1 0 0 X222

For this type of data, we define a v-dimensional parameter 8 and the design ma-
trix A according to an appropriate model we consider, as explained in Sect. 11.1.2.1.
First consider the simple main effect model Y1/Y2/Y3/Y4/Ys (v =6). To test this
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model against various alternatives, the Markov chain Monte Carlo testing procedure
needs a Markov basis for the configuration

11111111
11110000
11001100
10101010
11000011
10100101

Note that each component of Ax corresponds to a sufficient statistic under the null
model Y/Y2/Y3/Y4/Ys. In this case, a sufficient statistic is given as

Xy X1y X205 Xiq.y X205 X1, X2,

(11.11)
X11. +X22., X12. +X21., X1.1 +X22, X1.2 +X2.1,

where we use the notations such as
2 2 2 2 2 2
Xeo= 3D D Xitigiys KX = X, D Xitnigs  Xigie = D, Xiriniy
i1=li=1i3=1 ir=1iy=1 i3=1

for marginal frequencies. Here we see that the sufficient statistic (11.11) is nothing
but a sufficient statistic for the conditional independence model Y1Y,/Y1Y3,
given as

{xiliz.}, {x,‘l.,‘3}, i1,i2,i3 = 1,2. (11.12)
The one-to-one relation between (11.11) and (11.12) is easily shown as
Xiy- + Xy — (x,'l,;_ +xiTi2_) Xipo Xy — (xil.i»; +x,~»f.,~3)
-xiliz- = 2 ) xi['i} = - )
(11.13)

where {i1,i}},{i2, i3}, and {i3,7}} are distinct indices, respectively. This correspon-
dence is, of course, due to the aliasing relations Y4 =Y Y2, Ys =Y Y3.

We consider another model. Because there are eight observations, we can
estimate eight parameters at most (in the saturated model). Because the saturated
model cannot be tested, let us consider the models of v = 7 parameters. If we
restrict our attention to hierarchical models, five main effects and one of the two-
factor interaction effects, Y,Y3,Y2Ys,Y3Yy4,Y4Y5, can be included in the models,
inasmuch as the aliasing relation is given as

Y =Y2Ys=Y3Ys5 Yo=Y Y4, Y3=Y Y5, Ys=Y Y2, Y5=Y,Y3,
Y2Y3=Y4Ys5, YoY¥5=Y3Y, =Y Y,Ys.

If our null model includes Y,Y3 or Y4Y5 (i.e., if our null model is written as
YI/Y2Y3/Y4/Y5 or Yl/Yz/Y3/Y4Y5), we add the row

(10011001)
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to the design matrix A. In this case, a sufficient statistic under the null model includes
X.11 +x.22 and x.12 + x.2 in addition to (11.11), which is nothing but a well-known
sufficient statistic for the no-three-factor interaction model, Y1Y2/Y1Y3/Y2Y3,

{xiliz'}a {xil-i3}5 {x-i2i3}7 i17i27i3 = 1727

by the similar relations to (11.13).
On the other hand, if our null model includes Y,;Y5 or Y3Yy, that is, if our null
model is written as Y1/Y2Ys5/Y3/Y40r Y1 /Y2/Y3Y4/Y5, we have to add the row

(10010110)

to the design matrix A. In this case, a sufficient statistic under the null model includes
X111+ X122 + X212 + X201 and X112 + X121 + X211 + X222 in addition to (11.11). This is
one of the models that do not have corresponding models in the hierarchical models
of three-way contingency tables. We write this new model as

Y1Y2/Y1Y3 + (Y1Y2Y3).

A sufficient statistic for this model is

{xiyip- bo {xipiz by 1,502,013 = 1,2,
X111 + X122 + X212 + X221, X112 + X121 + X211 + X222.

Similarly, we can specify the corresponding models of three-way contingency
tables (for the factors Y1,Y2,Y3) to all the possible models for the designs of
Table 11.4, as if the observations were the frequencies of a 2 contingency table. The
result is summarized in Table 11.5. In Table 11.5, we use the notation (Y;Y,Y3) for
the models where the sufficient statistic contains {xj1; + X122 + X212 + X221, X112 +
X121 + X211 + X222}

In the case of binomial observations, there are 16 observations. Similarly to the
Poisson case, we treat the observations as if they were the frequencies of a 2*
contingency table. In the case of s = 5, for example, the design and the observations
are given as follows.

Factor

Run Yl Yz Y3 Y4 Y5 P

1 0 0 0 0 0 X1111 X1112
2 0 0 1 0 1 X121 X122
3 0 1 0 1 0 X211 X212
4 0 1 1 1 1 X1221  X1222
5 1 0 0 1 1 X2111 X2112
6 1 0 1 1 0 X2121 X2122
7 1 1 0 0 1 X2211 X2212
8 1 1 1 0 0 X2221 X2222
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Table 11.5 Eight-run 2°~* fractional factorial designs and the corresponding
models of three-way contingency tables (s —k = 3)

Design:s=4,Y4 =Y Y2Y3

\ Null model Corresponding model of 23 table

5 Yl/Yz/Y3/Y4 Y]/Yz/Y3+(Y1Y2Y3)

6 Y1Y2/Y3/Y4 Y]Y2/Y3+(Y1Y2Y3)

7 YiY2/Y1Y3/Y, YiY2/Y1Ys+(Y1Y2Y3)

Design S = 5, Y4 = Y]Yz7 Y5 = Y1Y3

\Y Null model Corresponding model of 23 table

6 Yi1/Y2/Y3/Ys/Ys Yi1Y2/Y1Y3

7 Y1/Y2Y3/Y4/Ys Yi1Y2/Y1Y3/Y2Y3
Y1/Y2Ys5/Y3/Y4 Y1Y2/Y1Y3+(Y1Y2Y3)

Design 5= 6, Y4 = Y]Yz, Y5 = Y1Y37 Y6 = Y2Y3

\Y Null model Corresponding model of 23 table

7 Y1/Y2/Y3/Y4/Ys/Ys Y1Y2/Y1Y3/Y2 Y3

For this type of data, we also specify parameter 6 and the design matrix according
to the appropriate models, by replacing A by A of (11.10). Note that the elements of
x are ordered as

X = (X1111,X11205 -+ X221, X2221, X112, X122 - - -, X2212,X2222) -
Accordingly, correspondences to the models of 2% contingency tables are easily
obtained and the result is given in Table 11.6. In Table 11.6, we use the notations
(Y1Y2Y3) and (Y;Y2Y3Y4) for the models where a sufficient statistic contains
{Xiyigis- }» 502,03 = 1,2, and {xq11¢ + X1200 + X2120 + X2210,X112¢ + X1210 + X2110 +
xnoe}, €=1,2, respectively.

Table 11.6 is automatically converted from Table 11.5 as follows. By definition,
Y, is added to all the generating sets. Note also that the sufficient statistic for each
model includes {x;,iiy.},1 < i1,i2,i3 < 2, by definition, which yields Table 11.6.
Therefore the models that do not include all of Y;Y>,Y;Y3; and Y;Y3 do not
correspond to hierarchical models.

In (11.13), we see that the sufficient statistic Ax for the main effect model of
2°-2 fractional factorial design is equivalent to the two-dimensional marginals of
23 contingency tables. This correspondence is due to the aliasing relations Y4 =
Y1Y2,Ys = Y Y3. In fact, such a correspondence holds in general. We now state
a proposition for the general two-level and three-level regular fractional factorial
designs.

Proposition 11.1. For 2° and 3° full factorial designs, write observations as
X = {Xi,..i; }. Then the necessary and the sufficient condition that the {iy,...,i,}-
marginal n-dimensional table (n < s) is uniquely determined from Ax is that
the design matrix A includes the contrasts for all (the components of) m-factor
interaction effects Y j, x --- x Y, forall {ji,...,jm} C {i1,...,in},m <n.
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Table 11.6 Eight-run 2°~* fractional factorial designs and the corresponding models of three-way
contingency tables (s —k = 3)
Design:s=4,Y4=Y;Y2Y3

v Null model Corresponding model of 2* table

5 Yl/Yz/Y3/Y4 Y1Y4/Y2Y4/Y3Y4+(Y1Y2Y3)+(Y1Y2Y3Y4)

6 Y1Y2/Y3/Y4 Y1Y2Y4/Y3Y4+(Y1Y2Y3)+(Y1Y2Y3Y4)

7 Yle/Y1Y3/Y4 Y1Y2Y4/Y1Y3Y4+(Y1Y2Y3)+(Y1Y2Y3Y4)

Design LS= 5, Y4 = Y]Yz, Y5 = Y1Y3

v Null model Corresponding model of 2* table

6 Y1/Y2/Y3/Ys/Ys Yi1Y2Ys/Y1Y3Ys+ (Y1Y2Y3)

7 Y1/Y2Y3/Y4/Ys Yi1Y2Ys/Y1Y3Y4/Y2Y35Y4/Y Y2 Y3
Yl/Y2Y5/Y3/Y4 Y1Y2Y4/Y1Y3Y4 + (Y1Y2Y3) + (Y1Y2Y3Y4)

Design LS = 6, Y4 = Y1Y27 Y5 = Y1Y3, Y6 = Y2Y3

v Null model Corresponding model of 2* table

7 Y1/Y2/Y3/Y4/Ys5/Ys Y1YoYs/Y1Y3Y4/Y2Y35Y4/Y Y2 Y5

Proof. We just count the degrees of freedom. The saturated model for the 2" full
factorial design is expressed as the contrast for the total mean, n contrasts for the
main effects, (:,’l) contrasts for the m-factor interaction effects for m = 2,...,n,
because they are linearly independent and

" /n
l+n+ ) ( ) =2".
m=2 m

Similarly, the saturated model for the 3" full factorial design is expressed as the
contrast for the total mean, 2 X n contrasts for the main effects, 2" x (Z) contrasts
for the m-factor interaction effects for m = 2, ... n, inasmuch as they are linearly
independent and

n
1+2n+22’”<;>_(1+2)”_3”. O

m=2

Proposition 11.1 states that the hierarchical models for the controllable factors
in the full factorial designs just correspond to the hierarchical models for the
contingency table. On the other hand, hierarchical models for the controllable
factors in the 2% and 3*¥ fractional factorial designs do not correspond to the
hierarchical models for the 2° and 3* contingency tables in general. This is because
A contains only part of the contrasts of interaction elements in the case of fractional
factorial designs, especially for the cases of three-level designs. Consequently, many
interesting structures appear in considering Markov bases for the fractional factorial
designs.
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Table 11.7 Sixteen-run 2°~* fractional factorial designs (s —k =4)

Number of

Factors s Resolution Design Generators

5 v Ys=Y1Y2Y3Yy

6 v Ys =Y Y2Y3, Yo = Y Y2 Y4

7 v Ys=YY2Y5, Yo=Y Y2Ys, Y7 =Y Y3Yy

8 v Ys=Y1Y2Y3, Yo =Y1Y2Y4s, Y7 =Y1Y3YaYs =Y2Y3Yy

9 I Ys =Y Y2Y5, Yo=Y Y2Ys, Y7 =Y Y3YsYs = Yo Y3Y4,
Yo=Y 1Y2Y3Yy

10 I Ys=Y1Y2Y3, Yo =Y1Y2Ys, Y7=Y1Y3Ys Ys =Y2Y3Yy4,

Yo=Y1Y2Y3Ys, Yio =Y3Y4

11.2.2 Models for the Two-Level Regular Fractional Factorial
Designs with 16 Runs

Next we consider fractional factorial designs with 16 runs, that is, the case of s —k =
4. Table 11.7 is a list of 16-run 2** fractional factorial designs (s —k = 4,5 < 10)
from Sect. 4 of [151].

By similar considerations to the 8-run cases, we can seek the corresponding
models of 2* contingency tables for Poisson observations, and models of 23 con-
tingency tables for the binomial observations. Modeling for binomial observations
can be easily obtained from the Poisson case as we have seen, therefore we only
consider the Poisson case here.

Because at most 16 parameters are estimable for the 16-run designs, we can
consider various models of main effects and interaction effects. For example, the
saturated model of the s = 5 design, Y5 = Y;Y2Y3Y4, can include all the main
effects and two-factor interactions,

Y1 Y2 /Y1 Y3/Y1Y4/Y1Ys/Y2Y3/Y2Ya/Y2Y5/Y3Ys/Y3Ys/Y,Ys.

Note that for the models of s = 5,6,7,8 in Table 11.7, each main effect and two-
factor interaction is simultaneously estimable. (On the other hand, for the resolution
III models of s = 9,10, some of the two-factor interactions are not simultaneously
estimable.) Among the models that include all the main effects and some of the
two-factor interaction effects, some models have the corresponding hierarchical
model in the 2* contingency tables when we write the 16 observations as x =
{Xiyigiziy } 01,02, 03,04 = 1,2.

For example, for the s = 6 design of Y5 =Y Y2Y3,Ys =Y Y2Y4, the model of
6 main effects and 5 two-factor interaction effects,

Y1Y2/Y1Y3/Y1Y4/Y2Y3/Y2Y4/Y5/Ye,
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Table 11.8 Sixteen-run 2°* fractional factorial designs and the corresponding hierarchical

models of 2% contingency tables (s — k = 4)

Design:s=6,Ys =Y Y2Y3, Y6 =

v=12

Representative null model

Num. of the null models
Corresponding model of 2* table

Design:s=06,Y5s =Y Y2Y3,Y¢ =

v=13

Representative null model

Num. of the null models
Corresponding model of 2* table

Design:s=7,Y5s=Y1Y2Y3,Y¢ =

v=12

Representative null model

Num. of the null models
Corresponding model of 2* table

Design:s=8,Ys=Y,Y2Y3, Y6 =

v=12

Representative null model

Num. of the null models
Corresponding model of 2* table

Yi1Y2Yy

Y1 Y2 /Y1Y3/Y1Ys/Y2Y5/Y2Ys/Ys/Ye
48
Y1Y2Y3/Y Y Y,

Y Y Yy

Y1Y2/Y1Y3/Y1Ys/Y2Y3/Y2Y4/Y3Ys/Ys/Ye

96

Y1Y2Y3/Y1Y2Y4/Y3Y4
Y1YoY4,Y7=Y1Y3Ys

Y1Y2/Y1Y3/Y1Ys/Y2Y3/Y2Ya/Y3Ya/Ys /Y6 /Y7

30 =729

Y1 Y2Y3/Y1YaYs/Y Y5y
Yi1YoYs,Y7=Y1Y3Y4, Ys =Y2Y3Yy

Y1Y2/Y1Y3/Y1Y4/Y2Y3/Y2Ye/Y3Ye/Ys5/Ye/Yq
45 = 4096
Y1Y2Y3/Y1Y2Ys/Y1Y3Y,/Y2Y3Y,

has a corresponding model of Y{Y,Y3/YY,Yy for the 24 contingency tables. By

the aliasing relations

Y1Y2=Y3Y5=Y4Ys, Y1Y3=Y2Y5, Y1Y4=Y2Ys, Y1Y5=Y,Y3,
Y1 Ye =YYy, Y3Y4=Y5Y¢, Y3Ys=Y4Y5 =Y Y,Y3Yy,

it is seen that there are 3-2-2 -2 -2 = 48 distinct models such as

Y1Y2/Y1Y3/Y1Ya/Y1Y5/Y1Ye/Ys5/ Y,
YiY2/Y1Y3/Y1Ys/Y1Y5/Y2Y4/Y5/Ye,
YiY2/Y1Y3/Y1Ys/Y2Y3/Y1Y6/Y5/Ye,
YiY2/Y1Y3/Y1Ys/Y2Y3/Y2Y4/Y5/Ye,

Y4Y6/Y2Ys5/Y2Y6/Y2Y3/Y1Ye6/Y5/Ye,
Y4Ye/Y2Y5/Y2Y6/Y2Y3/Y2Y4/Ys5/Ye,

which correspond to the model of Y1Y,Y3/Y1Y,Yy in the 24 contingency tables.
By similar considerations, we can specify all the models for the designs of
Table 11.7, which correspond to some hierarchical models in the 2* contingency
tables. The result is shown in Table 11.8.
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One of the merits of specifying corresponding hierarchical models of
contingency tables is a possibility to make use of already known general results on
Markov bases of contingency tables. For example, we see in Chap. 8 that a Markov
basis can be constructed by degree 2 basic moves for the decomposable models in
the contingency tables. In our designed experiments, therefore, the Markov basis
for the models that correspond to decomposable models of contingency tables
can be constructed by basic moves (square-free moves of degree 2) only. Among
the results of Tables 11.5, 11.6, and 11.8, there are two models that correspond
to decomposable models in the contingency tables. We can confirm that minimal
Markov bases for these models consist of basic moves as follows.

2572 fractional factorial design of Y4 = Y;Y2,Ys = Y;Y3:
The main effects model Y;/Y>/Y3/Y4/Ys corresponds to the decomposable
model Y1Y,/Y Y3 of the 23 contingency tables. This is a conditional inde-
pendence model between Y, and Y3 given Y| and a minimal Markov basis is
constructed by basic moves as

(111)(122) — (112)(121), (211)(222) — (212)(221).

2972 fractional factorial design of Y5 = Y;Y>Y3,Ys = Y Y2 Yyt
The model Y;Y2/Y1Y3/Y1Y4/Y2Y3/Y2Y4/Ys5/Ye corresponds to the de-
composable model Y;Y,2Y3/YY2Ys of the 24 contingency tables. This is a
conditional independence model between Y3 and Y4 given {Y;,Y>} and a
minimal Markov basis is again constructed by basic moves as

(1111)(1122) — (1112)(1121), (1211)(1222) — (1212)(1221),
(2111)(2122) — (2112)(2121), (2211)(2222) — (2212)(2221).

For the other designs of Table 11.7 (p = 5,9,10), all the models include the
sufficient statistic

X1111 +X1122 +X1212 + X1221 +X2112 + X2121 +X2211 + X2222,
X1112 +X1121 +X1211 +X1222 +X2111 +X2122 +X2212 + X2221,

and therefore have no corresponding hierarchical models in the 2* contingency
tables. For example, a sufficient statistic of the main effect models for the 25!
designof Ys =Y Y,Y3Y4 is

{xl-l...}, {x.iz..}, {x..i3.}, {x...i4}, il,iz,i3,i4 = 1,2,
X1111 +X1122 +X1212 + X1221 +X2112 + X2121 +X2211 + X2222,
X1112 FX1121 +X1211 +X1222 +X2111 +X2122 +X2212 + X2221,

and a sufficient statistic of the main effect models for the 2!9~¢ design of

Ys=Y1Y2Y3, Ye=Y1Y2Yq, Y7 =Y1Y3Ys, Ys =Y2Y3Ys, Yo=Y 1Y2Y3Yy,
Yio=Y3Yy
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is
{xi1i2i3'}7 {xiliz-i4}5 {xil-i3i4}5 {x-i2i3i4}a i17i27i37i4 = 1727
X1111 +X1122 +X1212 + X1221 +X2112 + X2121 +X2211 + X2222,
X1112 FX1121 FX1211 +X1222 +X2111 +X2122 + X2212 + X2221-

11.2.3 Three-Level Regular Fractional Factorial Designs
and 3% Continent Tables

Next we consider the three-level designs. As the simplest example, we first consider
a design with 9 runs for three controllable factors, that is, 33-1 fractional factorial
design. Write three controllable factors as Y1, Y2, Y3, and define Y3 = Y Y>. In this
design, the design matrix for the main effects model of Y;,Y>, Y3 is defined as

111111111
111000000
000111000
A=1100100100
010010010
100001010
010100001

To investigate the structure of the fiber, write the observation as a frequency of
the 3 x 3 contingency table, x;1,...,x33. Then the fiber is the set of tables with the
same row sums {x;,.}, column sums {x.;, }, and the contrast displayed as

N = o
SN =

2
0].
1

Concerning a minimal Markov basis, we see that the moves to connect the following
three-element fiber are sufficient,

100 [010] |001
010(,|001|,(100
001 100 (010

Therefore any two moves from the following three moves,

(11)(22)(33) - (12)(23)(31),
(11)(22)(33) - (13)(21)(32),
(12)(23)(31) - (13)(21)(32),

is a minimal Markov basis.
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For the rest of this chapter, we consider three types of fractional factorial designs
with 27 runs, which are important for practical applications. We investigate the
relations between various models for the fractional factorial designs and the 3 x 3 x 3
contingency table. In the context of the Markov basis for the contingency tables,
the Markov basis for the 3 x 3 x 3 contingency tables has been investigated by
many researchers, especially for the no-three-factor interaction model in Chap. 9.
In the following, we investigate Markov bases for some models; we are especially
concerned with their minimality, unique minimality, and indispensability of their
elements (cf. Sect. 5.2). Similarly to Chap. 9, we write three 3 x 3 slices to display
3 x 3 x 3 moves of higher degrees.

11.2.3.1 3?\7 ! Fractional Factorial Design Defined from Y4 =Y;Y,Y3

In the case of four controllable factors for design with 27 runs, we have a resolution
IV design by setting Y4 = Y1Y>Y3. As seen in Sect. 11.1.2.2, all the main effects
are clear, whereas all the two-factor interactions are not clear in this design.

For the main effect model in this design, the sufficient statistic is written as

{xil "}a {x'iz'}v {x-'is}

and
X111+ X123 + X132 + X213 + X222 + X231 + X312 + X321 + X333,
X112+ X121 + X133 + X211 + X223 + X232 + X313 + X322 + X331,
X113 + X122 + X131 + X212 + X221 + X233 + X311 + X323 + X332.
By 4ti2 [1], the minimal Markov basis for this model consists of 54 degree 2 moves
and 24 degree 3 moves. All the elements of the same degrees are on the same orbit
(see Chap. 7).
The moves of degree 2 connect three-element fibers such as

{(112)(221), (121)(212), (122)(211)} (11.14)
into a tree, and the moves of degree 3 connect three-element fibers such as
{(111)(122)(133), (112)(123)(131), (113)(121)(132)} (11.15)
into a tree. For the fiber (11.14), for example, two moves such as
(121)(212) — (112)(221), (122)(211) — (112)(221)
are needed for a Markov basis.
Considering the aliasing relations given by (11.7), we can consider models with

interaction effects. We see by using 4ti2 that the structures of the minimal Markov
bases for each model are given as follows.
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For the model of the main effects and the interaction effect Y; x Yo, 27
indispensable moves of degree 2 such as (113)(321) — (111)(323) and 54
dispensable moves of degree 3 constitute a minimal Markov basis. The degree
3 elements are on two orbits; one connects 9 three-element fibers such as (11.15)
and the other connects 18 three-element fibers such as

{(111)(133)(212), (112)(131)(213), (113)(132)(211)}.

For the model of the main effects and the interaction effects Y| X Y,,Y| x Y3, 6
dispensable moves of degree 3, 81 indispensable moves of degree 4 such as

—14+10[{|-10+1]{000
+1-10[(+10—-1/{0 00 (11.16)
0 00/|]0O0O0[|00O0

and 171 indispensable moves of degree 6, 63 moves such as

—1+1 0||-1 0 +1{|{000O0
+1 0 —1/|{0 +1-1/{00 O (11.17)
0 -1+1||+1 -1 0]{000

and 108 moves such as

—141 0 |-1 O +1| [+1 0 -1
+1-10{|0 0 O0||-10+1
0 0 O0|(+10—-1{|0 0 O

constitute a minimal Markov basis. The degree 3 elements connect three-element
fibers such as (11.15).

For the model of the main effects and the interaction effects Y| x Y;,Y| X
Y3,Y, x Y3, 27 indispensable moves of degree 6 such as (11.17) and 27
indispensable moves of degree 8 such as

+2—-1—-1||-1+4+1 0] |-1 0 +1
141 0|(+1-10{|0 0 O
-1 0 +1/{0 0 Of|4+10 —1

constitute a unique minimal Markov basis.

For the model of the main effects and the interaction effects Y| x Y5,Y| X
Y3,Y| X Y4, 6 dispensable moves of degree 3 constitute a minimal Markov basis,
which connects three-element fibers such as (11.15).
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11.2.3.2 3;1}2 Fractional Factorial Design Defined
from Y4 = Y1Y2,Ys5 = Y1 Y3Y;

In the case of five controllable factors for designs with 27 runs, the parameter
contrasts for the two main factors are allocated by two aliasing relations.

In this section, we consider two designs from Table 5A.2 of [151]. First we
consider the 3?17 2 fractional factorial design defined by Y4 =Y Y2, Ys=Y 1Y%Y3.
For this design, we can consider the following nine distinct hierarchical models
(except for the saturated model). Minimal Markov bases for these models are
calculated by 4ti2 as follows.

* For the model of the main effects of Y{,Y>,Y3,Y4,Ys, 27 indispensable moves
of degree 2 such as (112)(221) — (111)(222), 56 dispensable moves of degree 3,
54 indispensable moves of degree 4 such as

+1 0 0[|-1 0 0[]0 0 O
+1-10[|0 +10|{0-10
-1 0 0{|{0 O O||0+10

and 9 indispensable moves of degree 6 such as

+2 0 0/|-1 0 0]|0 —-10
0 —-10{[+1+10||-1 0 0
-1 0 0|0 —-10[|0 420

constitute a minimal Markov basis. The degree three moves are in three orbits,
which connect three types of three-element fibers, that is,

18 moves for 9 fibers: {(111)(123)(132), (113)(122)(131), (112)(121)(133)},
36 moves for 18 fibers: {(111)(123)(212), (113)(122)(211), (112)(121)(213)},
2 moves for the fiber: {(112)(223)(331), (131)(212)(323), (121)(232)(313)}.

e For the model of the main effects and the interaction effect Y; x Y3, 18
dispensable moves of degree 3, 162 indispensable moves of degree 4 such
as (11.16), 81 indispensable moves of degree 5 such as

—-1+14+1||0 00[{|-100
+1—-1-1/|+100||0 0O
00 0[|-100||+100

and 54 indispensable moves of degree 5 such as

—-1+20{|-100/|0 0O
+1—-10[(+100[|-100
0 —-10/{0 0O0||+100
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and 54 indispensable moves of degree 6 such as (11.17) constitute a minimal
Markov basis. The degree 3 moves connect three-element fibers such as

{(111)(123)(132), (112)(121)(133), (113)(122)(131)}. (11.18)

e For the model of the main effects and the interaction effect Y3 x Y5, 27
indispensable moves of degree 2 such as (112)(221) — (111)(222) constitute the
unique minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y| X Y5,
6 dispensable moves of degree 3 and 81 indispensable moves of degree 6 such
as (11.17) constitute a minimal Markov basis. The degree 3 moves connect three-
element fibers such as (11.18).

¢ For the model of the main effects and the interaction effects Y| x Y3,Y, X Y3,
27 indispensable moves of degree 4 such as (11.16) and 54 indispensable moves
of degree 6 such as

141 0|(+1 -1 0|(0O0O0
+1 0 —1||-1 0 +1/{0 0 O (11.19)
0 —-1+1||0 +1-1{|000

constitute the unique minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y3 X Y3,
27 indispensable moves of degree 4 such as (11.16) and 54 indispensable moves
of degree 6 such as (11.17) constitute the unique minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y| X
Ys,Y3 X Ys, 9 indispensable moves of degree 6 such as (11.17) constitute the
unique minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y, X
Y3,Y3 X Yy, 9 indispensable moves of degree 6 such as (11.17) constitute the
unique minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y, X
Y3,Y3 X Ys, 9 indispensable moves of degree 6 such as (11.19) constitute the
unique minimal Markov basis.

11.2.3.3 3fﬁ2 Fractional Factorial Design Defined from
Y4=Y1Y2,Ys =Y Y3

Next we consider 3?,}2 fractional factorial design defined from Y4 = Y Y2, Y5 =
Y1Y§. For this design, we can consider the following four distinct hierarchical
models (except for the saturated model). Minimal Markov bases for these models
are calculated by 4ti2 as follows.
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* For the model of the main effects of Y, Y5,Y3, Y4, Ys, 108 indispensable moves
of degree 2 such as (112)(121) — (111)(122) constitute the unique minimal

Markov basis.

e For the model of the main effects and the interaction effect Y; x Y3, 27
indispensable moves of degree 2 such as (112)(121) — (111)(122) constitute the

unique minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y, X Y3,

27 indispensable moves of degree 4 such as

-1+10
+1-10
0 00

+1-10
-1+10
0 00

000
000
000

and 54 indispensable moves of degree 6 such as (11.19) constitute the unique

minimal Markov basis.

¢ For the model of the main effects and the interaction effects Y| x Y3,Y, X
Y3,Y3 X Yy, 9 indispensable moves of degree 6 such as (11.19) constitute the

unique minimal Markov basis.




Chapter 12
Groupwise Selection Models

12.1 Examples of Groupwise Selections

First we introduce two data sets from the viewpoint of the groupwise selection.
In Sect.12.1.1, we take a close look at patterns of subject selections in the
National Center Test for university entrance examinations in Japan. In Sect. 12.1.2,
we illustrate an important problem of population genetics from the viewpoint of
groupwise selection.

12.1.1 The Case of National Center Test in Japan

One important practical problem of groupwise selections is the entrance exam-
ination for universities in Japan. In Japan, as the common first-stage screening
process, most students applying for universities take the National Center Test (NCT
hereafter) for university entrance examinations administered by the National Center
for University Entrance Examinations (NCUEE). Basic information on the NCT is
available on the NCUEE website ([106] in the references.

After obtaining the NCT score, students apply to departments of individual uni-
versities and take second-stage examinations administered by the universities. Due
to time constraints of the NCT schedule, there are rather complicated restrictions on
possible combinations of subjects. Furthermore, each department of each university
can impose different additional requirements on the combinations of subjects of
NCT to students applying to the department.

In NCT, students, or examinees, can choose subjects in mathematics, social
studies, and science. These three major subjects are divided into subcategories. For
example, mathematics is divided into Mathematics 1 and Mathematics 2 and these
are then composed of individual subjects. In the test carried out in 2006, examinees
could select two mathematics subjects, two social studies subjects, and three science
subjects at most as shown below. The details of the subjects can be found on

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 209
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_12,
© Springer Science+Business Media New York 2012
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Table 12.1 Number of examinees who take social studies subjects

Geography and History Civics
WHA WHB JHA JHB GeoA GeoB  ContS Ethics P&E

1 subject 496 29,108 1,456 54,577 1,347 27,152 40,677 16,607 25,321
2 subjects 1,028 61,132 3,386 90,427 5,039 83,828 180,108 27,064 37,668

Table 12.2 Number of examinees who select two social studies subjects

Geography and History

Civics WHA WHB JHA JHB GeoA GeoB
ContSoc 687 39,913 2,277 62,448 3,817 70,966
Ethics 130 10,966 409 10.482 405 4,672
P&E 211 10,253 700 17,497 817 8,190

Table 12.3 Number of examinees who take science subjects

Science 1 Science 2 Science 3

CSciB Biol  ISci BiolA CSciA Cheml ChemlA Physl  Earthl PhysIA EarthIA
1 subject 2,558 80,385 511 1,314 1,569 19,616 717 14,397 10,788 289 236
2 subjects 6,878 79,041 523 1,195 26,848 158,027 2,777 106,822 6,913 905 259
3 subjects 7,942 18,519 728 490 6,838 20,404 437 18,451 8,423 361 444

web pages and publications of NCUEE. We omit mathematics for simplicity, and
only consider selections in social studies and science. In parentheses we show our
abbreviations for the subjects in this chapter.

¢ Social Studies:

o Geography and History: One subject from {World History A (WHA), World
History B (WHB), Japanese History A (JHA), Japanese History B (JHB),
Geography A (GeoA), Geography B (GeoB)}

o Civics: One subject from {Contemporary Society (ContSoc), Ethics, Politics
and Economics (P&E)}

e Science:

o Science 1: One subject from {Comprehensive Science B (CSciB), Biology I
(Biol), Integrated Science (IntegS), Biology IA (BiolA)}

o Science 2: One subject from {Comprehensive Science A (CSciA), Chemistry
I (ChemlI), Chemistry IA (ChemlIA)}

o Science 3: One subject from {Physics I (PhysI), Earth Science I (EarthI),
Physics IA (PhysIA), Earth Science TA (EarthIA)}

Frequencies of the examinees selecting each combination of subjects in 2006 are
given on the NCUEE website. Part of them are reproduced in [8], which we show in
Tables 12.1-12.5.

As seen in these tables, examinees may select or not select these subjects. For
example, one examinee may select two subjects from social studies and three
subjects from science, whereas another examinee may select only one subject from
science and none from social studies. Hence each examinee is categorized into one
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Table 12.4 Number of examinees who select two science subjects
Science 2 Science 3
CSciA  Cheml ChemIA  Physl  Earthl PhysIA  EarthIA
Science 1  CSciB 1,501 1,334 23 120 3,855 1 44
Biol 21,264 54,412 244 1,366 1,698 5 52
ISci 147 165 50 43 92 5 21
BiolA 128 212 715 16 33 29 62
Science 3 Physl 3,243 101,100 934 - - - -
Earthl 485 730 20 - - - -
PhysIA 43 54 768 - - - -
EarthIA 37 20 23 - - - -
Table 12.5 Number of examinees who select three science subjects
Science 3 Physl Earthl
Science 2 CSciA Cheml ChemlA CSciA Cheml ChemlA
Science 1 CSciB 1,155 5,152 17 1,201 317 7
Biol 553 10,901 31 3,386 3,342 16
ISci 80 380 23 62 34 4
BiolA 6 114 39 22 22 10
Science 3 PhysIA EarthIA
Science 2 CSciA Cheml ChemIA CSciA Cheml ChemIA
Science 1 CSciB 16 5 16 48 5 3
Biol 30 35 19 130 56 20
ISci 32 13 27 48 14 11
BiolA 12 6 150 57 8 44

of the (64 1) x -+ x (4+ 1) = 2,800 combinations of individual subjects. Here 1
is added for not choosing from the subcategory. As mentioned above, individual
departments of universities impose different additional requirements on the choices
of NCT subjects. For example, many science or engineering departments of national
universities ask the students to take two subjects from science and one subject from
social studies.

Let us observe some tendencies of the selections by the examinees to illustrate
what kind of statistical questions one might ask concerning the data in Tables 12.1—

12.5.

(i) The most frequent triple of science subjects is {Biol, Cheml, Physl} in
Table 12.5, which seems to be consistent with Table 12.3 because these three
subjects are the most frequently selected subjects in Science 1, Science 2
and Science 3, respectively. However in Table 12.4, although the pairs {Biol,
Cheml} and {Cheml, PhysI} are the most frequently selected pairs in {Science
1, Science2} and {Science 2, Science 3}, respectively, the pair {Biol, PhysI} is
not the first choice in {Science 1, Science 3}. This fact indicates differences in
the selection of science subjects between the examinees selecting two subjects
and those selecting three subjects.
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(ii) In Table 12.2 the most frequent pair is {GeoB, ContSoc}. However, the most
frequent single subject from geography and history is JHB both in Tables 12.1
and 12.2. This fact indicates the interaction effect in selecting pairs of social
studies.

These observations lead to many interesting statistical questions. However
Tables 12.1-12.5 only give frequencies of choices separately for social studies and
science; that is, they are the marginal tables for these two major subjects. In this
chapter we are interested in independence across these two subjects, such as “are
the selections on social studies and science related or not?”” We give various models
for NCT data in Sect. 12.2.1 and numerical analysis in Sect. 12.5.1.

12.1.2 The Case of Hardy—Weinberg Models for Allele
Frequency Data

We also consider problems of population genetics. This is another important
application of the methodology of this chapter.

The allele frequency data are usually given as genotype frequencies. For multi-
allele locus with alleles A1,A5,...,A,, the probability of the genotype A;A; in an
individual from a randomly breeding population is ¢? (i = j) or 2¢iq; (i # j),
where ¢; is the proportion of the allele A;. These are known as the Hardy—Weinberg
equilibrium probabilities as we have seen in Sect. 6.2.2. The Hardy—Weinberg law
plays an important role in the field of population genetics and often serves as a
basis for genetic inference, therefore much attention has been paid to tests of the
hypothesis that a population being sampled is in the Hardy—Weinberg equilibrium
against the hypothesis that disturbing forces cause some deviation from the Hardy—
Weinberg ratio. See [43] and [67] for example. Although Guo and Thompson [67]
consider the exact test of the Hardy—Weinberg equilibrium for multiple loci, the
exact procedure becomes infeasible if the data size or the number of alleles is
moderately large. Therefore MCMC is also useful for this problem. In Sect. 6.2.2,
we have considered minimal Markov bases for the conditional tests of the Hardy—
Weinberg model by using MCMC.

Due to the rapid progress of sequencing technology, more and more information
is available on the combination of alleles on the same chromosome. A combination
of alleles at more than one locus on the same chromosome is called a haplotype
and data on haplotype counts are called haplotype frequency data. The haplotype
analysis has gained increasing attention in the mapping of complex disease genes,
because of the limited power of conventional single-locus analyses.

Haplotype data may come with or without pairing information on homologous
chromosomes. It is technically more difficult to determine pairs of haplotypes
of the corresponding loci on a pair of homologous chromosomes. A pair of
haplotypes on homologous chromosomes is called a diplotype. In this chapter we
are interested in diplotype frequency data, because haplotype frequency data on
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individual chromosomes without pairing information are standard contingency table
data and can be analyzed by statistical methods for usual contingency tables. For the
diplotype frequency data, the null model we want to consider is the independence
model that the probability for each diplotype is expressed by the product of
probabilities for each genotype.

We consider the models for genotype frequency data and diplotype frequency
data in Sect. 12.2.2. Note that the availability of haplotype data or diplotype data
requires a separate treatment in our arguments. Finally we give numerical examples
of the analysis of diplotype frequency data in Sect. 12.5.2.

12.2 Conditional Tests for Groupwise Selection Models

In the context of selection problems, a finite sample space .# is the space of possible
selections and each element i € .# represents a combination of choices. We also
call each i € .7 a cell, following the terminology of contingency tables, It should
be noted that unlike the case of standard multiway contingency tables, our index set
# cannot be written as a direct product in general. We show the structures of .# for
NCT data and allele frequency data in Sects. 12.2.1 and 12.2.2, respectively.

Let p(i) denote the probability of selecting the combination i (or the probability
of cell i) and write p = {p(i) }ic.». In this chapter, we do not necessarily assume that
p is normalized. In fact, in the models of this chapter, we only give an unnormalized
functional specification of p(-). Recall that we need not calculate the normalizing
constant 1/Y;c » p(i) for performing an MCMC procedure (cf. Chap.2). Denote
the result of the selections by n individuals as x = {x(i)}ic.», where x(i) is the
frequency of the cell i.

In the models considered in this chapter, the cell probability p(i) is written as
some product of functions that correspond to various marginal probabilities. Let _#
denote the index set of the marginals. Then our models can be written as

p(i) = h(i) T a(i)4®, (12.1)
jic s

where h(i) is a known function and the ¢(j)s are the parameters. An important point
here is that the sufficient statistic t = {r(j), j € _# } is written in a matrix form as

t=Ax, A= (aj(i))je sics (12.2)

where A is a v x 1 matrix of nonnegative integers and v = | 7|, n = |.#|. As in
Sect. 1.1 we call A a configuration.

As we have seen in Chap. 2, we can perform a conditional test of the model (12.1)
based on the conditional distribution given the sufficient statistic . An important
point in this chapter is that we can make use of the theory of the Grobner basis for
the Segre—Veronese configuration to obtain a Markov basis.
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12.2.1 Models for NCT Data

Following the general formalization above, we formulate data types and their
statistical models in view of NCT. Suppose that there are J different groups (or
categories) and m; different subgroups in group j for j =1,...,J. There are m
different items in subgroup k of group j (k=1,...,m;, j=1,...,J).InNCT, J =2,
m; = |{Geography and History, Civics}| = 2 and similarly m, = 3. The sizes of
subgroups are mj; = [{WHA, WHB, JHA, JHB, GeoA, GeoB}| = 6 and similarly
mip = 3, mpp = 4, npy = 3, nmp3 = 4.

Each individual selects cj; items from the subgroup k of group j. We assume
that the total number 7 of items chosen is fixed and common for all individuals.
In NCT cjy is either O or 1. For example, if an examinee is required to take two
science subjects in NCT, then (cz1,¢22,¢23) is (1,1,0), (1,0,1), or (0,1,1). For
the analysis of genotypes in Sect.12.2.2, ¢ = 2 although there is no nesting of
subgroups, and the same item (allele) can be selected more than once (selection
“with replacement”).

We now set up our notation for indexing a combination of choices carefully.
In NCT, if an examinee chooses WHA from “Geography and History” of Social
Studies and PhysI from Science 3 of Science, we denote the combination of these
two choices as (111)(231). In this notation, the selection of cj; items from the
subgroup k of group j is indexed as

ijk = (]kll)(]klz)(]klcjk), 1 S 11 S S lek S mjk.

Here ij; is regarded as a string. If nothing is selected from the subgroup, we
define ij; to be an empty string. Now by concatenation of strings, the set .% of
combinations is written as

I ={i=ii...ij}, ij=ijedp, j=1d

For example, the choice of (P&E, Biol, Cheml) in NCT is denoted by i =
(123)(212)(222). In the following we denote i’ C i if i’ appears as a substring of i.

Now we consider some statistical models for p. For NCT data, we consider three
simple statistical models, namely complete independence model, subgroupwise
independence model, and groupwise independence model. The complete indepen-
dence model is defined as

J mj Cjk
p() =11 qix(l) (12.3)
j=1 k=1 =1
ljkCl
for some parameters g (l), j=1,...,J; k=1,....mj; [ =1,...,mj;. Note that

if cjx > 1 we need a multinomial coefficient in (12.3). The complete independence
model means that each p(i), the inclination of the combination i, is explained by
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the set of inclinations ¢ (/) of each item. Here ¢ i(I) corresponds to the marginal
probability of the item (jk/). However, we do not necessarily normalize them as
1= Z;Z'i qjr(1), because the normalization for p is not trivial anyway. The same
comment applies to other models below.

Similarly, the subgroupwise independence model is defined as

J mj

p@) =TI IT (i) (12.4)
=1 k=1
ljkCl

for some parameters g jx(-), and the groupwise independence model is defined as
J
p(i) = [14;(i)) (12.5)
j=1

for some parameters g (-).

In this chapter, we treat these models as the null models and give testing
procedures to assess their fitting to observed data following the general theory in
Chap. 2.

12.2.2 Models for Allele Frequency Data

Next we consider the allele frequency data. First we consider the models for the
genotype frequency data. We assume that there are J distinct loci. In the locus j,
there are m; distinct alleles, Ajy,...,Ajp;. In this case, we can imagine that each
individual selects two alleles for each locus with replacement. Therefore the set of
the combinations is written as

I ={i=(inin)(i21in)...(inip) | 1 <ip <ip<m;, j=1,....J}.

For the genotype frequency data, we consider two models of hierarchical
structure, namely the genotypewise independence model

J
p()=TTai(ijip) (12.6)
Jj=1
and the Hardy—Weinberg model
J
p(i) =TT1a;(inip), (12.7)
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where
=iy = aitin) ifij =ip,
Q'(l‘ll‘z)—{ ) . o (12.8)
e 2q(ij)qilip) it #ip.
Note that for both cases the sufficient statistic ¢ can be written as t = Ax for an
appropriate matrix A as shown in Sect. 12.5.2.
Next we consider the diplotype frequency data. In order to illustrate the

difference between genotype data and diplotype data, consider a simple case of
J =2,m; = my =2 and suppose that genotypes of n = 4 individuals are given as

{A11A11,A21401}, {A11A11,A21An}, {A11A12,A21401}, {A11A12,A21An}.

In these genotype data, for an individual who has a homozygote genotype on
at least one locus, the diplotypes are uniquely determined. However, for the
fourth individual who has the genotype {A|1A12,A21A2,}, there are two possible
diplOtypeSZ {(A117A21)7 (Alz,Azz)} and {(AII,AZZ), (A127A21)}-

Now suppose that information on diplotypes is available. The set of combinations
for the diplotype data is given as

fZ{iZilizz (ill---ijl)(ilz---ijz) | 1 <ijp,ip<mj, j= 1,...,]}.

In order to determine the order of i} = (i1 ...i1) and ip = (i12...iy2) uniquely, we
assume that these two are lexicographically ordered; that is, there exists some j such
that

i1 =112, 011 =12, i1 <ip

unless i| = i>.

For the parameter p = {p(i) } where p(i) is the probability for the diplotype i, we
can consider the same models as for the genotype case. Corresponding to the null
hypothesis that diplotype data do not contain more information than the genotype
data, we can consider the genotypewise independence model (12.6) and the Hardy—
Weinberg model (12.7). A sufficient statistic for these models is the same as we have
seen above.

If these models are rejected, we can further test independence in diplotype data.
For example, we can consider a haplotypewise Hardy—Weinberg model

o e [qlin)? if i =iy,
p(i) = plirir) = {2q(1i1)q(i2) ifii ] iz.

A sufficient statistic for this model is given by the set of frequencies of each
haplotype and the conditional test can be performed as in the case of the Hardy—
Weinberg model for a single gene by formally identifying each haplotype as an
allele.
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12.3 Grobner Basis for Segre—Veronese Configuration

In this section, we introduce toric ideals of algebras of the Segre—Veronese
type [109] with a generalization to fit statistical applications in this chapter. We
use the notation and the terminology of Sect. 3.

Fix integers T >2, M > 1 and sets of integers b = {by,...,by }, e ={c1,...,cm}s
r={ry,...,ru},and s = {sy,...,sp} such that

(1) 0<c¢;<b;foralll <i<M,
() 1<s;<r<vforalll <i<M.

Let Azpers C NV denote the configuration consisting of all nonnegative integer
vectors (f1, f2,-..,fv) € NV such that

1) ZJV-:J,' =T
(i) ¢ < z;i:s,-ff <bp;foralll <i< M.

Let k[Azp.crs| denote the semigroup ring generated by all monomials T}_, ¢,/
over the field k and call it an algebra of Segre—Veronese type. Note that the present
definition generalizes the definition in [109].

Several popular classes of semigroup rings are Segre—Veronese type algebras.
ItTM=2,1t=2,by=bry=ci=c,=1,51=1,s2 =r; +1 and r, = v, then the
semigroup ring k[A¢pcrs] is the Segre product of polynomial rings k[g1,...,q,]
and k[gr,+1,-..,qv]. On the other hand, if M = v, s; =r; =i, b; =1, and ¢; =0
for all 1 <i <M, then the semigroup ring k[A;p ¢ rs] is the classical Tth Veronese
subring of the polynomial ring k[gy,...,qy]. Moreover,if M = v, s;=r; =i,b; =1,
and ¢; = 0 for all 1 <i < M, then the semigroup ring k[A¢p ¢ r ] is the Tth square-
free Veronese subring of the polynomial ring k[gi,...,qy]. In addition, Veronese
type algebras (i.e., M = v, s =r; =1, and ¢; = 0 for all 1 <i < M) are studied
in [48] and [139].

Let k[Y] denote the polynomial ring with the set of variables

{yjlj2"'jr

where k[Acpcrs] = k[g*,...,q%"]. The toric ideal I, . is the kernel of the sur-
jective homomorphism 7 : k[Y] — k[A7p ¢ rs] defined by 7(yj, jr-jr) = [ 4.
A monomial yo, a--ar Y, fo--Be Y 1o-y: 18 called sorted if

T
1<ji<p<-<j<v, quke{qal,...,q“"}},
k=1

u<P<--- << <p<l - <p< <o <P <y

Let sort(-) denote the operator that takes any string over the alphabet {1,2,...,d}
and sorts it into weakly increasing order. Then the quadratic Grobner basis of toric
ideal Iy, .. 18 given as follows.
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Theorem 12.1. There exists a monomial order on k[Y] such that the set of all
binomials

enon-0YBipo-Be — Ynm-pe 1 Ynm-pe | SOT (01 B1o2Sr o) =V Yor}
(12.9)

is the reduced Gribner basis of the toric ideal Iy, . . .. The initial ideal is generated
by square-free quadratic (nonsorted) monomials.

In particular, the set of all integer vectors corresponding to the above binomials
is a Markov basis. Furthermore, the set is minimal as a Markov basis.

Proof. The basic idea of the proof appears in Theorem 14.2 in [139].
Let ¢ be the above set of binomials. First we show that ¢ C Ipp ers- SUPpOSE
that m = yo, a0, Y, BB, 18 DOt sorted and let

Yiva- - var = sort(oy fronfs- - 0 fBr).

Then, m is square-free because the monomial y(le oy-azp 18 sorted. The binomial
Yoo YBy po--Be — Yo o, VpI Bt € K[Y] belongs to I, . o if and only if
sort(a o - o fifa- - Br) = sort(og o -+ oy By -+ Br), thus it is sufficient to
show that both yy,y..55, , and yyy,...p,, are variables of k[Y]. For 1 <i < M, let
pi={jlsi<pj-1<ri}lando;=[{j]si < pp; <ri}|. Because py < <+ < Por,
pi and o; are either equal or they differ by one for each i. If p; < o;, then
0<0;—p; < 1.Because 2¢; < p;+ 0; < 2b;, we have 0; < b;+1/2 and ¢; — 1/2§p,‘.
Thus ¢; < p; < 0; < b;. If p; > 0;, then p; — 0; = 1. Because 2¢; < p;+ 0; < 2b;, we
have p; <b;+1/2and ¢; —1/2 < 0;. Thus ¢; < 6; < p; < b;. Hence yy, ..., , and
Ypy--p, are variables of k[Y].

By virtue of the relation between the reduction of a monomial by ¢ and sorting
of the indices of a monomial, it follows that there exists a monomial order such that,
for any binomial in ¢, the first monomial is the initial monomial. See also Theorem
3.12in [139].

Suppose that ¢ is not a Grobner basis. By Theorem 3.1 there exists a binomial
J € Ia,p rs SUch that both monomials in f are sorted. This means that f = 0 and f
is not a binomial. Hence ¢ is a Grobner basis of Iy, . ... It is easy to see that the
Grobner basis ¢ is reduced and a minimal set of generators of I, . O

Theorem 12.1 states that the minimal Markov basis for the Segre—Veronese
configurationly . is constructed as the basic moves defined by (12.9). The theory
of Segre—Veronese configuration was further generalized to a class of configurations
called nested configurations. Toric ideals for nested configurations possess many
nice properties. See Aoki et al. [7], and Ohsugi and Hibi [114].
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12.4 Sampling from the Grobner Basis
for the Segre—Veronese Configuration

Here we describe how to run a Markov chain using the Grobner basis given in
Theorem 12.1.

First, given a configuration A in (12.2), we check that (with appropriate reorder-
ing of rows) that A is indeed a configuration of Segre—Veronese type. It is easy
to check that our models in Sects. 12.2.1 and 12.2.2 are of Segre—Veronese type,
because the restrictions on choices are imposed separately for each group or each
subgroup. Recall that each column of A consists of nonnegative integers whose sum
T is common.

We now associate with each column a(i) of A a set of indices indicating the rows
with positive elements a (i) > 0 and a particular index j is repeated a;(i) times.
For example, if v =4,7 =3, and a(i) = (1,0,2,0)', then row 1 appears once and
row 3 appears twice in a(i). Therefore we associate the index (1,3,3) with a(i). We
can consider the set of indices as T x 1 matrix A. Note that A and A carry the same
information.

Given A, we can choose a random element of the reduced Grobner basis of
Theorem 12.1 as follows. Choose two columns (i.e., choose two cells from .#) of
A and sort 2 x T elements of these two columns. From the sorted elements, pick
alternate elements and form two new sets of indices. For example, if T = 3 and the
two chosen columns of A are (1,3,3) and (1,2,4), then by sorting these six elements
we obtain (1, 1,2,3,3,4). Picking alternate elements produces (1,2,3) and (1,3,4).
These new sets of indices correspond to (a possibly overlapping) two columns of A,
hence to two cells of .. Now the difference of the two original columns and the two
sorted columns of A correspond to a random binomial in (12.9). It should be noted
that when the sorted columns coincide with the original columns, then we discard
these columns and choose two other columns. Then we can perform an MCMC
procedure as explained in Chap. 2.

12.5 Numerical Examples

In this section we present numerical experiments on NCT data and diplotype
frequency data.

12.5.1 The Analysis of NCT Data

First we consider the analysis of NCT data concerning selections in social studies
and science. Because NCUEE currently does not provide cross-tabulations of
frequencies of choices across the major subjects, we cannot evaluate the p-value
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Table 12.6 The data set of the number of examinees in NCT in 2006 (n = 195,094)

ContS  Ethics P&E CSiA Chem Phys  Earth

WH 32352 83839 8,338 CSiB 1,648 1,572 169 4,012

JH 51,573 8,684 14,499 Bio 21,392 55,583 1,416 1,845
Geo 59,588 4,046 7,175 Phys 3286 102,856 — -
Earth 522 793 - -

of the actual data. However, for the models in Sect. 12.2.1, the sufficient statistics
(the marginal frequencies) can be obtained from Tables 12.1-12.5. Therefore in this
section we evaluate the conditional null distribution of Pearson’s y? statistic by
MCMC and compare it to the asymptotic y? distribution.

In Sect. 12.2.1, we considered three models, the complete independence model,
subgroupwise independence model, and groupwise independence model, for the
setting of groupwise selection problems. Note, however, that the subgroupwise
independence model coincides with the groupwise independence model for NCT
data, because cj; < 1 for all j and k. Therefore we consider fitting the complete
independence model and the group-wise independence model for NCT data.

As we have seen in Sect.12.1.2, there are many kinds of choices for each
examinee. However, it may be natural to treat some similar subjects as one subject.
For example, WHA and WHB may well be treated as WH, Cheml and Chem [A
may well be treated as Chem, and so on. As a result, we consider the following
aggregation of subjects.

 In social studies: WH = {WHA, WHB}, JH = {JHA, JHB}, Geo = {GeoA,
GeoB}

e In science: CSiB = {CSiB, ISci}, Bio = {Biol, BiolA}, Chem = {Cheml,
ChemlIA}, Phys = {PhysI, PhysIA}, Earth = {Earthl, EarthIA}

In our analysis, we take a look at examinees selecting two subjects for social studies
and two subjects for science. Therefore

J=2,m =2,my=3,my1 =mip=3,my =my =my3 =2,
e =cn2 = 1,(ca1,02,c23) = (1,1,0) or (1,0,1) or (0,1, 1).

The number of possible combinations is then v = [.#| = 3-3 x 3-22 = 108.
Accordingly our sample size is n = 195,094, which is the number of examinees
selecting two subjects for science from Table 12.3. Our data set is shown in
Table 12.6.

From Table 12.6, we can calculate the maximum likelihood estimates of the
numbers of the examinees selecting each combination of subjects. The sufficient
statistics under the complete independence model are the numbers of the examinees
selecting each subject, whereas the sufficient statistics under the groupwise inde-
pendence model are the numbers of the examinees selecting each combination of
subjects in the same group. The maximum likelihood estimates calculated from the
sufficient statistics are shown in Table 12.7. For the complete independence model
the maximum likelihood estimates can be calculated as in Sect. 5.2 of [26].
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The configuration A for the complete independence model is written as

E3®1;© 1),
A= 150E 1),
ly, ® B

and the configuration A for the groupwise independence model is written as

A— E9®1/12
0®E} )’

where E, is the n X n identity matrix, 1, = (1,...,1)’ is the n X 1 column vector of
1s, ® denotes the Kronecker product, and

111100000000
000011110000
100010001100
010001000011
001000101010
000100010101

Note that the configuration B is the vertex-edge incidence matrix of the (2,2,2)
complete multipartite graph. Quadratic Grobner bases of toric ideals arising from
complete multipartite graphs are studied in [109].

Given these configurations we can easily run a Markov chain as discussed
in Chap.2. After 5,000,000 burn-in steps, we construct 10,000 Monte Carlo
samples. Two figures in Fig. 12.1 show histograms of the Monte Carlo sampling
generated from the exact conditional distribution of Pearson’s chi-square statistics
for the NCT data under the complete independence model and the groupwise
independence model along with the corresponding asymptotic distributions 1928 and
X%g’ respectively.

12.5.2 The Analysis of Allele Frequency Data

Next we give a numerical example of genome data. Table 12.8 shows diplotype
frequencies on the three loci, T-549C (locus 1), C-441T (locus 2), and T-197C
(locus 3) in the human genome 14q22.1, which are given in [108]. Although the
data are used for the genetic association studies in [108], we simply consider fitting
our models. As an example, we only consider the diplotype data of patients in the
population of blacks (n = 79).
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Fig. 12.1 Asymptotic and Monte Carlo sampling distributions of NCT data

Table 12.8 PTGDR diplotype frequencies among patients and con-
trols in each population. (The order of the SNPs in the haplotype is
T-549C, C-441T, and T-197C.)

Whites Blacks
Diplotype Controls Patients Controls Patients
CCT/CCT 16 78 7 10
CCT/TTT 27 106 12 27
CCT/TCT 48 93 4 12
CCT/CCC 17 45 3 9
TTT/TTT 9 43 2 7
TTT/TCT 34 60 8 6
TTT/CCC 4 28 1 6
TCT/TCT 11 20 7 0
TCT/CCC 6 35 1 2
Cccc/ccce 1 8 0 0

Table 12.9 The genotype frequencies for patients among blacks of PTGDR data

locus 3 CC CT TT

locus 2 CC CT TT CcC CT TT CccC CT TT

locus 1 CC 0 0 0 9 0 0 10 0 0
CT 0 0 0 2 6 0 12 27 0
TT 0 0 0 0 0 0 0 6 7

First we consider the analysis of genotype frequency data. Although Table 12.8
is diplotype frequency data, here we ignore the information on the haplotypes and
simply treat them as genotype frequency data. Because n =3 and m| =my =m3 =2,
there are 33 = 27 distinct sets of genotypes (i.e., |.#| = 27), and only 8 distinct
haplotypes appear in Table 12.8. Table 12.9 is the set of genotype frequencies of
patients in the population of blacks.

Under the genotypewise independence model (12.6), the sufficient statistic is
the genotype frequency data for each locus. On the other hand, under the Hardy—
Weinberg model (12.7), the sufficient statistic is the allele frequency data for each
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Table 12.10 MLE for PTGDR genotype frequencies of patients among blacks under the Hardy—
Weinberg model (upper) and genotypewise independence model (lower)

locus 3 CcC CT TT
locus 2 ccC CT TT CcC CT TT cc CT TT
locus1 CC 0.1169 0.1180 0.0298 1.939 1.958 0.4941 8.042 8.118 2.049
0 0 0 1.708 2.018 0.3623 6.229 7.361 1.321
CT 0.2008 0.2027 0.0512 3.331 3.362 0.8486 13.81 1394 3.519
0 0 0 4225 4993 0.8962 1541 1821 3.268
TT 0.0862 0.0870 0.0220 1.430 1.444 0.3644 5931 5988 1.511
0 0 0 1.169 1381 0.2479 4.262 5.037 0.9040

locus, and the genotype frequencies for each locus are estimated by the Hardy—
Weinberg law. Accordingly, the maximum likelihood estimates for the combinations
of the genotype frequencies are calculated as Table 12.10.

The configuration A for the Hardy—Weinberg model is written as

222222222 111111111 000000000
000000000 111111111 222222222
222111000 222111000 222111000
000111222 000111222 000111222
210210210 210210210 210210210
012012012 012012012 012012012

and the configuration A for the genotypewise independence model is written as

E3@15015
A= 150E®15
L1 QF;

Because these two configurations are of the Segre—Veronese type, again we can
easily perform MCMC sampling as discussed in Chap.2. After 100,000 burn-in
steps, we construct 10,000 Monte Carlo samples. Two figures in Fig. 12.2 show
histograms of the Monte Carlo sampling generated from the exact conditional dis-
tribution of Pearson goodness-of-fit y 2 statistics for the PTGDR genotype frequency
data under the Hardy—Weinberg model and the genotypewise independence model
along with the corresponding asymptotic distributions x224 and Xzzp respectively.

From the Monte Carlo samples, we can also estimate the p-values for each
null model. The values of Pearson goodness-of-fit x> for the PTGDR genotype
frequency data of Table 12.9 are ¥ = 88.26 under the Hardy—Weinberg models,
whereas y? = 103.37 under the genotype-wise independence model. These values
are highly significant (p < 0.01 for both models), which implies the susceptibility
of the particular haplotypes.
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Fig. 12.2 Asymptotic and Monte Carlo sampling distributions of PTGDR genotype frequency
data

Table 12.11 Observed frequency and MLE under the Hardy—Weinberg model for PTGDR
haplotype frequencies of patients among blacks

Haplotype = Observed ~ MLE under HW Haplotype = Observed =~ MLE under HW
CCC 17 6.078 TCC 0 5.220
CCT 68 50.410 TCT 20 43.293
CTC 0 3.068 TTC 0 2.635
CIT 0 25.445 TTT 53 21.853

Next we consider the analysis of the diplotype frequency data. In this case of
n =3 and m; = my = m3 = 2, there are 23 = 8 distinct haplotypes, and there are

8
s () s

distinct diplotypes, whereas there are only four haplotypes and ten diplotypes in
Table 12.8. The numbers of each haplotype are calculated as the second column
of Table 12.11. Under the Hardy—Weinberg model, the haplotype frequencies are
estimated proportionally to the allele frequencies, which are shown as the third
column of Table 12.11.

The maximum likelihood estimates of the diplotype frequencies under the
Hardy—Weinberg model are calculated from the maximum likelihood estimates for
each haplotype. These values coincide with appropriate fractions of the values for
the corresponding combinations of the genotypes in Table 12.10. For example, the
MLE for the diplotype CCT/CCT coincides with the MLE for the combination of
the genotypes (CC,CC,TT) in Table 12.10, whereas the MLEs for the diplotype
CCC/TTT, CCT/TTC, CTC/TCT, CTT/TCC coincide with the % fraction of the
MLE for the combination of the genotypes (CT,CT,CT), and so on. Because
we know that the Hardy—Weinberg model is highly significantly rejected, it is
natural to consider the haplotypewise Hardy—Weinberg model given in Sect. 12.2.2.
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Table 12.12 MLE for PTGDR diplotype frequencies of patients among blacks

under the haplotypewise Hardy—Weinberg model

Diplotype Observed MLE Diplotype Observed MLE
CCT/CCT 10 14.6329 TTT/TCT 6 6.7089
CCT/TTT 27 22.8101 TTT/CCC 6 5.7025
CCT/TCT 12 8.6076 TCT/TCT 0 1.2658
CCT/CCC 9 7.3165 TCT/CCC 2 2.1519
TTT/TTT 7 8.8892 ccereee o 0.9146
0. 1 2 T T T T T
AT VAN -
oo8f | % :
o06f | % :
0.04f | -
0.02 1
ol ! B s o
10 20 30 40 50 60

Fig. 12.3 Asymptotic and Monte Carlo sampling distributions of PTGDR diplotype frequency

data under the haplotypewise Hardy—Weinberg model (df = 9)

Table 12.12 shows the maximum likelihood estimates under the haplotypewise
Hardy—Weinberg model. It should be noted that the MLE for the other diplotypes

are all zeros.

We perform the Markov chain Monte Carlo sampling for the haplotypewise
Hardy—Weinberg model. The configuration A for this model is written as

200000001111111000000000000000000000
020000001000000111111000000000000000
002000000100000100000111110000000000
000200000010000010000100001111000000
000020000001000001000010001000111000
000002000000100000100001000100100110
000000200000010000010000100010010101
000000020000001000001000010001001011
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which is obviously of the Segre—Veronese type. We give a histogram of the Monte
Carlo sampling generated from the exact conditional distribution of Pearson’s chi-
square statistics for the PTGDR diplotype frequency data under the haplotypewise
Hardy—Weinberg model, along with the corresponding asymptotic distributions 7592
in Fig. 12.3.

The p-value for this model is estimated as 0.8927 with the estimated standard
deviation 0.0029. (We also discard the first 100,000 samples, and use a batching
method to obtain an estimate of variance; see [82] and [128].) Note that the
asymptotic p-value based on 7592 is 0.6741.



Chapter 13
The Set of Moves Connecting Specific Fibers

13.1 Discrete Logistic Regression Model with One Covariate

Let {1,...,J} be the set of levels of a covariate and let x;j and x5;, j = 1,...,J, be
the numbers of successes and failures for a covariate j, respectively. Let p; be the
probability for success. Assume that x;; be distributed as a binomial distribution

xij ~ Bin(xyj, pj)-

Then the binary logistic regression model with one discrete covariate is described as

1ogit(p,~)=1og1p’p_=a+ﬁj, =1, (13.1)
J
A sufficient statistic for the model is t = (x4, 2?11 Jjxj). Usually the column sums
X41,...,x4y are also fixed and positive by a sampling scheme. In order to perform
conditional tests, we need the set of moves connecting contingency tables not only
sharing ¢ but satisfying x;; < x; jfori=1,2and j=1,...,J.

Consider the following Poisson logistic regression model

x,‘jNPO(A,,'j), )Ll]'ZQij, AQjZ)L(l—pj), (13.2)

where p; satisfies (13.1). A sufficient statistic for the model (13.2) is

jX+j) :tU(X+1,...,X+J).

J
1= (-x1+a-x+la"'7x+./a

j=1
We note that a Markov basis of (13.2) also connects every fiber for (13.1). In the

rest of this section we discuss a Markov basis for the Poisson logistic regression
model (13.2).

S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 229
in Statistics 199, DOI 10.1007/978-1-4614-3719-2_13,
© Springer Science+Business Media New York 2012



230 13 The Set of Moves Connecting Specific Fibers

Table 13.1 Maximal degrees and numbers of moves of the minimal Markov basis for
the model (13.2)

J 10 11 12 13 14 15 16

Max deg 18 20 22 24 26 28 30
# of moves 1,830 3916 8,569 16,968 34,355 66,066 123,330

Moves z = {z;; } for the model satisfy (zj,z+1,...,2+s) =0 and

J
Y jzij =0. (13.3)
j=1

The configuration for this model is written as a Lawrence lifting by

A0 11...1
A4) = (E, E,)’ A= (1 2...1)’ (134

where E; denotes the J x J identity matrix.

Table 13.1 presents maximal degrees and numbers of moves of minimal Markov
bases for A (A) computed by 4ti2. In general Markov bases for A (A) become large
and very complicated as seen from the table. As mentioned earlier, however, x ;
can be assumed to be positive. Actually many moves in a Markov basis for (13.2)
are required only for fibers with x, ; = 0.

Now we introduce the following subset of Markov bases consisting only of
degree 4 moves.

Definition 13.1. Let e; be defined by a 2 x J integer array with 1 in the (1, j)-cell,
—1linthe (2, j)-cell, and 0 everywhere else. Define 4 by the set of moves z = (z;;)
satisfying

l.z=ej —ej, —ej;+ej.

2. 1<ji<p<j3<js<J

3. h—=J3—Ja

Then z € & is expressed as

J1 J2 J3 Ja
z=| 1-1-1 1j.
-1 1 1-1

Proposition 13.1 (Hara et al. [81]). %, connects all fibers with x; > 0, j =
1,...,J, for the model (13.2).

Before we give a proof of this proposition, we present a lemma.



13.2 Discrete Logistic Regression Model with More than One Covariate 231

Lemma 13.1. Ler z = {z;;} be any move for (13.2). Then there exist j, < j, and
J3 < ja satisfying the following conditions.

(@ z1j, >0,215, <0, 215, <0, 215, > 0.

(b) z1j, = 1 implies ji # ja.

(©) z1j, = —Limplies jo # j3.

(d) z1j=0for i <j<jrand j3z < j< ja

Proof. (a), (b), and (c) are obvious from the constraint (13.3) and z;; = 0. We can
assume without loss of generality that there exist j; < j, such thatz;;, >0, z;;, <0,
715> 0for1 < j < jjandz;; =0for j; < j< j,. Because there exist j, < jz < j4
satisfying (a), (b), and (c), we can choose j3 and j4 to satisfy (d). O

The following theorem shows that a subset of % still connects all fibers with
Xyj> O,V J.

Theorem 13.1 (Chen et al. [33]; Hara et al. [81]). The set of moves
By ={ze B jp=h+1,3=js—1} (13.5)

connects every fiber satisfying x,; > 0, j = 1,...,J, for the univariate logistic
regression model (13.2).

This theorem was first introduced by Chen et al. [33] without an explicit proof
and Chen et al. [35] discussed this problem from an algebraic viewpoint. An explicit
proof is given by Hara et al. [81]. However, the proof is complicated and omitted
here. Refer to [81] for details of the proof.

13.2 Discrete Logistic Regression Model with More
than One Covariate

In this section we extend the argument in the previous section to the model with
more than one covariate. Let .#; denote the set of success and failure and .#; =
{1,....01},...,% = {1,...,Ix } be the sets of levels of K covariates. For iy € .%,
k=0,...,K, denote ij.x := (iy,...,ig) and i := (ig,i1.x)". Let

i|i0:1 = (1,i1:K)/, i|i0:2 = (Z,il;K)/.

Then x(i | ip = 1) and x(i | ip = 2) are the frequencies of successes and failures,
respectively, for a level ij.x. Let p(i | ip = 1) be the probability of success for a level
(i1,...,ig) and p(i | ip=2)=1—p(i|ip =1). Let x(i | ip = 1) be distributed as a
binomial distribution

x(i|ip=1) ~Bin(x"®(i.x), p(i | ip = 1)),
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where x'"K (iy.x) := x(i | ip = 1) +x(i | ip = 2). Denote B := (Bo, ..., Bx)’. The model
is described as
log LU0 =D __ ;5 . (13.6)
1—p(ilip=1)

A sufficient statistic for this model is
ZlellK) Zka (Lix), k=1,...,K,

llk 1 Ik 1

where x%(1i;) = 217ék211';:1x(17i1:K)- Note that x'"K(i;.x) are also fixed by a
sampling scheme for every (iy,...,ix). In the same way as the model with one
covariate, we need a set of moves connecting contingency tables sharing

tK:{ zlk'x 1lk =1 "'7K7 -xltK(il:K)a il:KEflx"'XjK}.
lk 1

Such a set of moves is equivalent to a Markov basis of the Poisson logistic regression
model x(i) ~ Po(A(i)) where

Ailig=1)=Ap(ilio=1), A(ilio=2)=A(1—p(ilip=1)), (13.7)

with p(i) satisfying (13.6).

Let
Ar= — (@,
k (1 2 "'Ik) (@1 @),

where a;;, = (1,i;) are column vectors. The configuration of the model (13.7) is
also described as the Lawrence lifting of the Segre productA; ® - -- ® Ag:

A®---®Ax 0
AA® - @AK) =
(A1 @A) ( En.ie Epopg

where

. . aj.;
A ®A = (ak,ik Gay, x=1,.... I i = 1,---,11), ai;, da;, = (a "‘>
Ly

and Ej,...j is the (I; ---Ix) x (I - - - Ix) identity matrix. Then any move in this model
z={z(i)} satisfies

ZZZ =1)=0, Zlkz (1) = k=1,... K,
k=2ix=1 ix=1
K ivg) =z(i|ig=1)+z(i |ip=2) =0,

where 7% (1i;) = U014k 22:1 z(i). As an extension of moves in Definition 13.2,
we introduce the following class of degree 4 moves.



13.2 Discrete Logistic Regression Model with More than One Covariate 233

Definition 13.2. Let j € .| x --- x k. Let e(j) be an integer array with 1 at the
cell (1,7), —1 at the cell (2,j), and O everywhere else. Define %k by the set of
moves z = {z(i)} satisfying

1. z=e(j,) —e(j,) —e(j3) +e(is)-
2. j1—Ja=Jz—Js #0.

Example 13.1. We give some examples of moves for K = 2. Let j; := (ji1,jn),

I =1,...,4. Then the following integer arrays are (iyp = 1)-slices of moves in %;.
D jo=-=jn (@) ji2 ="+ = jaa, jo1 = j31
Juu Jjar j3s1 Jja Juu Jja Jja
1 -1 -1 1 m[1 =2 1]
(3) j12 = jo2, Jj32 = Ja2 @D j12 = jo2, jo1 = j31
Ju Jjo Jjsi Jja Ju Jja Jja
Jjz | 1 -1 0 0 jz| 1 =1 0
j2 | 0 0 -1 1 j2l 0 -1 1
(5 (Jo1,J22) = (J31,J32) (6) j12 = jaz, jo1 = ja1
Ju 21 Ja Ju 21 Ja
Jiz | 1 0 0 Jj2|1 0 —-1 0
J2 | 0 =2 0 Jiz | 1 0 1
Jo | 0 0 1 j2] 0 —1 0

Theorem 13.2 (Hara et al. [81]). %, connects every fiber satisfying x'%(i1.5) > 0,
Vil;z.

Hara et al. [81] gave a proof of this theorem. This theorem can also be proved
by the distance-reducing argument. However, the proof is complicated and omitted
here. Refer to [81] for details.

It is also possible to extend the argument to the model with three dummy
variables; that is, K = 3 and I} = I, = I; = 2. In this case t3 is written as

13— {xo(l), XOE(11) +2:%(12), x13 (i), ip = 1,2, k= 1,2,3}.
Because x*(1) = x%(11) +x%(12), a table sharing ¢ is equivalent to a table sharing
{xo(l), K611, x%(12), 1B (i), i = 1,2, k= 1,2,3}.

Therefore a move z = (z(i)) satisfies

Z'(1)=0,%011) =0, %(12) =0, 2'3(i13) =0, i = 1,2. (13.8)



234 13 The Set of Moves Connecting Specific Fibers

Theorem 13.3. Assume that I} = I, = I3 = 2. Then %5 connects every fiber
satisfying x'3(iy3) > 0, Viy, ia, i3.

Chen et al. [35] gave an algebraic proof for this theorem. Here we give another
proof of the theorem by the distance-reducing argument.

Proof. Let x,y (y # x) be two tables in the same fiber .7, andletz=y —x.
From (13.8), 2°"2(ig.p | ig = 1) = {"'2(1i1ia), (i1,i2) € {1,2} x {1,2}} satisfies

012 012

012 .. e (111) Z (112) 00 a —a
1 — e

2 Link) = o)) 02122) oo |—a

fora # 0.
Case 1. Suppose that

- 00
D21 = .
Without loss of generality, we can assume that z(1111) > 0. This implies that
z(1112) <0, z(2112) >0, z(2111)<0.
Because 7%3(11) = 0, there exist i; and iy such that (i1,i>) # (1,1),
z(1iyip1) <0,  z(2i1ix1) > 0.

Then
Z(1i1i22) >0, Z(2i1i22) <0

from the assumption. Let
2o = (1111)(141i22)(2i1i21)(2112) — (1112)(1d1i21)(2122)(2111) € Bs.

Then x — zo € F; or y+ 29 € % and the distance is reduced by eight.
Case 2. The case that

012/1; + a-—a
1 =
SlR)=l,

fora > 0.
Without loss of generality we can assume that z(1111) > 0 and z(2111) < 0.

Case 2-1. The case that z(1121) < 0, z(1211) < 0, and z(1221) > 0.
This assumption implies that z(2121) > 0, z(2211) > 0, and z(2221) < 0,

Z(1111) z(1121)| [+ —
Z(1211) z(1221)| |- +
Z(2111) z(2121)|  |— +|°
2(2211) z(2221)| |+ —
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Define a move z, by
2o = (1121)(1211)(2111)(2221) — (1111)(1221)(2121)(2211) € H;.

Then x — zp € F; or y+ 29 € % and the distance is reduced by eight.

Case 2-2. The case that z(1121) < 0, z(1211) < 0, and z(1221) = 0.
This assumption implies that z(2121) > 0, z(2211) > 0, and z(2221) =0,

Z(1111) z(1121)| [+ —
z(1211) z(1221)| |- 0
Z(2111) z(2121)|  |— +|°
2(2211) z(2221)| [+ 0

x(1111) x(1121)] [p(1111) y(112D)| [+ 0+] [0+ +
x(1211) x(1221)| |y(1211) y(1221)] [0+ +| |+ + (13.9)
x(2111) x(2121)| [y(2111) y(2121)| |0+ +| |+ 0+ '
x(2211) x(2221)| [y(2211) y(2221)| |+ O+ |0+ O+

or
x(1111) x(1121)| [p(1111) y(1121)| |+ 0+| [0+ +
x(1211) x(1221)| |y(1211) y(1221)| |0+ 0+| |+ 0+ (13.10)
x(2111) x(2121)| |y(2111) y(2121)| |04+ + | |+ 04| ‘

x(2211) x(2221)| [y(2211) y(2221)| |+ +| [0+ +

where 0+ denotes that the cell count is nonnegative. In the case of (13.9), we can
apply z» to x and the distance is reduced by four. In the case of (13.10), we can
apply —z; to y and the distance is reduced by four.

More generally, if z has either of the following patterns of signs,

Z(i01i2i3) Z(iolilzig) + — + 0 + —
Z(i02i2i3) Z(i02i/2i/3) _|= 0 -+ or 0+
2(igliniz) z(ipliyiy)| |—+[ | O -+
2(ig2iri3) z(ig2i515)| [+ O |+ — 0—

for ip # iy and (i2,i3) # (5, ), we can show that the distance is reduced by a move
in %3 in the same way.

Case 2-3. In the case where

z(ioi1 113) Z(lollllig) + — + 0 + =
2(ioi12i3) z(io#| 243)| _|— 0 il 0+
z(ipirliz) z(igi 14)| |—+|" |— O -+
z(ipi12i3) z(igi)285)| |+ O + — 0-—
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for iy # i and (iy,i3) # (i}, 1), the distance is reduced by a move in %3 in the same
way as Case 2-2.

Case 2-4. In the case where z(1121) < 0, z(1211) > 0, and z(1221) >0,

Z(1111) z(1121)| |+ —
2(1211) z(1221)| {04 0+
Z2111) z(2121)| | — + |
2(2211) z(2221)| |0— 0—

2(1112) z(1121)| |+ —
2(1212) z(1221)| |- 0+
Z(2112) z(2121)| |— + |
2(2212) z(2221)| |+ 0—

Then in a similar way as in Cases 2-1 and 2-2, we can reduce the distance by a move
zz = (1112)(1221)(2121)(2212) — (1121)(1212)(2112)(2221) € H;.

If z(1222) > 0, we have

Z(1111) z(1121)| |+ —
2(1212) z(1222)| |- 0+
Z(2111) z2121)| |— + |
2(2212) z(2222)| |+ 0—

and we can reduce the distance by a move
z3 = (1111)(1222)(2121)(2212) — (1121)(1212)(2111)(2222) € %3

in a similar way.
We assume that z(1112) < 0 and z(1222) < 0. Because z*(12) = 0, we have
z(1122) > 0 and

2(1122) z(1121)| |+ —
2(1212) z(1211)| |- 0+
2(2122) z(2121)| |— + |
2(2212) z(2211)| |+ 0—

Then we can reduce the distance by at least four by a move
zq4 = (1122)(1211)(2121)(2212) — (1121)(1212)(2122)(2211).

In the case where z(1121) > 0,z(1211) < 0 and z(1221) > 0, the proof is similar.
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Case 2-5. In the case where z(1121) < 0, z(1211) > 0, and z(1221) < O:
because 2°12(121) < 0 and 2°'?(122) > 0, we have z(1212) < 0, and z(1222) > 0
and

Z(1111) z(1121)| [+ —
2(1212) z(1222)| |- +
Z(2111) z(2121)| |— +|°
2(2212) z(2222)| |+ —

Hence we can reduce the distance by eight by a move
zs = (1111)(1222)(2121)(2212) — (1121)(1212)(2111)(2222).

In the case where z(1121) > 0, z(1211) < 0, and z(1221) < 0, the proof is similar.

Case 2-6. In the case where z(1121) < 0, z(1211) <0, and z(1221) < 0:
because z°'2(122) > 0, we have z(1222) > 0. If z(1122) < 0 or z(1212) < 0,

Z(1111) z(1122)| |+ — Z(1111) z(112D)| [+ —
z(1211) z(1222)| |-+ 2(1212) z(1222)| |-+
22111) 2(2122)] |- +] O [z@11) z212n)| " |-+
2(2211) z(2222)| |+ — 2(2212) z(2222)| |+ —

we can reduce the distance by four by

2o = (1111)(1222)(2122)(2211) — (1121)(1212)(2111)(2222) € %3
or

Zep = (1111)(1222)(2121)(2212) — (1121)(1212)(2111)(2222) € H5.

Assume that z(1122) > 0 and z(1212) > 0. Because z°%(12) = 0, we have z(1112) <
0 and

Z(1111) z(1121)| [+ —
2(1112) z(1122)| |- +
Z(2111) z(2121)|  |— +|°
2(2112) z(2122)| |+ —

Then we can reduce the distance by eight by a move
Z6c = (1111)(1122)(2121)(2112) — (1121)(1112)(2111)(2122) € Ss. O

We conjecture that for any K the set of moves %k connects every fiber with
positive response marginals for the logistic regression with K covariates. However,
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the theoretical proof seems to be difficult at this point. Recently Kashimura et al.
[94] showed that it is impossible to extend the proof of Theorem 13.2 given in Hara
et al. [81] to the model with K > 2 covariates.

13.3 Numerical Examples

13.3.1 Exact Tests of Logistic Regression Model

Table 13.2 refers to coronary heart disease incidence in Framingham, Massachusetts
[2,41]. A sample of male residents, aged 40 through 50, were classified on blood
pressure and serum cholesterol concentration. In the (1,1) cell 2/53 means that there
are 53 cases, 2 of whom exhibited heart disease. We examine the goodness-of-fit of
the model (13.6) with K = 2,

plilip=1)
L=p(ilip=1)
where I} =7 and I, = 8. We first test the null hypotheses Hg, : f; =0 and Hp, : B, =

0 versus (13.11) using the (twice log) likelihood ratio statistics Lg, and Lg,. Then
we have Lg = 18.09 and Lg, = 22.56 and the asymptotic p-values are 2.1 x 1073

log = Bo+ Bii1 + Baiz, (13.11)

and 2.0 x 1079, respectively, from the asymptotic distribution 112- We estimated the
exact distribution of Lg and Lg, via MCMC with the sets of moves %, and %
defined in Sect. 13.1.

Figures 13.1 and 13.2 represent histograms of sampling distributions of Lg, and
Lg,. The solid lines in the figures represent the density function of the asymptotic
chi-square distribution with degree of freedom one. The estimated p-values and
their standard errors are essentially O for all cases. Therefore both Hg, and Hg, are
rejected. We can see from the figures that there is almost no difference between two
histograms computed with % and %] .

Table 13.2 Data on coronary heart disease incidence

Serum cholesterol (mg/100ml)

Blood 1 2 3 4 5 6 7
pressure <200 200-209  210-219  220-244  245-259 260-284 > 284
1 <117 2/53 0/21 0/15 0/20 0/14 1/22 0/11
2 117-126  0/66 2127 1725 8/69 0/24 5/22 1/19
3 127-136  2/59 0/34 2/21 2/83 0/33 2/26 4/28
4 137-146  1/65 0/19 0/26 6/81 3/23 2/34 4/23
5  147-156  2/37 0/16 0/6 3/29 2/19 4/16 1/16
6 157-166 1/13 0/10 0/11 1/15 0/11 2/13 4/12
7 167-186  3/21 0/5 0/11 2/27 2/5 6/16 3/14
8 > 186 1/5 0/1 3/6 1/10 1/7 1/7 1/7

Source : Cornfield [41]
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Fig. 13.2 Histograms of Lg, via MCMC with %, and %} (a) A histogram with %,
(b) A histogram with %}

Next we set (13.11) as the null hypothesis and test it against the following
ANOVA type logit model,

p(i)
log ———— = o +00; 13.12
8 1 —p(i) R0 + 0, ( )

where 211.;:1 oy, =0 and 22:1 0, = 0 by likelihood ratio statistic L. The value
of L is 13.08 and the asymptotic p-value is 0.2884 from the asymptotic distribution
75121- We computed the exact distribution of L via MCMC with %,. As an extension
of #} in Theorem 13.1 to the bivariate model (13.6), we define Z; by the set of
moves

2= €ijyiyy — Cigyiny — €iyyizy T €iggigy
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Fig. 13.3 Histograms of L via MCMC with %, and % (a) A histogram with %, (b) A histogram
with 23

satisfying (i117i12) - (i21,i22) = (i31,i32) - (i41,i42) is either of (:l:l,O), (O,ﬂzl),
(£1,£1), or (£1,F1). We also estimated the exact distribution of L with %;.
Figure 13.3 represents histograms of L computed with %, and %;. The estimated
p-value and its standard error with %, are 0.2703 and 0.0292, respectively. Those
with %5 are 0.2977 and 0.0252, respectively. Therefore the model (13.6) is accepted
in both tests.

The p-values estimated with %, and % are close and there is little difference
between the two histograms. From these results of the experiment, %; is also
expected to connect every fiber with positive response variable marginals. However,
the proof has not been given at this point.

13.4 Connecting Zero-One Tables with Graver Basis

In some practical problems, the cell counts have upper bounds (e.g., Rapallo and
Yoshida [126]). In this section we consider the case where cell counts are restricted
to be either zero or one. The most common example is the Rasch model [127]
used in the item response theory. The Rasch model can be interpreted as a logistic
regression, where the number of trials is just one for each combination of covariates.

The following theorem is a basic fact on the connectivity of fibers with a zero-one
restriction for the model with the configuration A.

Proposition 13.2 (Hara and Takemura [77]). Let %y denote the set of square-
free moves of the Graver basis Bgr of 1y. Then Py is strongly distance reducing
for tables of the model corresponding to Iy with the zero-one restriction.

Proof. Let x, y be two zero-one tables of the same fiber. They are connected by a
conformal sum of primitive moves

y=x+2z;+---+2k. (13.13)
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Because there is no cancellation of signs on the right-hand side, once an entry
greater than or equal to 2 appears in an intermediate sum of the right-hand side,
it cannot be canceled. Therefore it follows that x 4 z; + - - - 4+ 2; has zero-one entries
fork=1,...,Kand zy,...,2x € HBy. There are no sign cancellations in (13.13), thus
Z1,...,2k can be added to x in any order and —z;, ..., —Zzk can be added to y in any
order. Therefore %, is strongly distance reducing. O

13.5 Rasch Model

The Rasch model has been extensively studied and practically used for evaluating
educational and psychological tests. Suppose that I; persons take a test with I,
dichotomous questions. Let x;; € {0,1} be a response to the jth question of the
ith person. Hence the I} x I table x = {x;;} is considered as a two-way contingency
table with zero-one entries. Assume that each x;; is independent. The Rasch model
is expressed as

_ . _ _exp(oi—Bj)
PO = = T explor—B)

where ¢; is an individual’s latent ability parameter and f; is an item’s difficulty
parameter. Then the set of row sums x;; = 2511 x;j and column sums x, ; = Z{: 1 Xij
is a sufficient statistic for o; and f3;.

Many inference procedures have been developed (e.g., Glas and Verhelst [65])
and most of them rely on asymptotic theory. However, as Rasch [127] pointed out, a
sufficiently large sample size is not necessarily expected in practice for this problem
and Rasch [127] proposed using an exact testing procedure.

The conditional distribution of zero-one tables given person scores and item
totals is easily shown to be uniform. In order to implement an exact test for the
Rasch model via the Markov basis technique, we need a set of moves that connects
every fiber of two-way zero-one tables with fixed row and column sums. It is easy
to show that the set of basic moves of the two-way complete independence model

(13.14)

i
jo1-1
i-11

connects every fiber of zero-one tables with fixed row and column sums (e.g., Ryser
[130]). Many Monte Carlo procedures via the Markov basis technique to compute
distribution of test statistics to test the goodness-of-fit of the Rasch model have been
proposed (e.g., Besag and Clifford [24], Ponocny [122], Cobb and Chen [38]). Chen
and Small [36] provided a computationally more efficient Monte Carlo procedure
for implementing exact tests by using sequential importance sampling.
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13.6 Many-Facet Rasch Model

The many-facet Rasch model is an extension of the Rasch model to multiple items
and polytomous responses (e.g., Linacre [100]). Suppose that /; articles are rated by
I, reviewers from I3 aspects on the grade of I scales from O to I — 1. x(i1ixi3i4) = 1
if the reviewer i, rates the article i as the isth grade from the aspect i3 and otherwise
x(iyiziziq) = 0. Then x = {x(i1izizi4)} is considered as an I x I, X I3 X I zero-one
table. We note that x satisfies x'23 (i1 iyi3) = ij;(l)x(ilizigm) = 1forall iy, iy, and i3.
Then the three-facet Rasch model for x is expressed as

exp [is(Bi, — Bi, — Biy) — Bil]
P(xiipiiy = 1) = —— . (13.15)
( : i gexp [ia(Bi, — Bi, — Bi) — Bi]

In general, the V-facet Rasch model is defined as follows. Let x = {x(i)},
i = (i1,...,iy4+1) be an I} X --- X Iy zero-one table. Assume that .y =
{0,...,Iy41 — 1} and that x satisfies

Iy1-1

Then the V-facet Rasch model is expressed as

exp [iv+1 (ﬁil - ﬁiz IR ﬁiv) - ﬁivﬂ] )
2{“11;;(1) exp [iv+1 (ﬁil - ﬁiz IR ﬁiv) - ﬁivﬂ]

P(x(i)=1)= (13.16)

When V =2, I5 =2, and f3;; = const for i3 € {0, 1}, the model coincides with the
Rasch model (13.14). Define t° by

Iyi—1
0 . . .
P = { 2 ivir-x(ipyi1y) | vty € Tpviy, v= 1,---,V}-
iy41=0
Then a sufficient statistic ¢ is given by
t =1 U{x(iv 1) [ivii € v}

When f;,,, is constant for iy | € .#y 1,1 is given by

t=1"U{x"},
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Table 13.3 The number of square-free moves of the Graver basis for the
three-way complete independence model

Degree of moves

I xh x1 2 3 4 5 6

2x2x%x2 12 0 0 0 0
2x2x%x3 33 48 0 0 0
2x2x4 64 192 96 0 0
2x2x%x5 105 480 480 0 0
2x3x%x3 90 480 396 0 0
2x3x4 174 1,632 5,436 1,152 0
2x3x%x5 285 3,840 23,220 33,120 720
3x3x%x3 243 3,438 19,008 12,312 0

where x = Y;c s x(i). In the case of the three-facet Rasch model (13.15), ¢ is
expressed as follows,

L1 L1
t= { N iaxiyitigs i1 € I, D, isXpigiy, 02 € I,

i1=0 i4=0
L1
N iaXitigiys 3 € S, Xiggiy, 4 € T4
i1=0

In order to implement exact tests for the many-facet Rasch model, we need a
set of moves that connects any fiber j'} of zero-one tables. In general, however, it
is not easy to derive such a set of moves. As seen in the previous section, in the
case of the Rasch model (13.14), the set of basic moves for the two-way complete
independence model connects any fiber. For the many-facet Rasch model (13.16),
however, the basic moves do not necessarily connect all fibers. Consider the case
where V = 3 and I; = 2. In this case, ¢9 is written as

0 .
t = {X[1++1,x+i2+1,x++i31 | Iy € f\/uv = 17273}

Because x(iy) = ¥ c s, X(ify4y) for v = 1,23, 1" is a sufficient statistic. 9 is
equivalent to a sufficient statistic of three-way complete independence model for
the (ig = 1)-slice of x. From Proposition 13.2, the set of square-free moves of the
Graver basis for the three-way complete independence model connects any fiber
;. Table 13.3 shows the number of square-free moves of the Graver basis for the
I) x I x Iz three-way complete independence model computed via 4ti2 [1]. We see
that when the number of levels is greater than two, the sets include moves with
degree greater than two. This fact does not necessarily imply that higher degree
moves are required to connect every fiber for the three-way complete independence
model. However, we can give an example which shows that the degree 2 moves do
not connect all fibers of the three-way complete independence model.
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Example 13.2 (A fiber for 3 x 3 X 3 three-way complete independence model).
Consider the following two zero-one tables x and y in the same fiber of the three-
way complete independence model.

The difference of the two tables is

k
123
1jooo] Jo11] [0o0o0
j2l001] Jor1l Joo1
3001 |11 (i1
i= i=2 =
k
123
1jooo] foo1] foo1
j2looo| |111] foo1|
3ot 111 Jort
i=1 i=2 i=3
000/ [o10] [00-1
001 |-100] {00 0
0-10/ |0 00| {10 0

and we can easily check that z is a move for the three-way complete independence

model.

Let A be the set of degenerate variables defined in Chap. 8. Then degree 2 moves
for the three-way complete independence model are classified into the following

four patterns.

1. A={1,2,3}:

2. A={1,2}: "
o}

3.A={1,3}:"7
)

iy i i3
b[1 0] if[-10
Hlo—1 & 01|
i i
i3 iy i
10| i2]0-1
—10[ %o 1
i 1
i3 i,3 13 i/3
1 -1 ip|—11
0 of & 00

i
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iy 7,

- il 1 -1
4. A=1{23}:" .
ihl—1 1

i
However, it is easy to check that if we apply any move in this class to x or y, —1

or 2 has to appear. Therefore we cannot apply any degree 2 moves to either x or y.
Hence a degree 3 move is required to connect this fiber.

This example shows that the set of basic moves does not necessarily connect
every zero-one fiber for the many-facet Rasch model. As seen in Table 13.3, the
number of square-free moves in the Graver basis is too large even for three-way
tables. When the number of cells is greater than 100, it seems to be difficult to com-
pute the Graver basis via 4ti2 in a practical length of time. Hence implementations
of exact tests by using the Graver basis are limited to very small models at this point.

13.7 Latin Squares and Zero-One Tables
for No-Three-Factor Interaction Models

Zero-one tables also appear quite often in the form of incidence matrices for
combinatorial problems. Here as an example we consider Latin squares. A Latin
square is an n X n table filled with n different symbols in such a way that each symbol
occurs exactly once in each row and column. A 3 x 3 Latin square is written as

123
23 1. (13.17)
312

When the symbols of an n x n Latin square are considered as co-ordinates of the
third axis (sometimes called the orthogonal array representation of a Latin square),
it is a particular element of a fiber for the n X n X n no-three-factor interaction model
with all two-dimensional marginals (line sums) equal to 1. For example, the 3 x 3
Latin square (13.17) is considered as a 3 x 3 x 3 zero-one table x = {)c,-ll-z,-3 1,

i) i i
100 010 001

x= #1001 i4[100]” ij[o10 (13.18)
010 001 100

=1 =2 ih=3

with x; i, = 1, Xyji; = 1, xj i3 = 1 for all iy, i, and i3. One of the reasons to
consider a Markov basis for Latin squares is to generate a Latin square randomly.
[60] advocated choosing a Latin square randomly from the set of Latin squares, and
[92] gave a Markov basis for the set of n x n Latin squares.
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Because the set of Latin squares is just a particular fiber, it may be the case that a
minimal set of moves connecting all Latin squares is smaller than the set of moves
connecting all zero-one tables. This is indeed the case as we show for the simple
case of n = 3. We first present a connectivity result for 3 x 3 x 3 zero-one tables
with all line sums fixed.

Let 2= {zji}i,jk=1,2,3 be a move for 3 x 3 x 3 no-three-factor-interaction model.
From Chap. 9 the minimal Markov basis consists of basic moves such as

1 -10f -1 1 0] [000
z=|-110 1 —10/ (000 (13.19)
0 00 [0 OO |[00O0

and degree 6 moves such as

1 -1 0 -1 1 0] 000
z={0 1 -1 0 —-11 000]. (13.20)
-1 0 1 1 0 —1] [000

However, these moves do not connect zero-one tables of the 3 x 3 x 3 no-three-factor
interaction model. We need the following type of degree 9 move, which corresponds
to the difference of two Latin squares:

1 -10 0 1 -1 |-1 0 1
z=|0 1 =1} |-1 0 1 1 -1 0. (13.21)
-1 0 1 1 -1 0 0 1 -1

Proposition 13.3. The set of basic moves (13.19), degree 6 moves (13.20), and
degree 9 moves (13.21) forms a Markov basis for 3 x 3 x 3 zero-one tables for the
no-three-factor interaction model.

Proof. Consider any line sum, such as 0 = z411 = z111 + 2211 + 2311 of a move z.
If (z111,2211,2311) # (0,0,0), then we easily see that {zj11,2211,2311} = {—1,0,1}.
By a similar consideration as in Sect. 9.2, each i- or j- or k-slice is either a loop of
degree 2 or loop of degree 3, such as

1 —-10 1 -1 0
-1 10 or |O 1 —1f. (13.22)
0 00 -1 0 1

Now we consider two cases: (1) there exists a slice with a loop of degree 2, and (2)
all slices are loops of degree 3.

Case 1. Without loss of generality, we can assume that the (i = 1)-slice of z is the
loop of degree 2 in (13.22). Then we can further assume that zo;; = —1 and z31; =0.
Now suppose that 200 = —1. If zp12 = 1 or z23; = 1, we can reduce |z| by a basic
move. This implies zp12 = 7201 = 0. But then 2313 = 2203 = 1 and this contradicts the
pattern of {2213,2203,2233} = {—1,0,1}.
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By the above consideration we have z7p = 0 and z320 = —1. By a similar
consideration for the cells z;12 and zjp1, i = 1,2,3, we easily see that z is of the
form

1 -10f |-1 1 0] |0 OO
-1 10/ {0 0O 1 —10f,
0 00 1 =10} |-1 10

which is a degree 6 move.

Case 2. It is easily seen that the only case where degree 6 moves cannot be applied
is of the form of the move of degree 9 in (13.21). This proves that connectivity is
guaranteed if we add degree 9 moves. O

We also want to show that degree 9 moves are needed for connectivity. Consider

101] [010] [001
x=|010] (011 (100].
001| |100] [110

By a simple program it is easily checked that if we apply any basic move or any
move of degree 6 to x, —1 or 2 has to appear. Hence degree 9 moves are required to
connect zero-one tables.

Now consider 3 x 3 Latin squares (13.18). It is well known that there is only one
isotopy class of 3 x 3 Latin squares (Chap. III of [39]); that is, all 3 x 3 Latin squares
are connected by the action of the direct product S3 x S3 x S3 of the symmetric group
S3 which is generated by transpositions, and a transposition corresponds to a move
of degree 6 in (13.20). Therefore, the set of 3 x 3 Latin squares in the orthogonal
array representation is connected by the set of moves of degree 6 in (13.20). In view
of Proposition 13.3, we see that we do not need basic moves or degree 9 moves for
connecting 3 x 3 Latin squares.

There are two isotopy classes for 4 x 4 Latin squares (1.18 of III.1.3 of [39])
and representative elements of these two classes are connected by a basic move.
Transposition of two levels for a factor corresponds to a degree 8 move of the
following form.

I -10 0 |-11 0 0] |[0000] |0000
01 -10 0 -11 0| [0000] 0000
0 0 1 -1 0 0 -11 0000/ (0000
-1 0 0 1 1 0 0 -1/ [0000] (0000

Therefore the set of 4 x 4 Latin squares is connected by the set of basic moves and
moves of degree 8 of the above form. We can apply a similar consideration to the
celebrated result of 22 isotopy classes of 6 x 6 Latin squares derived by [60].



Part IV
Some Other Topics of Algebraic Statistics

In the last part of this book, we discuss some other topics of algebraic statistics.

In Chap. 14 we explain a relation between the Markov basis methodology and
disclosure limitation problem. In particular we show that the technique of swapping
records for the disclosure limitation problem is closely related to the Markov basis
and results on the Markov basis for hierarchical models can be applied to the
disclosure limitation problem.

In Chap. 15 we give a brief survey on the use of the Grobner basis for the design
of experiments, mainly based on recent results of the authors. As we discussed in the
preface to this book, application of the Grobner basis to the design of experiments
was one of the two sources for the field of algebraic statistics.

Finally in Chap. 16 we explain how we can run a Markov chain with a lattice
basis, when a Markov basis is not available, namely when it is not possible to
compute a Markov basis by an algebraic algorithm within a practical amount of
time. As we saw in Part III of this book, Markov bases tend to be complicated
except for some nice models, such as decomposable models of contingency tables.
Even if Markov bases are not available, we can run a Markov chain with a lattice
basis, which is much easier to compute. With many numerical examples, we confirm
that a Markov chain with a lattice basis works well.



Chapter 14
Disclosure Limitation Problem and Markov
Basis

14.1 Swapping with Some Marginals Fixed

Consider a microdata set where all variables of the data set have already been
categorized. Suppose that a statistical agency is considering granting access to
such a microdata set to some researchers and that the data set contains some rare
and risky records. Swapping of observations is one of the useful techniques of
protecting these records (Dalenius and Reiss [44], Schlorer [133], Takemura [141]).
If some marginals from the data set have already been published, it is desirable
to perform the swapping in such a way that the swapping does not disturb the
published marginal frequencies. Therefore it is important to determine whether it
is possible to perform swapping of risky records under the restriction that some
marginals are fixed.

Here we give an illustration with a simple hypothetical example. Suppose that a
microdata set contains the following two records.

Sex Age  Occupation  Residence
Male 55 Nurse Tokyo
Female 50  Police officer Tokyo

If we swap “occupation” between these two records, we obtain

Sex Age  Occupation  Residence
Male 55  Police officer Tokyo
Female 50 Nurse Tokyo

By this swapping the one-dimensional marginals are preserved, but the two-
dimensional marginal of {age, occupation} is disturbed. If we swap both age and
occupation we obtain

Sex Age  Occupation  Residence
Male 50  Police officer Tokyo
Female 55 Nurse Tokyo
S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 251
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and the {age, occupation}-marginal is also preserved. This simple example shows
that the observations can be freely swapped if we fix only the one-dimensional
marginals, but observations have to be swapped in two variables together to keep
two-dimensional marginals fixed.

A categorized microdata set is considered as a contingency table. For example,
two records in the above example correspond to two frequencies in the following
three-way subtable with residence = Tokyo:

Police officer Nurse

Male|Female|Male|Female ' (14.1)
50 1 0 0 0
55 0 0 0 1
Swapping “occupation” is equivalent to adding an integer array
Police officer Nurse
Male|Female|Male|Female ' (14.2)
501 -1 0 1 0
55 0 1 0 -1

We note that this is a move for the three-way complete independence model.
Therefore all one-dimensional marginals are preserved. In this way swapping under
the condition of fixed marginals is equivalent to adding a move for the model where
the marginals are in the sufficient statistic.

A swapping preserving all two-dimensional marginals in the above example
corresponds to adding a move of a no-three-factor interaction model as discussed
in Chap.9. As shown in Chap.9, there is no degree 2 move for the no-three-factor
interaction model and the minimum degree of moves of the model is four. This
shows that there is no swapping between these two records and at least four records
are required to preserve all two-dimensional marginals.

Therefore swappability of the given two records such that a given set of marginals
is fixed depends on the existence of degree 2 moves in the corresponding model.
In the following sections we give some necessary and sufficient conditions for
swappability of two given records.

14.2 E-Swapping

Consider an n x m microdata set X consisting of observations on m variables for
n individuals (records). As mentioned above we assume that the variables have
already been categorized. Therefore we can identify the microdata set with an
m-way contingency table, if we ignore the labels of the individuals. If x(i) = 1,
we say that the record falling into cell i is a sample unique record.
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Let E be a nonempty proper subset of the set of variables A = {1,...,m}. For two
records of x falling into cells i = (ig,igc) and j = (jg, jgc). i # j, swapping of i
and j with respect to E C A, or more simply E-swapping, means that these records
are changed as

{(Ggige), (g, dge)} = {(ie,jgc), (Jp,igc)} =: (', J). (14.3)

Note that E-swapping is equivalent to E€-swapping. Also note that if ir = i}; or
ipc = i;:C, then swapping in (14.3) results in the same set of records. In the example
of the previous section, swapping “residence” does not make any difference.
Therefore (14.3) results in a different set of records if and only if

ir # i and ige # ibc. (14.4)

From now on we say that E-swapping is effective if it results in a different set of
records.

Proposition 14.1. For a subset D C A, D-marginals {xp(ip) | ip € Ip} are fixed
by E-swapping if and only if one of the following four conditions holds.

(i) DCE, (i) D CES, (iii) iernp = igrp, (iv)igenp = ieqp- (14.5)

Proof. 1t is obvious that if one of the conditions holds, then D-marginals are not
altered. On the other hand assume that none of the four conditions holds. Let
Dy =DNE and D, = DN EC. These are nonempty because (i) and (ii) do not
hold. Furthermore ip, # jp, and ip, # jp, because (iii) and (iv) do not hold. Let
ip = (ip,,ip,). Then xp(ip) = xp(ip,,ip,) is decreased by 1 by this swapping and
this particular D-marginal changes. a

14.3 Equivalence of Degree-Two Square-Free Move
of Markov Bases and Swapping of Two Records

As mentioned in Sect. 14.1, swapping records in a microdata set is equivalent to
applying a move to a contingency table x = {x(i)}. It is intuitively clear that a
square-free move of degree 2 and swapping of observations of two records are
equivalent. However, there is at least a conceptual difference between them, because
amove is defined for a given set of marginals & whereas E-swapping is defined only
in terms of two records and a subset E.

Now we give a proof of this equivalence. An effective E-swapping in (14.3)
changes the cell frequencies of i, j, i’, and j’ into

x(i) = x()—1, x(j)—x(G)—1, x(@)—=x@)+1, x(G)—x(G)+1. (14.6)
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Hence if this E-swapping fixes all Z-marginals, then the difference between the
post-swapped table and the pre-swapped table is a square-free move of degree 2
for 2.

Next we show that any square-free move of degree 2 (14.6) for & can be
expressed by E-swapping (14.3) for some E C A. Write

i: (i17"'7im)7 j: (jl""?jm)7 i/ = (l./l""7l.;rl)7 j: (ji?""j:’n)'
We first show that {is, js } = {i}, js } for 1 < & <m. Because |, D; = A, there exists
t for any & such that § belongs to D;. In the case where ip, = jp, , two records of
xp, (ip,) have to be preserved in i}, and jj, . Hence i}, = jp, = ip, = jp,- On the
other hand if ip, # jp,, each one record of both xp, (ip,) and xp, (jp,) has to be
preserved in {ip, , jp, }, which implies {ip,, jp, } = {ip,,Jjp,} Therefore we have
{ig:Js} = {i.Jo} for 1< 6 <m.

If we set
E={0]i5=Jjs}=1{0|is=Js},

E satisfies (14.3). This completes the proof of the equivalence of E-swapping and a
square-free move of degree 2 for 7.

14.4 Swappability Between Two Records

Consider two records in a categorized microdata set. In the following we recognize
the two records as a contingency table x = {x(i)} in a degree 2 fiber that was
discussed in Sect. 8.3. Consider a swapping between these two records preserving
marginals in 9 = {Dy,...,D,}. Note that if some variable has the same value
in two records, swapping or no swapping of the variable does not make any
difference. Therefore we should only look at variables taking different values in
two records. Let

A={6|is#is} (14.7)

denote the set of nondegenerate variables defined in Sect. 8.3. Note that (14.4) holds
if and only if
ENA#0 and ECNA #0. (14.8)

Therefore E-swapping is effective if and only if ENA # 0 and ECNA # 0. In
particular A has to contain at least two elements, because if A has less than two
elements swapping between i and j cannot result in a different set of records.

As an example, consider the hypothetical example of Sect. 14.1.

Sex Age  Occupation  Residence
Male 55 Nurse Tokyo (14.9)
Female 50  Police officer Tokyo

Then A = {1,2,3}. E = {2,3} = {age,occupation} results in an effective swapping.
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The following lemma says that the variables in A N D have to be swapped
simultaneously or otherwise stay together in order not to disturb D-marginals.

Lemma 14.1. An effective E-swapping fixes D-marginals if and only if AND C E
or AND C E€ under (14.8).

Proof. We have to check that at least one of the four conditions in (14.5) holds if
and only if AND C E or AND C EC.

Assume that one of the four conditions in (14.5) holds. If D C E, then AND C E.
Similarly if D C EC€, then AND C E€. Now suppose ignp = jenp- Then

0=AN(END)=(AND)NE = ANDCEC.

Similarly if igcqp = jgcqp then AND CE.
Conversely assume that AND C E or AND C E€. In the former case ANDN
= () and this implies (iv) igcqp = jgcqp- Similarly in the latter case (iii) ignp =
jEﬂD holds. O

In the above lemma, E is given. Now suppose that two records i, j and a marginal
D are given and we are asked to find a nonempty proper subset E C A such
that E-swapping is effective and fixes D-marginals. As a simple consequence of
Lemma 14.1 we have the following lemma.

Lemma 14.2. Given two records i, j and D C A, we can _ﬁnd ECA such_that E-
swapping is effective and fixes D-marginals if and only if A NDC # 0 and |A| > 2.

Proof. If ANDC # 0 and |A| > 2, then choose s € ANDC and let E = {s} be a
one-element set. Then E satisfies the requirement.

If |A| < 1, there is no E- swapping resulting in a different set of records as
mentioned above. On the other hand if A ND¢ =0 or A C D, then by Lemma 14.1
A C E. But this contradicts E€ N A # 0 in (14.8) and there exists no E satisfying the
requirement. O

Based on the above preparations we now consider the following problem. Let
two records i, j and a set of marginals 2 = {Dy,...,D,} be given. We are asked to
find E such that E-swapping fixes all marginals of & and results in a different set of
records.

Theorem 14.1 (Takemura and Hara [144]). Let ¢ 7 be the independence graph
with respect to 9 and let 9 (A) denote the subgraph of 4 7 induced by A C A. Given
two records i, j and a generating class 9, we can find E C A such that E-swapping
is effective and fixes all D-marginals, YD € 9, if and only if 9 (A) is not connected.

Proof. As discussed in Sect. 14.1 the variables 6 and 6’ belonging to some D € 2
either have to be swapped out simultaneously or stay together. It follows that any
variable in a connected component of ¢ (A ) has to be swapped out simultaneously or
stay together simultaneously. Therefore there exists no E C A such that E-swapping
is effective and fixes all D-marginals when & (A) is connected.
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Fig. 141 G7

Fig. 14.2 G(A)

Conversely assume that & (A) is not connected. Let i be a connected component
of ¢5. Then for any two vertices {8,8'} such that § € y; and &' € A\ y; there
exists no D € 7 satisfying {8, 0’} C D. Therefore if we set E = y;, E-swapping is
effective and fixes all D-marginals. a

This theorem is essentially equivalent to Theorem 8.2. Theorem 8.2 says that a
necessary and sufficient condition on degree 2 fibers to have more than one element
is that 4(A) be disconnected. Having more than one element in a degree 2 fiber
means that it is possible to swap any two of the elements.

As an example consider Z consisting of all two-element sets of A; that is, all
two-dimensional marginals are fixed. Then ¢ (2) is complete and hence ¥(A) is
also complete. In particular ¢(A) is connected and Theorem 14.1 says that we
cannot find an effective swapping fixing all two-dimensional marginals.

As an illustrative example again consider the table in (14.9). Suppose that we
want to fix the following set of two-dimensional marginals

9 = {{1’4}5{253}5{254}5{354}}1

where 1 = sex, 2 = age, 3 = occupation, and 4 = residence. In this case & is also the
set of edges of 47 (Fig. 14.1). Then % (A) has the vertices 1,2,3, and only one edge
{2,3} (Fig. 14.2). Therefore ¢(A) is not connected. Again let E = {2,3}. We see
that E-swapping is effective and fixes all marginals in &. On the other hand if

9 = {{172}7{273}7{374}}7

then it is easy to see that 7 is connected and no effective swapping is possible if
we fix all marginals for this 2.

Let .7 be the set of the minimal vertex separators of 7. Let adj(§), § € A
denote the set of vertices that are adjacent to 8. Define adj(A) for A C A by adj(A) =
Usea adj(8) \ A. Then we obtain the following lemma.

Lemma 14.3. 4(A) is not connected if and only if there exist S € .77 and two
connected components Yo, and yg of 4 7(A\ S) satisfying

SNA=0, Y%NA#0, yNA+£0. (14.10)
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Proof. Assume that 4(A) is not connected. Let ¥ | and ¥z , be any two connected
components of %(A). For any pair of vertices ’(a,ﬁ) such that o € Vi, and
B € Yi adj(yz ) is a (o, B)-separator (not necessarily minimal) in 47, Note
that adj(y; ;) NA = 0. Hence there exists S, g € 7 such that Sep C adj(yi)
and S, 3 N A = 0. Therefore there exists a minimal (o, 3)-separator such that
Soc,ﬁ NA=0.

Because each of y; ; and y; , is a connected component, Sy, g satisfying Sy g M
A = 0 also separates any pair of vertices in ¥z ; and ¥ , other than (a,3). Hence
So.p separates ¥z | and ¥z , in ¥ 7. This implies' that 5 4 and Yi  belong to different
connected compdnents of 47 (A\ Sq p). Therefore (14.10) is satisfied.

On the other hand if there exist S, ¥, and y satisfying (14.10), it is obvious that

% (A) is not connected. O
By the above lemma, we have the following corollary.

Corollary 14.1. Given two records i,i' and a generating class 9, we can find
E C A such that E-swapping is effective and fixes all D-marginals, VD € 2, if and
only if there exist S € /7 and two connected components Yy, and 78 of 97(A\ S)
satisfying (14.10); that is,

is =i, iy iy, Ay Ay (14.11)

Proof. Note that SN A = 0 if and only if is = i5. Similarly y, N A # @ if and only
if iy, # iy, and y5 N A # 0 if and only if iy, # i;,ﬁ. Therefore the corollary follows
from Lemma 14.3. O

14.5 Searching for Another Record for Swapping

So far we have considered some necessary and sufficient conditions for E-swapping
between two records i, i’ to be effective and fix D-marginals for general hierarchical
models. In this section we provide a simple algorithm to find another record that is
swappable for a particular sample unique record i by using the results in the previous
section.

Given a particular record i, by Corollary 14.1, we could scan through the
microdata set for another record j satisfying the conditions of Corollary 14.1.
Instead of checking the conditions of Corollary 14.1 for each j, we could first
construct the list .77 of minimal vertex separators S and the connected components
Yo, Yp Of & Z(A\ S). Then for a particular triple (S, ¥, ys) we could check whether
there exists another record j satisfying (14.11) of Corollary 14.1. Actually it is
straightforward to check the existence of j satisfying (14.11). Because we require
is = jg, we only need to look at the slice of the contingency table given the value
of is. Then in this slice we look at the {iy,, iVﬁ }-marginal table. By the requirement
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Fig. 14.3 j swappable with i B
in a diagonal position

by, 7 Jyyolyy 7 jVﬁ’ we omit the “row” iy, and the “column” iy, from the marginal
table. If the resulting table is nonempty, then we can find another record j in a
diagonal position to i and we can swap observations in j and i. See Fig. 14.3.

More precisely, for Yo, g, S, write Y55 = Yo U ¥s US. Define a subtable

XVO(,[; (ig/aﬁ | iVa,ﬁ) by

xYa,ﬁ (i/yaﬁ | iYa,ﬁ) = {fya,ﬁ (i/yaﬁ | iYa,ﬁ)}
(W) [ # sy # s = s}

— of . . .. .

Xy, p (lya, 5 | ’Ya,ﬁ) # 0 denotes that there exists at least one positive count in

- . .

xYa,ﬁ (lyaﬁ | lYaﬁ )

Lemma 14.4. There exists a record i’ with is = i, iy, # i, , and iy, # ig,ﬁ if and
o= of .

only lfxya,ﬁ (lYa,ﬁ | ’Va,ﬁ) #0.

The proof of this lemma is obvious and omitted. Therefore it remains to
compute the set of minimal vertex separators .7 and the connected components
of 97(A\ S). Shiloach and Vishkin [138] proposed an algorithm for computing
connected components of a graph. On listing minimal vertex separators there exist
algorithms by Berry et al. [21] and Kloks and Kratsch [95]. The input of their
algorithms is 7. However, in our case generating class & is given in advance.
It may be possible to obtain more efficient algorithms if we also use the information
of & as the input.

The following algorithm searches for another record j that is swappable for a
sample unique record i and swaps them if one exists.

Algorithm 14.1 (Finding j swappable for a given i)
Input: x, 2, F? i
Output : a post-swapped table x' = {x'(i)}
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begin
x —x;
for every S € .77 do
begin
compute connected components of 47 (A \ S) ;
for every pair of connected components (¥, ) do

begin
if %y, , (i;,a‘ﬁ | iy, ;) # O then
begin '
select a marginal cell 7, Yo SUCh that )Ey P (g, wp | Brap) 70
select a cell j € .# such that Jy, wp = y E
E <+ v
E-swapping between i and j;
X (i) < x(i) — 1
X(j) < x(j) - I;
/(.’EleC) (JEviEC)+1;
X (ig, jpc) < x(ip, jgc) + 1;
exit ;
end if
end for
end for

if x' = x then i is not swappable ;
end



Chapter 15
Grobner Basis Techniques for Design
of Experiments

15.1 Design Ideals

Consider fractional factorial designs of m controllable factors. We assume that the
levels of each factor are coded as elements of a field k, which is a finite extension of
the field Q of rational numbers. In the original paper [120], only the case of k = Q
is considered. However, coding the levels of factors with more than two levels by
complex numbers is considered in [119]. We see it briefly in Sect. 15.4. This chapter
is mainly based on [18].

A fractional factorial design without replication is defined as a finite subset of
k™. In the algebraic arguments, this subset is considered as the set of solutions
of polynomial equations, called an algebraic variety, and the set of polynomials
vanishing on all the solutions is called an ideal. This ideal, design ideal, is a key
item in this chapter.

Now we define design ideals. Let & be the full factorial design of m factors. We
call a (proper) subset .# C & a fractional factorial design. Let k[xp,...,x,] be the
polynomial ring of indeterminates xi, ..., X, with the coefficients in k. Then the set
of polynomials vanishing on the points of .#

I(F)={f€klx1,....xm] | f(x1,...,xm) =0forall (x,...,x,) € F}

is the design ideal of .%.

In this chapter, we suppose there are n runs (i.e., points) in a fractional factorial
design .7 C 2. A general method to derive a basis (i.e., a set of generators) of I(.%)
is to make use of the algorithm for calculating the intersection of the ideals. By
definition, the design ideal of the design consisting of a single point, (aj,...,an) €
k™, is written as

(X1 —at,. ..y Xm—am) Ck[xi,...,Xm)-
Therefore the design ideal of the n-run design, % = {(a;1,...,aim), i=1,...,n},is
given as
n
I(F) = (\x1 —ait, - X — i) (15.1)
i=1
S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 261
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To calculate the intersection of ideals, we can use the theory of Grobner bases.
In fact, by introducing the indeterminates ?,...,#, and the polynomial ring
kX1, .y Xm,t1,. .1y, (15.1) is written as

I(F) =T"Nk[x,. .., %],
where
I' = <ti(x1 —ail),...,ti(xm—aim), i=1,...,n, t1—|—~~~+tn—1>

is an ideal of k[x,...,Xm,11,...,t,]. Therefore we can obtain a basis of I(.%) as the
reduced Grobner basis of I* with respect to a term order satisfying {¢1,...,1,} >
{x1,...,%u}. This is an elimination theory, one of the important applications of
Grobner bases we have seen in Sect. 3.4.

15.2 Identifiability of Polynomial Models and the Quotient
with Respect to the Design Ideal

As one of the merits of considering a design ideal, we consider the identifiability
or the confounding of polynomial models. To define these concepts, we revisit
a design matrix discussed in Chap. 11, where we defined a design matrix for the
two-level case in Definition 11.1 and the three-level case in Definition 11.2. We
extend these and give a general definition. We write a monomial of {xy,...,x,} as

x% = x{"---x%n. The polynomial model is written as
fx)= 6ax?, (15.2)
oac?

where . is a set of exponents and 8 = (6g ) gc. is a parameter.

Definition 15.1. Let .# C 2 be a fractional factorial design of m factors with n
runs. Let # = {a; = (a;1,...,aim) € kK™, i = 1,...,n}. Consider the polynomial
model (15.2). Then the matrix

is called a design matrix for .Z.

Note that the definition of the design matrix above differs slightly from the defi-
nition in Chap. 11; that is, we defined A as the transpose of A in Chap. 11. Although
it is somewhat confusing, we use the conventional definition of experimental design
only in this chapter, whereas it is better to transpose A for clarifying the relation
between the design matrix and the configuration matrix of the toric ideals. Note also
that there are |.#| columns in A. Write as y = (y1,...,y,) an observation vector



15.2 Identifiability of Polynomial Models. .. 263

for the design .%. Then if A is of full rank, the usual least square estimator of the
parameter in (15.2) is written as

0= (AA)""A"y.
In this sense, we define the identifiability of the polynomial model as follows.

Definition 15.2. The polynomial model (15.2) is called identifiable by .# if the
design matrix for .Z is of full rank.

An important identifiable model is a saturated model. In the saturated model
in which |- | =n holds A is a square full rank matrix and the estimator of the
parameter is 6=A" ly. In this case, (15.2) is an interpolatory polynomial.

Example 15.1 (Regular 23, design). Let F be a regular 23, design of m = 5
factors with two levels defined as xjxx4 = x1x3x5 = 1. .% contains n = 8 runs and
is displayed as follows.

Run\factor x; xp, x3 x4 X5

1 11 1 1 1
2 1 1-1 1-1
3 1-1 1-1 1
4 1-1-1-1-1
5 -1 1 1-1-1
6 -1 1-1-1 1
7 -1-1 1 1-1
8 -1-1-1 1 1

The design matrix for the main effect model, that is, a polynomial model written as

F(x) = 600000 + G10000x1 + Bo1000x2 + B00100%3 + Bo0010X4 + Bo0001%5,  (15.3)

is given as
I 1 1 1 1 1
1 1 1-1 1-1
1 1-1 1-1 1

1 1-1-1-1-1
1-1 1 1-1-1
-1 1-1-1 1
I-1-1 1 1-1
I-1-1-1 1 1

Inasmuch as this A is of full rank, the polynomial model (15.3) is identifiable by .#
Another polynomial model

F(x) = 600000 + B10000%1 + B01000%2 + B00100X3 + B00010X4 + B00001X5
+601100X2x3 + Bo0110X3X4 (15.4)
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is also identifiable by .% because the design matrix for this model,

111 1 1 1 11
1 1 1-1 1-1-1-1
1 1-1 1-1 1-1-1
I 1-1-1-1-1 1 1
1-1 1 1-1-1 1-1
1-1 1-1-1 1-1 1
I-1-1 1 1-1-1 1
I-1-1-1 1 1 1-1

is of full rank. The polynomial model (15.4) is one of the saturated models. It is also
one of the interpolatory polynomials and the parameter 0 is estimated as @ = %A' y

because A~ = %A' . Note that this A is an Hadamard matrix. On the other hand, the
polynomial model

£ (x) = 600000 + 100001 + 6010002 + B00100x3 + Bo0010X4 + B00001X5 + O11000X1X2

is not identifiable by .% because the design matrix for this model is not of full rank.

The design we considered in Example 15.1 is a regular two-level design, thus
we have already considered an identifiability of models in Chap. 11. Of course, the
arguments in this chapter are valid for general designs. We see another example.

Example 15.2. Consider a fractional factorial design of three factors xi,x; €
{=1,1},x3 € {—1,0,1} given as follows.

Run\factor x; xp x3

1 1 1 1
2 1-1 0
3 1 -1-1
4 -1 1 0
5 -1 1-1
6 -1-1 1

For this 6-run design, we can consider several identifiable polynomial saturated
models with six parameters such as

f1(x) = 8000 + B100%1 + B010%2 -+ B001X3 + B002x3 + Bo11X2%3 (15.5)

or
F2(x) = G000 + Bo10%2 + 60013 -+ Bo02X3 + B011x2X3 + Bp12%2X3. (15.6)
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The design matrices for these models are given as

111 1 1 1 1111 1 1
1 1-1 0 0 0 11 00 0 0
1 1-1-1 1 1 1—1-1 1 1-1
Tlior 1t 00 of ™ M2TL1 100 0 0
11 1-1 1-1 1 11 1-1 1
1—1-1 1 1-1 11 1 1-1-1

Any submodel of these saturated models is also an identifiable polynomial model.

Now we consider the relation between the identifiability and the design ideal.
The key item is the set of standard monomials defined in Sect. 3.2. For a design .7,
we fix a term order T and consider a Grobner basis G of I(.%). Then the set of
standard monomials is defined as

Est; (%) = {x* | x* is not divisible by any of the leading terms
of the elements of the Grobner basis of I(.%)}
={x* | x* & (LT(g), g € 1(F))}-

Then from Theorem 3.1 in Sect.3.2 (i.e., the fact that Est;(.%#) is a basis of the
vector space k[xy,...,x,]/I(F)), we have the following results.

Theorem 15.1. Let .F be a design with n runs and t be a term order. Write
Est(Z) = {x* | a € £}, (15.7)
where . is the set of exponents in the elements in Est;(.#). Then

1. || = n holds.
2. The polynomial model (15.2) is identifiable by F if £ is defined as (15.7).

This result is known as the first application of Grobner basis theory by Buch-
berger and Hironaka in the 1960s to statistics. Pistone and Wynn [120] revisit this
result in the statistical framework, saying “This important point does not seem to be
stated explicitly in the statistical literature,” and show many examples with actual
computations using MAPLE software.

Theorem 15.1 shows how to construct an identifiable polynomial model from
Grobner basis theory. In fact, although the dimension is independent of the order,
the elements of Est;(.% ) depend on the chosen term order. Let us check this fact by
the previous example.

Example 15.3 (Continuation of Example 15.2). Consider the 6-run design of Exam-
ple 15.2. Under the lexicographic term order with x; > x, > x3, the Grobner basis
of I(.%) is calculated as

2 3 2
{31, 33 —x3, x1 —x0x5 —x2x3 + 12},
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where the leading terms are underlined. Therefore the set of standard monomials is
2 2
EStlex(y) = {17 X2, X3, X3, X2X3, -x2-x3}7

which gives the saturated polynomial model (15.6). On the other hand, under the
graded reverse lexicographic term order of x; > x, > x3, the Grobner basis of I(.%)
is calculated as

{x_%— 1, x_%— 1, x_g—)g, )ﬂ—x% —x3+ 1, x1x3 —x2x3 — X1 + X2,
xz_x%-l-xzxs —X —xz},
which yields the set of standard monomials
EStgrevlex(gz) ES {1, X1, X2, X3, X%, XZX3}.

This basis gives the saturated polynomial model (15.5).

As we saw in Example 15.3, we have several identifiable polynomial models in
general by varying term order. In application, it seems efficient to select a term order
by considering the model structures that we want to use. For example, when main
effects are more important than interaction effects, a term order that reflects the total
order of terms such as the graded reverse lexicographic term order may be used. (See
the model (15.5), for example.) On the other hand, when one effect dominates all
the others, a simple lexicographic term order may be used (see the model (15.6), for
example). The next interesting question is whether all the identifiable polynomial
models can be obtained by the algebraic approach. Unfortunately, the answer is no.
One of the counterexamples from [118] is given below.

Example 15.4. Consider the design .# = {(0,0),(0,—1),(1,0),(1,1),(—=1,1)}.
Varying term order 7, we have two sets as Est;(%), {l,xl,x%,xz,xlxz} and
{l,xg,x%,xl ,x1x2 }. However, there does not exist 7 that gives another identifiable
model {1,x1,x2,x7,x3} as Bst;(.F).

In [22], an interesting subset of the hierarchical polynomial models, namely,
corner cut models, is considered and called a design generic if all the corner cut
models of size n are identifiable.

Another look of the set Est;(.%) is the representative of an equivalence class
congruent modulo /(.%). In fact, the vector space k[x,...,x,|/I(-F) is the set of
classes of remainders of the polynomials in k[xy, ..., x,,| with respect to the division
by Gr. Thus, for f € k[xy,...,x,], the equivalence class of f in k[xy,...,x,]/I(F)is

{g€klxi,....xn] | f—g€l(F)}.

Each of the equivalence classes in k[xy,...,x,]/I(.7) can be seen as an aliasing
class in the sense that only one term from each class can be included in the same
identifiable model. We summarize this point.
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Definition 15.3. Two models, f and g, are confounded (or aliased) under the design
Fif f—gel(F).

The methods of constructing the design matrix in Chap. 11 are based on the idea
of choosing each column of the design matrix so that each corresponding term of
the polynomial model is in a different equivalence class. In Chap. 11, we identified a
monomial x = x{' -+ x%m with a main or an interaction effect between the m factors
X1,...,Xy. For example, of two level factors, x? is identified with a main effect if

", a; =1, and a two-factor interaction effect if ¥" | a; = 2, and so on. Then two
main or interaction effects are confounded in the design . if x%1x% is identically
equal to +1 or —1 for all the points in x € .%. This confounding relation is expressed
in terms of the design ideal as follows.

Proposition 15.1. Let ¢ € {—1,+1}. Then the following two conditions are
equivalent.

(i) xM'x*2 = ¢ forall x € . # (ii) x* —cx® € I(.F)

In general, we have to calculate a Grobner basis to judge whether a given
polynomial belongs to a given ideal, that is, to solve the ideal membership problem.

15.3 Regular Two-Level Designs

We saw in Sect. 15.2 that the identifiability of the terms in polynomial models can
be treated algebraically by considering the Grobner basis of the design ideal. As
we have seen in Example 15.2, these theories can be used for arbitrary design .7,
regardless of being regular or nonregular.

In the statistical literature, however, the theory of regular fractional factorial
designs is well developed. For example, an elegant theory based on linear algebra
over the finite field GF(2) is well established for regular two-level fractional
factorial designs. See [123]. On the other hand, it is very difficult to derive
theoretical results for general nonregular fractional factorial designs. One of the
merits of the algebraic approach is that we need not distinguish whether the design
is regular because the design is characterized simply as a set of points. In fact,
many important concepts such as resolution and aberration, which are originally
defined for regular designs, can be generalized naturally to nonregular designs by
an algebraic approach. See [153] or [152], for example. As another approach to
deal with nonregular designs, some classes or criteria of nonregular designs are
considered from the viewpoint of algebra. See [14] and [6], for example.

Nevertheless, it is instructive to consider the simple setting of regular designs to
understand the practicality of Grobner basis theory in designs of experiments. In
this section, we focus on regular fractional factorial designs with two-level factors.
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Similarly to Example 15.1, we code two levels of factors as {—1,+1}. Therefore
for a monomial x* = x‘l” ---xim of the indeterminates xi,...,x,, representing m
factors, it is sufficient to consider @ = (ay,...,ay) € {0,1}"™. The full factorial
design of m factors with two levels is expressed as

D ={(x1,. X)) | X} = =22, =1} = {—1,+1}",
and the design ideal of Z is written as
1(2)=(x3—1,... x5 —1).

Without loss of generality, we consider a regular 2”~* fractional factorial design
F C 2 generated by s defining relations

(x4 =1,0=1,...,s}, (15.8)

such that x¥ =1 for all x € .%. One of the expressions of the design ideal for the
regular design is obtained directly by this defining relation.

Proposition 15.2. The design ideal for the regular two-level fractional factorial
design 7 defined by (15.8) is written as

I(F)=(x1—1,....02—1,x5 —1,....x% — 1), (15.9)

Note that the basis in the expression (15.9) is not a Grobner basis in general.
In the arguments of Sect. 15.1, we used elimination theory as a general method to
obtain a basis of the design ideal and obtain a reduced Grobner basis as a result.
However, one of the obvious bases can be obtained directly from the defining
relation for the regular fractional factorial designs without calculating a Grobner
basis.

Example 15.5 ( 2;1;4 design). Consider the design known as the orthogonal array
Lg(27) of resolution III with the defining relation

X1X2X3 = X1X4X5 = X2 X4X6 — X1 X2X4X7 — 1
given as follows.

Run\factor X] X2 X3 X4 X5 Xe¢ X7
1 1 1 1 1 1 1 1

1 1 1—-1-1-1-1
1-1-1 1 1-1-1
1-1-1-1-1 1 1
-1 1-1 1-1 1-1
-1 1-1—-1 1-1 1
-1-1 1 1-1-1 1
-1-1 1-1 1 1-1

00N NN kAW



15.4 Indicator Functions 269

From (15.9), the design ideal for this design is expressed as

I(F)= <x% —1,... ,x% — 1,x1x0x3 — 1,x1x04%5 — 1, x0x4%6 — 1,21 30427 — 1).
On the other hand, the reduced Grobner basis of 7(.%) is

{x% -1, xé -1, x% — 1, x3 —Xs5X6, Xp — X5X7, X| —XeX7, X4 — Xsxex7}  (15.10)
under the lexicographic term order with x; > --- > x7, and

{x%—l,xé—l,x%—l,xi—l,x%—l,x%—l,x%—l,

X1X2 — X3, X1X3 — X2, X2X3 — X1, X1X4 — X5, X1X5 — X4, X4X5 — X7,

X2 X4 — X6, X2X6 — X4, X4X6 — X2, X3X4 — X7, X3X7 — X4, X4X7 — X3, (1511)
X2X5 — X7, X2X7 — X5, X5X7 — X2,X3X5 — X6, X3X6 — X5, X5X6 — X3,

X1X6 — X7, X1X7 — X, X6X7 — X1}

under the graded reverse lexicographic term order with x; > --- > x7. As we have
seen, the set of standard monomials for these Grobner bases,

Estiex = {1, X5, X6, X7, X5X6, X5X7, X6X7, X5X6X7 }

and
Estgreviex = {1, X1, X2, X3, X4, X5, X6, X7}

present the interpolatory polynomials. Moreover, the expression (15.10) or (15.11)
enables us to identify the confounding relations between the factors. For example,
we see that two-factor interactions x»x3 and x4xs5 are confounded because xyx3 —
x4xs € I(F). This is verified from (15.10) as

X2X3 — X4X5 = X3 (XQ - X5)C7) + X5x7 (X3 - x5x6) — X5 (X4 — XSX(,X7)
and from (15.11) as

X2X3 — X4X5 = (XZ)C3 —xl) — (X4X5 —xl).

15.4 Indicator Functions

In this section, we briefly introduce an indicator function, which was first defined
by [61].

Definition 15.4. The indicator function of a design .% C & is a polynomial f €
k[x1,...,xn] satisfying
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f(x) = 1,ifxe 7,
P70, ifxe 2\ 2.

There is a one-to-one correspondence between the indicator function and the
design .# under the appropriate constraints. For example, if each factor has
two levels coded as {—1,+1}, the indicator function has a unique square-free
representation under the constraint xi2 =1,i=1,...,m.

General cases are also considered in [119]. For the case that x; is an n;-level factor
for i =1,...,m, [119] introduces a complex coding, x; € Q,, = {@y,..., 01}
where £, is the set of the n;th roots of the unity, and considers the polynomials
in the complex field C. Note that all fractional factorial designs can be obtained
by adding further polynomial equations, called generating equations, to {x" — 1 =
0,i=1,...,m}, in order to restrict the number of solutions. The generating equation
is a generalized concept of defining relations of regular fractional factorial designs.
The indicator function forms a generating equation by itself. For example, in the
two-level case, the design ideal of the fractional factorial design . is written as

I(j): <X%—1,...,X3n—1,f(X)—1>,

where f(x) is the indicator function of .%.

The indicator function is a polynomial, therefore it can be incorporated into the
theory of computational algebraic statistics naturally. In fact, many important results
in the field of computational algebraic statistics are related to the indicator functions.
It is also shown that some concepts of designed experiments such as confounding,
resolution, orthogonality, and estimability are related to the structure of the indicator
function of a design. In addition, because the indicator function is defined for
any design, some classical notions for regular designs, such as confounding and
resolution, can be generalized to nonregular designs naturally by the notion of the
indicator function. See [62] or [154].

We show some basic results on the indicator functions of the two-level regular
fractional factorial designs. Consider 2" fractional factorial design .# generated
by s defining relations (15.8). The s defining relations generate an additive group
{x*=1|acAz}, where

S
Az = {a a=Y way, ug€{0,1} forl=1,... ,s} . (15.12)
(=1
The summation above is as in GF(2). Then the indicator function of .% is written as

flx) l(l+x"')~~~(1+x”$):% Y, X (15.13)

= S
2 acA g

Note that the coefficient b, of the monomial x4 equals 27 for all a € Az and 0
otherwise.
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Example 15.6 (Continuation of Example 15.5). The indicator function of the 2;1;4
design in Example 15.5 is written as

1
flx) = 1—6(1 + 21203 ) (1 4+ x1x4%5) (1 4 20x475) (1 + 21 x0x4%7 ).

The set of the exponents in the expansion of the right-hand side forms a
group (15.12).

Next we consider the design ideal for adding factors, as a simple application of
the indicator function. The additional factors may be real controllable factors, whose
levels are determined by some defining relations. For the purpose of Markov bases
in Chap. 11, the additional factors are formal and correspond to interaction effects
included in a null hypothesis.

Let %] be a fractional factorial design of the factors xp,...,x,. Consider
adding factors yy, ...,y to .#;. We suppose the levels of the additional factors are
determined by the defining relations among x,...,X;, as

b b
y1=ex 17"'7yk:ekx kv

whereey,...,e; € {—1,1}. Write this new design of x1,...,Xu,y1,...,Y as %,. The
run sizes of .%| and .%, are the same.

Let f| and f> be the indicator functions of .%| and .%,, respectively. Then we
have

1
Fo(Xt, e Xy V155 V) = ?(1+€1)’1xb')"'(1+€k)’kxb")f1 (X155 %m). (15.14)

In fact, for (x1,...,Xm,Y15---,Yk) € F2, (X1,...,X%m) € F and
e1y1xlt = = gyabt = 1

hold, which yields f> = 1. Conversely, if (x1,...,Xm,Y1,--.,3%) € F2, then (x,...,
Xm) € F; or some of e1vixP1, ... epyixP has to be —1, which yields f, = 0.
Note that (15.14) generalizes the indicator function of regular fractional factorial
designs (15.13), by taking f; = 1, that is, by assuming the full factorial design for
XlyeoosXme

From the above result, we have an expression of I(.%,) as

1(92):<x%_17--'7x3n_17y%_17'--7y1%_17f1_17f2_1>'

If we fix the term order T on xi,...,X, and G On Xq,...,Xu,V1,---, Yk, Este(F1)
and Ests (%) are defined. Est;(.%#]) and Ests(.%,) contain the same number of
monomials because the run sizes of .%] and .%, are the same. In particular, if we use
a lexicographic term order ¢ with {yy,...,yx} > {X1,...,%n}, then Est; (%)) =
Ests(-%7) holds. We end this chapter with the following example.
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Example 15.7 (The indicator function and the standard monomials under the
lexicographic term order for adding factors). Let Z| be a 2;“; ! fractional factorial
design of x1,x7,x3,x4 defined by x| xox3x4 = 1 and .%; be a fractional factorial design
of x1,x2,x3,X4,y1,y2 by adding y; = x1x2,y> = x1x3 to F.

971 92

run\factor x; x; x3 x4 run\factor x; X, x3 x4 y1 »
1 1 1 1 1 1 1 1 1 1 1 1
2 1 1-1-1 2 1 1-1-1 1-1
3 1-1 1-1 3 1-1 1-1-1 1
4 1-1-1 1 4 1-1-1 1-1-1
5 -1 1 1-1 5 -1 1 1-1-1-1
6 -1 1-1 1 6 -1 1-1 1-1 1
7 -1-1 1 1 7 -1-1 1 1 1-1
8 —-1-1-1-1 8 —1-1-1-1 1 1

The indicator function of .%] is

1
fi(xi,x2,x3,x4) = 5(1 + X1X2X3X4)

from (15.13). Then the indicator function of .%; is calculated as

Sfa(x1,x2,x3,%4,y1,¥2) = — (1 +yrxx) (1 + yaxix3) f1(x1,X2,X3,x4)

0| = KA —

(1+yixix) (14 y2x1x3) (1 4 x1x2x3%4)

from (15.14). Inasmuch as the reduced Grobner basis of 1(.%) under the lexico-
graphic term order with xj > --- > x4 is

2 2 2
{ﬂ_x2x3x47 )2_ 17 )2_ 17 )&_ 1}7
the set of the standard monomials for this Grobner basis is given as
Estiex (71) = {1, x2, X3, X4, XoX3, XoX4, X3X4}.

On the other hand, because the reduced Grobner basis of 1(.%;) under the
lexicographic term order with y; >y > x| > -+ > x4 18

> > >
{1 —x3x4, yo —x0xa, X1 —xox3xg, X5 — 1, a3 — 1, xq — 1},
we see

Estiex (%2) = {1, x2, X3, X4, X2x3, X2X4, X3x4 } = Estiex (F1).
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Of course, such a result is due to the lexicographic term order. Under the graded
reverse lexicographic term order, on the other hand, the reduced Grobner bases are

calculated as

2 2 2 2
-1 -1, 05— 1, x5 — 1, X1x — X3X4, X1X3 — XoX4, X1X4 — X2X3}

for I(.#)) and

Di-Ly-1L, -1, 8-1L,x5-1 51 yy —xx,
YIX] — X2, Y1X2 — X1, Y1X3 — X4, Y1X4 — X3,

Y2X1 — X3, Y2X — X4, Y2X3 — X1, YaX4 — X3,

X1X — V1, X1X3 — V2, X1X4 — X2X3, X2X4 — V2, X3X4 — V1 }

for I(%,), respectively, and therefore the sets of the standard monomials are given as
Estgreviex (1) = {1,X1,X2,X3,X4,X2X3,X2X4,X3X4 }

and

Estgreviex (#2) = {1,y1,Y2,X1,X2,X3,X4,X2X3 },

respectively.



Chapter 16
Running Markov Chain Without Markov Bases

16.1 Performing Conditional Tests When a Markov Basis
Is Not Available

As discussed in the previous chapters, explicit forms of Markov bases are known
only for some simple structured models. Furthermore general algorithms for Markov
basis computation often fail to produce Markov bases even for moderate-sized
models in a practical amount of time. Hence so far we could not perform exact
tests based on Markov basis methodology for many important practical problems,
such as no-three-factor interaction models with many levels and logistic regression
models with many covariates.

Some methodologies alternative to the Markov basis approach have been
proposed. The sequential importance sampling (SIS) developed by Yuguo Chen
and others (Chen and Small [36], Chen et al. [32], Chen et al. [34]) provides an
algorithm for producing contingency tables by filling the cells of a table starting
from the empty table. In SIS we never subtract a frequency from an existing table.
Hence the problem of negative frequency is avoided in SIS. In the examples given
in the above papers, SIS is found to work efficiently.

More recently Dobra [53] proposed a dynamic Markov basis, where elements of
a Markov basis are computed dynamically during a Monte Carlo simulation.

In this section we propose another method based on a lattice basis for problems,
where a Markov basis is not known [72].

16.2 Sampling Contingency Tables with a Lattice Basis

For a configuration matrix A, let
kerzA =kerANZ = {z e 27| Az = 0}
S. Aoki et al., Markov Bases in Algebraic Statistics, Springer Series 275

in Statistics 199, DOI 10.1007/978-1-4614-3719-2_16,
© Springer Science+Business Media New York 2012
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denote the integer kernel of A. By definition a move is an element of kerzA. Let
d = dimkerA = |.#| — rankA be the dimension of linear space spanned by the
elements of kerA in R, As mentioned in Sect. 4.3, the integer lattice kerzA
possesses a lattice basis £ = {zj,...,z;} and every move z € kerz A is written as
a unique integer combination of zi,...,24 (€.g., Schrijver [134]). As we mentioned,
the computation of a lattice basis for a given A is relatively easy. Also, for many
statistical models, where a Markov basis is hard to obtain, we can more easily
identify a lattice basis.

A Markov basis is defined as a set of moves connecting every fiber. Let k[u],
u = {u(i),i € #} be a polynomial ring and let [ = (u* | z € .£) be the ideal
generated by a lattice basis .Z. The toric ideal 4 is obtained from /¢ by taking a
saturation [105, 139],

ooy

= {vek[uﬂ (H u(i)) vEly forsomem>0}.

ics

In this way a Markov basis is computed from a lattice basis. Intuitively this fact
also shows that when the frequency of each cell is sufficiently large, the fiber is
connected by the lattice basis .. However, a lattice basis itself does not guarantee
the connectivity of every fiber. By definition every move is written as an integer
combination of elements of a lattice basis. Hence, if we generate moves in such
a way that every integer combination of elements of a lattice basis has a positive
probability, then we can indeed guarantee the connectivity of every fiber.

Usually a lattice basis contains exactly d elements. Here we allow redundancy of
a lattice basis: we call a finite set .Z of moves a lattice basis if every move is written
by an integral combination of the elements of .Z.

Let < ={zy,...,2x}, K > d, be a lattice basis. Then any move z € kerzA is
expressed as

z=0121+ -+ 0xzZg, O1,...,0K € 7.

Then we can generate a move z by generating the integer coefficients ¢, ..., 0k.
Here we use the following two methods to generate o, ...,0x. Both methods
generate all integer combinations of elements of . with positive probabilities and
hence guarantee the connectivity of all the fibers.

Algorithm 16.1
Step 1. Generate |0y |,...,|ox| from a Poisson distribution with mean A,
jou| % Po(2)
and exclude the case |oy| = --- = |og| = 0.

Step 2. oy + |oy| or oy < —|oy| with probability %fork =1,...,K.
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Algorithm 16.2

Step 1. Generate |ot| = YK | |oi| from geometric distribution with parameter p
o] ~ Geom(p)
and allocate |a| to ay, ..., 0k according to multinomial distribution
o,...,ox ~Mult(|e|;1/K,...,1/K).

Step 2. oy + |oy| or oy < —|oy| with probability %fork =1,...,K.

16.3 A Lattice Basis for Higher Lawrence Configuration

Let A(") be the rth Lawrence configuration in (9.10). Many practical statistical
models including the no-three-factor interaction model and the discrete logistic
regression model discussed in the previous chapters have Lawrence configurations.
In general a Markov basis for the Lawrence configuration is very difficult to compute
(e.g., Chen et al. [33], Hara et al. [81]). On the other hand, because the computation
of a lattice basis is easy, Algorithms 16.1 and 16.2 are available even for such
models. Furthermore we can compute a lattice basis of A (") (A) from a lattice basis
of A by Proposition 16.1. This proposition is closely related to Proposition 4.3 for
r =2 and was first discussed in Santos and Sturmfels [131].

Proposition 16.1. Let the column vectors of B form a lattice basis of A. Then the
column vectors of

—_—
BO=| ., (16.1)
-B—-B---—B

form a lattice basis of higher Lawrence configuration AL) (A).

Proof. We can interpret the rth Lawrence lifting as r slices of the original contin-
gency table corresponding to A. The number of the cells for A" (A) is |.#] = rm,
where m is the number of cells (columns) of A. Let

21 yi—x

Zr Y —%r
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be a move of A (") (A). We can express z; = Bat;. Then using the rth slice as a “base
level,” we can write

B 0

0 2
zZ= : o+

0 Zr—1

—B z-+Bo,

Note that the first block of z is now eliminated. Performing the same operation
recursively to other blocks we are left with the (r — 1)th slice and rth slice, which is
similar to Proposition 4.3. O

In this proposition we only used the last slice as the base level. A more symmetric
lattice basis can be obtained by columns of all pairwise differences of slices, for
example, for » = 3,

B B 0
-B 0 B
0 -B-B

The lattice bases in the above propositions may contain redundant elements.
However, the set of moves including redundant elements is sometimes preferable for
moving around the fiber. In general the computation of a lattice basis of A is easier
than the computation of a lattice basis of A (") (A). Sometimes we can compute a
Markov basis for A even when it is difficult to compute a Markov basis of A (") (A).
If a Markov basis for A is known, we can use it as a lattice basis for A and apply the
above propositions for obtaining a lattice basis of A ) (A).

16.4 Numerical Experiments

In this section we apply the proposed method to the no-three-factor interaction
model and the discrete logistic regression model and show the usefulness of the
proposed method.

16.4.1 No-Three-Factor Interaction Model

As discussed in Chap. 9, the structure of the no-three-factor interaction model

log pijic = py1 2y (i) + g1 3y (k) + tg2 3, (k)
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is complicated and the closed-form expression of Markov bases for this model of
general tables is not yet obtained at present. Even by using 4ti2, it is difficult to
compute a Markov basis for contingency tables larger than 5 x 5 x 5 tables within a
practical amount of time.

This model has the higher Lawrence configuration in (9.10) such that A is a
configuration for the two-way complete independence model. The set of basic
moves of form

i | i
i 1]—1
AEIE

is known to be a Markov basis for the two-way complete independence model.
By using this fact and Proposition 16.1, we can compute a lattice basis as a set
of degree 4 moves,

i 1|1 [ia]—1] 1
bl-1] 1] 5] 1]-1

In this experiment we compute an exact distribution of the (twice log) likelihood
ratio (LR) statistic of the goodness-of-fit test for the no-three-factor interaction
model against the three-way saturated model

log piyiyiy = My12,3y (i112i3).

We computed the sampling distribution of the LR statistic for I x I x I (I =3,5,10)
three-way contingency tables. Then the degree of freedom of the asymptotic >
distribution of the LR statistic is (I — 1)3. We set the sample size as 5I°. For 3 x 3 x 3
tables, the number of burn-in samples and iterations are (burn-in,iteration) =
(1,000,10,000). In 3 x 3 x 3 tables, as discussed in Sect.9.1, a minimal Markov
basis is known and we also compute a sampling distribution by a Markov basis. In
other cases, we set (burn-in, iteration) = (10,000,100,000).

Figure 16.1 presents the results for 3 x 3 x 3 tables. Left, center, and right figures
are histograms, paths, and correlograms of the LR statistic, respectively. Solid lines
in the left figures are asymptotic > distributions with 8 degrees of freedom. oy, is
generated from Po(A), A = 1,10,50. We can see from the figures that the proposed
methods show comparative performance to the sampling with a Markov basis.
Although the sampling distribution and the path are somewhat unstable for A = 50,
in other cases the sampling distributions are similar and the paths are stable after the
burn-in period. Unless we set A extremely high, the performance of the proposed
method is robust against the distribution of .

Figure 16.2 presents the results for 5 x 5 x 5 and 10 x 10 x 10 tables. In these
cases the Markov basis cannot be computed via 4ti2 within a practical amount
of time by an Intel Core 2 Duo 3.0 GHz CPU machine. So we compute sampling
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Fig. 16.1 Histograms, paths of LR statistics, and correlograms for 3 x 3 x 3 no-three-factor
interaction model ((burn-in, iteration) = (1,000,10,000)): (a) a Markov basis; (b) a lattice basis
with Po(1); (c) a lattice basis with Po(10); (d) a lattice basis with Po(50)
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Fig. 16.2 Histograms, paths of LR statistics, and correlograms of paths for no-three-factor
interaction model ((burn-in, iteration) = (10,000,100,000)): (a) 5 x 5 x 5, a lattice basis with
Geom(0.1); (b) 5x 5 x5, a lattice basis with Geom(0.5); (c) 10 x 10 x 10, a lattice basis
with Po(10); (d) 10 x 10 x 10, a lattice basis with Po(50)

distributions by using a lattice basis. For 5 x 5 x 5 tables, ¢, ..., 0x are generated
from Geom(p), p = 0.1,0.5. The degree of freedom of the asymptotic 2 distribu-
tion is 64. Also in this case we can see that the proposed methods perform well.
The approximation of the sampling distributions to the asymptotic x> distribution is
good and the paths are stable after the burn-in period.
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For 10 x 10 x 10 tables, oy,...,ax are generated from Po(4), A = 10,50.
The degree of freedom of the asymptotic y? distribution is 729. In this case the
performances of the proposed methods look less stable. We also compute the cases
where the sample sizes are 10/° and 100/° but the results are similar. This is
considered to be because the sizes of fibers of 10 x 10 x 10 tables are far larger
than those of 3 x 3 x 3 or 5 x 5 x 5 tables and it is more difficult to move around
all over a fiber. Even if we use a Markov basis, the result might not be improved.
Increasing the number of iterations might lead to a better performance.

Comparing the paths with A = 10, the path with A = 50 looks relatively more
stable. For larger tables, larger A might be preferable to move around a fiber.

16.4.2 Discrete Logistic Regression Model

In Sects. 13.1 and 13.2 we discussed a Markov basis for the binomial logistic
regression model with discrete covariates. Here we consider more general logistic
regression models with multinomial responses. We use the same notations as in
Sect. 13.2. The model with one covariate and the model with two covariates are
described as

exp(Hiy + 0t i2)

-1 —, ii=1,....1 -1,
L+ exp(ty + oy ia)
ilia — 1 1 1
Pitliy = 1 .
-1 N I :Ilu
1+ iflzlexp(ﬂig-FOC/llz)
where i, € % and
exp(ti, + o iz + B, i3) o
I—1 ) —, n=1,...;1 -1,
1+ i =1 eXP(Hﬂl + G 12 +ﬁl~/1 i3)
Pi\|iriy = 1
’ il :Ilv

h—1 : )
l-/::1 eXP(ﬂi’l +oy i+ ﬁi’l i3)

1+
where (i2,i3) € %5 X .73, respectively. p;, i, and p;, |;,i, are conditional probabilities
that the value of the response variable equals i given the covariates i, and (iz,i3),
respectively. % and .%, x %3 are designs for covariates. As discussed in Sects. 13.1
and 13.2, the structure of Markov bases for the discrete logistic regression model is
complicated even for the case where responses are binary /; = 2 and covariates are
equally spaced. Table 16.1 presents the highest degrees and the numbers of moves in
the minimal Markov bases of binomial logistic regression models with one covariate
computed by 4ti2. Even for models with one covariate, if a covariate has more than
20 levels, it is difficult to compute Markov bases of models via 4ti2 within a practical
amount of time by a computer with a 32-bit processor.
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Table 16.1 The highest degrees and the number of moves in a minimal Markov basis
for binomial logistic regression models with one covariate

Number of levels of a covariate

10 11 12 13 14 15 16
Maximum degree 18 20 22 24 26 28 30
Number of moves 1,830 3,916 8,569 16,968 34,355 66,066 123,330

The logistic regression model with r responses has the rth Lawrence con-
figuration (9.10) where A is a configuration for the Poisson regression model.
The computation of Markov bases of Poisson regression model is relatively easy.
Therefore a lattice basis can be computed by Proposition 16.1 and we can apply the
proposed method to these models.

In the experiment we computed the LR statistics for the goodness-of-fit test of a
binomial or trinomial logistic regression model with two covariates against a model
with three covariates

exp(ti, + 0yia + iy iz + ¥y ia)
I —1 . . RN
U3 exp(py + 0 o + By is + Yy ia)

Piilipiziy = 1

ii=1,....I —1,

I —1 . . N il :Ilv
1+ ,-flzleXP(lii’l + 0y i + P i3+ i ia)

where (ip,i3) € S X S, iy € F4. We assume that % x 3 are 4 x 4 and 10 x 10
checkered designs as described in the following figure for the 4 x 4 case, where only
(i2,13) in dotted patterns have positive frequencies.

We also assume that .%; = {1,2,3,4,5}. The degrees of freedom of the asymptotic
x? distribution of the LR statistic is 1. We set the sample sizes for 4 x 4 and
10 x 10 designs at 200 and 625, respectively. We also set (burn-in,iteration) =
(1,000,10,000).

Figures 16.3 and 16.4 present the results for a binomial and a trinomial logistic
regression model with a 4 x 4 checkered design, respectively. Solid lines in the left
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Fig. 16.3 Histograms, paths of LR statistics, and correlograms of paths for discrete logistic
regression model ((burn-in, iteration) = (1,000,10,000)): (a) a Markov basis; (b) a lattice basis
with Po(1); (c) a lattice basis with Po(10); (d) a lattice basis with Po(50)

figures are asymptotic x2 distributions. ¢ is generated from Po(2), A = 1,10,50.
We can compute Markov bases in these models by 4ti2. So we also present the
results for Markov bases. The figures show that the proposed methods show the



16.4 Numerical Experiments 285

a
2 | 2|
- B -
© @ J
o (=}
L ©
231 2 ST
z g ¢
D « < <
S 34 < i
o
o s
o =J [rv— .
0 5 10 15 20 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
b number of sampling Lag
o o
oJ
@© N 4
@]
- < 2 =2
= o @2
2 5 &
@ @ < <
8 « | :
S « S
o
o °
o
=3 5 bttt ——
5 10 15 20 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Cc number of sampling Lag
o 0 | Q
-7 Y =1
o« | o | @ J
o « o
2 < |
2 31 321 WS
8z c o <3
o S84
=N 0
ol ol 4 Rt
0 5 10 15 20 25 0 2000 4000 6000 8000 10000 0 2000 4000L 6000 8000 10000
ag
d number of sampling
o 0 | 2 |
© @ |
o" o
©
231 £ <]
2 5 S
8 g ] EC” < S
-}
o
o | o
o
2 |
o o
2
0 5 10 15 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
number of sampling Lag

Fig. 16.4 Histograms, paths of LR statistics, and correlograms of paths for trinomial discrete logit
model ((burn-in, iteration) = (1,000,10,000)): (a) a Markov basis; (b) a lattice basis with Po(1);
(c) a lattice basis with Po(10); (d) a lattice basis with Po(50)

comparative performance to a Markov basis also in these models. We note that the
paths are also stable even for the case where o, ..., ax are generated from Po(50).

Figure 16.5 presents the results for a 10 x 10 checkered pattern. In this case
Markov bases cannot be computed via 4ti2 by a computer with a 32-bit processor.
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Fig. 16.5 Histograms, paths of LR statistics, and correlograms of paths for discrete logistic
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oy is generated from Geom(p), A = 0.1,0.5. Also in these cases the results look
stable. These results show that the proposed method is practical for the logistic
regression models.
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267
3% full factorial, 186, 198
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full factorial, 261
regular fractional factorial, 181,267
three level, 186
design ideal, 261
design matrix, 47, 184,262
detailed balance, 28
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elimination ideal, 39
equivariant, 95

exact test, 4

expected frequency, 12
exponential family, 9, 47

F

facet, 20

factor, 181, 261
additional, 271

factorization theorem, 4

fiber, 13,48
three-element, 203, 206

finite field, 120, 184, 267

Fisher’s exact test, 4

fitted value, 193

frequency vector, 6

G
generalized linear models, 182
generating class, 20, 109
generating equations, 270
generators, 35
genotype frequency, 212, 215, 223
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higher Lawrence configuration, 153

higher Lawrence lifting, 145, 153
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maximum likelihood estimate (MLE), 12
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method of distance reduction, 79
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remainder, 37
resolution, 204
run of an experiment, 181
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sampling scheme, 3
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target distribution, 28
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